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Abstract—This paper deals mainly with the modelling of [I. A 2-D PRESENTATION OF THE MODIFIED WINDING

induction machine inductances by taking into account all the FUNCTION APPROACH

space harmonics, the introduction of the skewing rotor bars . .
effects and linear rise of MMF across the slot. The model is  To formulate the problem, we refer to the Fig. 1 which

established initially in the case of symmetric machine, which gathers together two cylindrical masses separated by an air-
corresponds to the case of a constant air-gap. Then in other casesgap. One of it is hollow out and represents the stator, and
where the machine presents a static or dynamic eccentricity, an e other represents the rotor. Aieda arbitrary contour is
axial or radial eccentricity. This objective would be achieved defined thanks to a reference frame fixed on the stator, to an
by exploiting an extension in 2-D of the modified winding ; g o ’
function approach (MWFA). Moreover, the theoretical aspects axial reference and to the mechanical position of the rotor
are presented and the stator current spectra analysis proves the measured by respecting a fixed stator reference. At a rotor
effectiveness of this approach in case of eccentricity. positiond,. are defined the anglesy = 0, zo = 0 and they are
located by the pointa andb, and by the same way, the angle
o and the length: are located by using the pointsandd. On
I. INTRODUCTION another sideqg andd are located on the stator inner surface,
andb andc on the rotor external surface.

The multiple coupled circuit, defined in the aim of ap
proaching the real structure of the rotor cage, supposes t
this one gathers round a number of loops forming a polyphs
winding. Each loop consists of two adjacent bars and tl
two portions of the end ring which connect them [1]. Such
structure was used in aid of the induction machine diagnos
Several studies were carried out in this axis, and made possi
to reveal some phenomena rising from a defect. Such higl
or lower sideband frequencies appear in the stator frequer ~
spectral analysis of the line currents, the torque, the speed i
the power. Some papers suppose a perfect distribution of -
MMF in the air-gap, others adopt models taking into accou
the real distribution of machine’s windings [2]. In particulal
with the implication of winding function, then, MWFA [3], it is
possible to detect some phenomena accompanying a probable
eccentricity. Finally, the introduction of the axial dimension
was used [4], [5]. This approach takes advantage to define . .
inductances of a machine by taking into account the skew of-€t US extend the approaches proposed in [3] by using

the slots, and it can be extended to the study of other tygd€ @ial dimension. Thus, according to the Gauss's law, the
of axial asymmetries, namely, the axial eccentricities. integral of the magnetic flux density on closed surfécef a

In this work, a 2-D model of the induction machine WiIIcyllndrlcal volume defined in comparison to the average radius

be approached while focusing the study on its first ain?;]c the air-gapr is null

the modelling of induction machine inductances with non- .
. . N - . Bds=0 D
sinusoidal distribution of the stator winding, the axial and

radial non-uniformity of the air gap. The study will be based
on an extension of the MWFA, simulation results as well éBy defining, at any of coordinates, z), the magnetic field
comments will be exposed. intensity H, the magnetomotive forcé and the effective air-

Fig. 1. Elementary induction machine
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gap functiong, such asB = uoH andH = F/g, the Eq. (1) The calculation of total flux is made through a calculation of a

becomes double integral. By carrying out the change of variable r ¢
27 1 . .
F(p andz, = r6,, the study is transformed to a reference with
// 9(o, 7, 9 =0 (2) axes X and Z where we can imagine a plane representation of
0 ’ the machine. It is clear that, in this casetranslates correctly

wherel is the effective length of the air-gap. On another sigde linear displacement along the arc corresponding to the
and according to the Amper’s law, it is possible to write angular openingp. It is the same thing concerning.and®, .
Knowing that N is the MMF per unit of current, the

% H(p, z,0,)dl = /st (3) expression giving the flux seen by all the turns of cbil
of winding B due toi,; flowing in coil A; will be reduced

abeda Q
1 is a surface enclosed by the closed pathda, and.J the -
current density. According to the MMF and the number of wo | )
turns enclosed by the closed patbrda and traversed by the ~9Biai = % Nai(w, 2,2 )npj (2, 2, 2, )i asdzd
same current, (3) can be written as 15 215 (x)

