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Abstract— This paper proposes, firstly, a precise evaluation of 

the inductances of induction machine (IM) by transforming the 
calculations into a simple calculation of surfaces. The skewing 
bars effect and linear rise of the magneto-motive force (MMF) 
across the slot in case of constant or nonuniform air-gap are 
taken into account. Secondly, we consider the two types of star 
stator winding coupling of IM, YN-connected and Y-connected. 
The choice of a 2-pole IM in our application is due to the fact 
that the majority of the previous publications have used a 4-pole 
IM or more. Also, and particularly, the 2-pole IM can have 
homopolar flux in presence of eccentricity or odd number of 
slots per pole. It is the reason for which it deserves a particular 
interest. The model is established initially in case of symmetric 
machine, then, in the frequent case of radial eccentricity which 
is the mixed eccentricity. This objective would be achieved by 
exploiting an extension in 2-D of the modified winding function 
approach (MWFA). The analysis is validated by comparing the 
experimental line-current spectra of the eccentric machine to 
the simulation results. 

 
Index Terms------ Induction machines, inductance, MWFA, 

space harmonics, skew, air-gap eccentricity.   

I.  INTRODUCTION 

 HE INDUCTION motors play a very important role in 
efficient running of industrial processes. Premature 

detection of defects in the motors will help avoid costly 
failures. It is well known now that rotor faults of IM yield 
asymmetrical operation of this one, causing unbalanced 
currents, torque pulsation, vibrations and increased losses. 
The need for detection of rotor faults at an earlier stage, so 
that maintenance can be scheduled, has pushed the 
development of new monitoring methods. In this aim, several 
studies have showed that higher and lower sidebands 
frequencies can appear in the stator frequency spectral 
analysis of the line currents, the torque, the speed and the 
power [3],[11],[13],[16]. These ones can be a sign of defects. 
So, in order to study the laws of variation of these indicators, 
a model closer to reality considering faults conditions to any 
degree and with a minimum of computation complexity is 
always required. 

In [1],[2] and [4], the winding function approach (WFA) is 
used to analyse IM faults. It does not initially include the air-
gap variation, but if this effect is introduced in the integral 
giving the total flux, and later on, in the inductance 
expression, unfortunately, it leads to inequalities between Lsr 
and Lrs. The MWFA consists in the rearrangement of WFA 

to include the air-gap nonuniformity resulting in identical 
values for Lsr and Lrs [6],[7]. Several diagnosis studies have 
adopted the MWFA. In these papers, static, dynamic 
eccentricity and axial nonuniformity are considered on the 
basis of the modeling of the permeance function of air-gap 
by an approximated expression [10],[13],[16]. In order to 
limit the number of expansion terms, the authors of [12] have 
proposed a geometrical model of IM eccentricity based on 
the use of (p + 1) harmonics in the permeance function of the 
air-gap. Note that without this development, the use of a 
numerical integration to deduce the inductances is essential, 
resulting in a heavy calculus burden. As for the modeling of 
slots skewing, one of the ways is that presented in [9]. It is 
based on the description of the inductance per unit of length. 
This supposes that in any radial section of the machine, the 
mutual inductance per unit of length is constant, i.e. the stator 
coil and a rotor loop has the same shape, but is displaced in 
space. In [8],[10], the skew and axial eccentricity are 
modeled analytically using a 2-D extension of the MWFA. 

The present work is focused on the search of appropriate 
expressions for the inductances of IM taking into account, 
the rotor skewing bars and air-gap nonuniformities. The 
proposed technique requires less simulation time than those 
based on Fourier series of winding turns functions, which 
requires a great number of expansion terms. Despite the 
adopted approximations, this approach yields to a huge 
computational burden, but the advantage is that the derivative 
of Fourier series is easily obtained. With the proposed 
method, the overall accuracy is not affected. On the other 
hand, we show that three phase stator winding YN-connected 
can generates the principal-slot-harmonics (PSH) associated 
with a triplen pole pair in the line currents even under 
balanced supply voltages. The steady-state spectral 
components of the stator currents obtained both 
experimentally and by simulation validate these results.   