(10)
Fp(0,0,0,) + Foe + Fea(p, 2,0r) + Faa = n(p, 2,0;)i (4) That is due to the fact that by taking account the axial
asymmetryng;(z, z, z,) will be defined so as to be able to
translate the skew of the slots. In 2-D, it will be written in the
following way

wheren(yp, z, 0,.)is called the 2-D spatial winding distribution
[5], or the 2-D turns function.
By considering the permeability of the iron as infinify,.
and Fy, are null. The substitution of these values in (4) gives ng;(z, 2, z,) =
wWp; T15 < T < T2j, le(JZ) < Z(J)) < 22]'(33) (11)

ch(@) Z, 97") = n(S07 Z, 07“)Z - Fab(oa 07 97“) (5) O |n the rema|n|ng |nterva|
By mtroducmg the average value of the inverse air-gap fungmerewg; is the number of turns of coiB;. It is equal to
tion (g~ (¢, 2,6,)) with 1 in the case of a rotor loop. Generally, the total flg 4
o . relating to all coils composing windingl and B holds its

_ 1 1 _ I ion by integrating over the whole surface. And
1 _ 1 1 general expression by g g
(¢2,0r)) = 27 / l /g (,2,6,)dz| dp - (6) knowing that the mutual inductandes 4 is the fluxy 4 per
0 0 unit of the current, it yields
and while exploiting (2) and (5), it will be possible to lead to

(g

27 r 1
the expression givind~.,(¢, z,6,.) such as Lpa(z,) = Ho / /NA($7z,xr)nB(x,z,xr)dzdm (12)
ch(<p72507') = n(@a ZaeT)i_ g0 0 0

2f7rf (@, 2,0:)97 (¢, 2,0, )i dzdp (7)  Let us notice that a rearrangement of (12) makes possible to
define an inductance in per unit of the length as described in

The 2-D winding function can be obtained by dividing thé4]

27 (¢ _l(Lp z,0r)

l

members of (7) by the currenit ,
Lpa(z,) = /LBA(z,mT)dz (13)
N(ap,z,ﬁr) :n(@az>er)_ 0
27 1 (8)

m [ [n(e,2,0,)97 (o, 2,0,)dzdp In the same way as _[l], and according to_ the_ manner _of

00 connections of the coils translated by the sign in (14), this
It is to be noticed that this new expression does not hold aiyductance can be obtained by summing all mutual inductances
restriction as for the axial uniformity, in particular in term ofoetween the; andp coils of winding A and B respectively,
skewed slots and axial air-gap non uniformity. such as

q p
. CALCULATION OF INDUCTANCES Lpa(e,) =Y > +Lpa, () (14)
A. Machine with uniform air-gap , ==t
Bars skewing

Firstly, we suppose that the machine is symmetrical. TheFlgure 2 depicts the crossing of a rotor lop under the
air-gap lengthg is reduced togowhich is the average value
gap gty o 9 jeld of a stator coil4;. The skew is written thanks to the

of the radial air-gap length in the case of no eccentricit
Defining F the MMF distribution in the air-gap due to the efinition of z(x) (10) which will be a function describing the
uniform skew, or particularly, the case of spiral skew.

currenti,, flowing in an arbitrary coil4;, the elementary . . L i .
flux corresponding in the air-gap is measured in comparlso We can notice that the pitaiy; of the coil 4; is defined in
comparison to its sides placedat; = r p1; andzg; = r o,

to an elementary volume of sectiels3 and lengthg, such as .
y gthgo and that the effect of linear rise of MMF across the slot is

dop = qugglds (9) note represented in this figure.



radius R due to the eccentricity. These one are negligible in

way ” front of the average radius itself. Nevertheless, it is not the
sz(@é 'ﬁ 2,00 true concerning the air-gap. Consequently, the ratio can be
______ . . =z rewritten as
Xy Xz Xy R(z,z,2,) r+AR(z,22,) _

(18)

r
9(1'7 Z, wr) - 90 + Ag(fl;,Z,.’Er) - go + Ag(l’7 Zal.T)
IV. SIMULATION RESULTS
A. Machine with uniform air-gap

C. Slot openin
P g The first induction machine studied in this paper is a three-

Let us examine the case of coll; with w,; turns placed in yhage  4-pole motor [4], whose parameters appear in the
slots which can present an opening of the widtaccording to pphendix. The structure of the stator coils is presented in the

the configuration considered. Figure 3 shows the turns functig‘b_ 4, where only the phasd is considered. Each circle
of coil A; when the slot opening is taken into account in thPepres,ents the section of an elementary coildiirns. A, B
calculation using a linear rise of the MMF across the slot. ;.4 are the three stator phases, ands the j*" rotor |60p'

7 ] .

Fig. 2. Representation of the skew

Lom (x) & .F‘{S
- A \\' X Fig. 4. Winding of the stator phasé
| O xy - : . : : .
R S Figure 5 illustrates the functions which describe the mutual
inductancesL,; 4 between the first stator phasé and the
Fig. 3. Turns function of coil4; first rotor loop. The four cases are considered with or not
the taking into account the slots opening and the rotor bars
D. Machine with an eccentric rotor skewing. A rotor loop is seen as being one coil with one turn.

We have to notice that the mutual inductance between phase

Equation (12) takes its generalized form as A and the seconde rotor loop is identical to the first loop

Lpa(z,) = but shifted to the left by the angl2r/Nb. Thus, the other
2mr _1 (15) inductances[,;p and L,;c are identically reproduced, but
Ho Of OfNA(x7 2,2 )np (2, 2,20)97 (2, 2, 27 )dzdz shifted to the right by the angte/3. The mechanical skewing

angle of the rotor bars iy = w/12rad, which is selected

Wit.h the use of (14) and (1.5)’ it will be p_ossible to Calcu_latg ual to one stator slot pitch. The width of the slot opening is
all inductances of the machine where the inverse of the air-g30_ 7 /947ad. In each figure, the function whose maximum

eXPE?Si'O”_l'S def'”ed_b_y ’ v radial . value is the most significant, represents the first derivative of
g =g '(x,z,) :incase of a purely radia eccentricityy« mutual inductance

gt =g Y(x, 2 2,): in case of eccentricity along axis
whereg is giving by its general expression as follows

rlA-
The self inductances and the mutual inductances between

windings of the same frame (stator or rotor) are not affected by
g(z,z,z,.) = 16 the skew effect. However, a variation of the stator inductances
go [1 — 05(2) cos(x/r) — d4(2) cos((x — xy)/7)] (18)  values is appeared. This is due to the taking into account of

where §, and ¢; are the amount of static and dynamiéhe linear rise of MMF across the slot (Table ).

eccentricity respectively which are function af A numerical B. Machine with an eccentric rotor

calculation makes possible to find the integral (15), however,1) Radial eccentricity:The second specific induction motor

an analytical resolution must call upon an approximated exq,died is a three-phase, 11kw, 50Hz, 4-pole motor, having
pression ofg~" by carrying out a development in Fourieffour coils per phase group, eight coils per phase, series con-
series. A perfect result would be obtained while stopping gécted [8]. The others parameters are given in the Appendix.

the third term, such as Figures 6-11 show the results of simulation for different
g Nz, 2, 20) = degrees of eccentricity, and with three terfig P; and P,
Po(2) + Py(2) cos(z/r — p) + Ps(2) cos(2(z/r — p)) used in the development gf .