II. CALCULATION OF THE INDUCTANCES 

A. Curvature radius and polar radius!  

Knowing that by including the axial dimension, the turns 
function n and the inverse of air-gap function 1−g  are defined 

in comparison to the mechanical position of the rotor 
measured by respecting a fixed stator reference, and to an 
axial reference. Thus, one can lead to an extended form of 
the modified winding function which does not imply any 
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restriction as for the axial uniformity [10] 
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where 〉〈 − ),,(1

rzg θϕ is the average value of the inverse of 

air-gap function. We put forward the following notations. Let 
F be the MMF distribution in the air-gap due to the current 

Aii  flowing in an arbitrary coil Ai. Let φd  be the elementary 
flux in the air-gap which is measured in comparison to an 
elementary volume of section ds and length g. Thus, the 
expression of the elementary flux is given as follows  

                                dsFgd 1
0

−= µφ ,                                (2)  

where ηdlds .= and η  is the limit of the surface S. In several 
works, the calculation of the flux φ  is obtained thanks to the 
definition of S and ds. [5] and [10] suppose that the average 
radius of  the air-gap does not change even in case of 
eccentricity. However, [12] and [13] introduce the average 
radius of the air-gap ),,( rzr θϕ  in case of eccentricity as one 
variable inside the integral, a way to define the element of 
surface ds. In this section, we will inspect how the variation 
of r compared to the variation of the air-gap length is 
negligible. If we want to take highly into account the non-
circular section of S, we must define it using its curvature 
radius R instead of the polar radius r which holds its 
definition with respect to a fixed point. So, to simplify the 
idea, we consider that r does not vary down Z. For a 
particular position of the rotor, and by referring to Fig. 1, we 
can mathematically demonstrate that the length of the arc 

ηd can be obtained by  
 
                           ( ) ( )222 ϕη drdrd +=                           (3) 
 

 
Fig. 1. Representation of the polar radius and the curvature radius in a non 
circular curve. 

 

ϕη rdd =  is verified only if it is supposed that ϕddr  is 
negligible. Thus, r is reduced to r0. Consequently, we return 
to the initial case where it is admitted that the variations of 
the average radius r in case of eccentricity does not affect the 
calculations in front of the air-gap variations.  

B. Inductances calculation using a 2-D representation of the 
induction machine. 

As described in [8], and considering the plane 
representation in 2-D of IM, the expression giving the flux 
seen by all turns of coil Bj of winding B due to current Aii    

flowing in coil Ai of winding A will be reduced to:   
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Generally, and by taking into account the axial 
asymmetry, Bjn  and AiN  could be redefined to describe the 

slots skewing. Particularly, the rotor bars skewing can be 
considered by replacing Bj  by a rotor loop jr and supposing 

that Ai is a stator coil. Fig. 2 depicts the displacement of a 
rotor loop jr under the field of a stator coil Ai. The skew of 

the rotor bars is taken into account by the definition of z(x) in 
(4) which can describe either uniform or spiral skew. Note 
that the pitch Aiα of coil Ai is defined with respect to its sides 

placed at ii rx 101 .ϕ= and ii rx 202 .ϕ= . Generally, the total flux 

BAψ  relating to all coils (any winding A and B) holds its 
general expression by integrating over the whole surface. The 
mutual inductance BAL is the flux BAψ  per unit of current. So 
it yields 
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Fig.  2. The rotor bar skewing in 2-D representation.   
 

In order to write subroutines specifically intended for the 
calculation of the machine inductances, it is possible to 
deduce an expression which can be easily translated into an 
algorithm. In this case, using ),,(),,(1

rr xzxPxzxg =− ,  (1) 
becomes    
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Substituting (6) into (5) yields 
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where q and p are the number of coils of winding A and B 
respectively. Note that LAB=LBA and that the mutual inductance 
between A and B is a function of mutual inductances of their 
elementary coils. These elementary mutual inductances 
depend on the number of turns, their beginning and ending 
position in the slots, their connection and their polarity. The 
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resulting algorithm is easily adaptable to any winding. Unlike 
[2], this approach eliminates look-up tables containing the 
inductance values.  