(17)

p and coefficientd?), P;and P, are calculated frongg, d5(2), TABLE |

d4(z) and@,. like describing in [6] and [7]. It is to be recalled STATOR INDUCTANCES

that for any windingA and B, equalityL a5 = L 4 is always

checked [6]. All inductances are calculated at each time. They gﬂ;‘% E’S%ég)g

used an average radius of the air-gapn the case or not —3——775; 01165 ~0.0529

of eccentricity, which can admit of variations of the air-gap
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rotor corresponds to: = L, thus, the modelling of the
eccentricity, L must be selected greater than a certain value
guaranteeing the existence of an air-gap witle, z, x,.) # 0
along the rotor length. FaE — +oo, as a result;(z) — ds0,
0058 : ; : : : : and the study is identical to the case of a radial eccentricity.
L., (mE) y=mi12, 8=l 24 Figure 13 shows the mutual inductance between stator phase
rid A and the first rotor loop with rotor position witfy, = 70%

>\ andL =1/2.
1]

D. Operation under condition of mixed eccentricity

Knowing that the squirrel cage can be viewed as identical
and equally spaced rotor loops, it is possible to establish
voltage equations of stator and rotor loops as [1], [2]:

05 . r . : : .
oo 6, (rad) CARNTSITARNCLE (20)
Fig. 5. Mutual inductance between stator phalsand rotor loopr; d [1/),]

(0] =[R] L]+~ (21)

C. Axial eccentricity [Vs] = [Lss] [Ls] + [Lor] [Ir] (22)
To examine the case of the static eccentricity, the expression W] = [Lys] [Ls] + [Lov] (L] (23)

of d5(z) must be defined. According to Fig. 12 showing the
external diameter of the rotor and the internal diameter of tfiéne vector[U;] corresponds to the stator voltagés,] and
stator with exaggeration in the representation of the air-ggp,] to the stator and rotor currentsa is the number of

ds(z) can be written as stator phases andV, the number of rotor bargR,] is an
5 m dimensional diagonal matriXxLs] is anm x m symmetric
0s(2) = 050 (1 = 7). (19)  matrix, [Ls,] is anm x (N;, + 1) matrix, and[R,] and[L,]

are(N,+ 1) x (N, + 1) matrix. Adding to these equations the

As presented in Fig. 12, the minimum air-gap for= 0 iS  mechanical expression and the equation of the electromagnetic
supposed ap = 0 along the vertical axis. The minimal air-torque yields to

gap has a fixed angular position for the different valueg of
lesser tharl, but its value depends on T (dWco>
On another side, if the perfectly concentric section of the © =~ ¢ do,

(24)
(I,,1,=constant)

dt’
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e i 15 ’ ’ : b souféf ° (’éd)
Weo = %([IS]T[LSSHIS} + [IS]T[LST][IT} —— % =10% T i‘ u“
O Ll 4 T Eel]) 0 e i s RTTO
where W, is the coenergy(. the electromagnetic torque,
C, the load torque,J, the rotor load inertia, and, is the 0.2 T

mechanical speed of the rotor. Figure 14 shows the simulati
result of the operation of machine (2) under conditions ¢
mixed eccentricity off; = 40%, 64 = 20%.

In the spectra of Fig. 14 relating to the current of the f|r
stator phase, it is possible to see the first components Wh

are function of the static eccentricity. This result is derive |’ | o -

(luctance {mH)
[an]

o
[

from the general equation given in [7], and described by 0 1 2 3 4 5 gy@gd)
8,;=10% —-—--5,=50%
fslot+ecc fs ( (]— - S) + 1> (26) ———-0;=30%  ------- - 5d =70%

fs represents the main frequency andhe Slip in per unit. Fig- 11.  Mutual inductancd.,.; 4 for different degrees of eccentricity: (a)
Static eccentricity, (b) Dynamic eccentricity.
In the low frequency, components near the fundamental show
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tools was established. The spectral components in the stator
current allow to identify eccentricity faults. The obtained
results were compared with the final results of [4] and [9], and
a good agreement was noted. Now, it is advisable to integrate
the magnetic saturation effect, and to envisage other faults
conditions. It is our work perspective.

APPENDIX

Machines Parameters
-Machine (1) :gop = 0.0006n, » = 0.066n, [ = 0.115n, w
20, Nb = 36, Ne = 24.
- Machine (2) :go = 0.0008n, » = 0.082m, [ = 0.11m, w
28, Nb=40,Ne=48,L, =95nH, L. = 18nH, R, = 1.79),
Ry =31uQ) , Re = 2.2, J, = 0.0754gm?, v = 7 /20rad,
B = m/86rad