As an example, (7) will now be used to calculate the mutual 
inductance between stator winding A and the rotor loop rj 
considering a uniform air-gap and a skewed rotor bars. 
According to Fig. 2, the turns functions can be expressed in 
2-D like (8) and (9). 
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Particularly, when the rotor loop is completely under the 
field of the stator coil, one can write  
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When the rotor loop is partially under the field of the coil, 
the interval of integration is reduced to the common surface 
'D' (grey region in Fig. 2) among the surface of projection of 
rotor loop jr  and that of stator coil Ai . Thanks to (8) and (9), 
it is obvious that the integral in the remaining interval is null. 
Consequently 

                     ∫∫ ×=
D
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If the linear rise of MMF across the slot is neglected, in 
this case, Ain  is constant in the region 'D' and is equal to w. 
Thus, according to )( rD xS which is the surface delimited by 
'D', equation (11) for the coil Ai can be written as   

                               
00 . 2
)(.

glr
xSwnPn rD

rjAi π
= .                          (12) 

The calculation of (12) is made into an independent 
subroutine. So, it will be possible to find the double sum in 
(7).  As for APn  and 

rjPn , and owing to the fact that they 

are independent  from position rθ , their values can be easily 
deduced from the two expressions: 
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where rjS  represents the surface of the rotor loop. The 

calculation of ArL 1  is similar to the calculation of the 
surface )( rD xS . The same procedure is used to calculate the 
other inductances. Note that for more accuracy, the effect of 
linear rise of MMF across the slot described in [9] can be 

included in the inductance calculation using the same global 
formulation proposed.  

C. Modeling of the air-gap eccentricity 

Using (7), it will be possible to calculate all inductances of 
the machine where the expression of the inverse function of 
air-gap can be analytically approximated as: 
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ρ  and coefficients 10 , PP and 2P are calculated from 0g , 

)(zsδ , )(zdδ and rx  as follow 
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where sδ and dδ are the amount of static and dynamic 
eccentricity respectively.  

III. SIMULATION RESULTS 

A. Preamble 

It is now clear that the presence of PSH in line current of 
three-phase IM is primarily dependent on the number of rotor 
slots and number of fundamental pole pairs of the machine. It 
was also shown in previous works that only PSH associated 
to a nontriplen pole pair can be seen ideally with a balanced 
power supply and in symmetrical conditions. For more 
learning about this problem, the effect of pole pair and rotor 
slot numbers on the presence of these harmonics under 
healthy and eccentric conditions was mainly studied in [16]. 

 

 

Fig. 3. Stator neutral connection 

Awing to the fact that in reality the voltage sum contains 
extraneous frequencies due to the slot harmonics, inverter 
drives switching, and load dependence core saturation, we 
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show that even with a balanced voltage, and by taking into 
account the slots harmonics, always, there are a non null 
neutral potential [17],[18]. The connection of the neutral 
point in YN-connection implies the flowing of a current nI   
between the neutral of the machine and that of the supply, 
then, the sum of the line currents will not be null (Fig. 3). So, 
the PSH associated to a triplen pole pair will appear in the 
line currents spectres.  

B. Inductances calculation 

The specific IM studied is a three-phase, 3 kW, 50Hz, 2-
pole motor, having four coils per phase, series connected. 
The other parameters are given in the appendix. Fig. 4 and 5 
show the mutual inductance curves between the first stator 
phase and the first rotor loop, for symmetric case and for the 
case of mixed eccentricity with three terms used in the 
development of the inverse of air-gap function. The skew and 
linear rise of MMF across the slot are taken into account. 
 

    

 
Fig. 4. ArL 1  and 

r

Ar
d

dL
θ

1 , symmetric machine. (a) without skew and slot 

opening, (b) with skew and slot opening. 
 

 
Fig. 5. ArL 1  and 

r

Ar
d

dL
θ

1 ,  mixed eccentricity of sδ =20%, dδ =20%. 

C. Operation under condition of mixed eccentricity 

 As the squirrel cage can be viewed as identical and equally 
spaced rotor loops,  one can establish voltage and mechanical 
equations of the loaded IM for a three-phase stator winding 
YN-connected [1],[2]: 
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[ ]U  corresponds to the system voltages, [ ]I  to the stator 

and rotor currents. They are 1)4( ×+bN matrices, where 

bN is the number of rotor bars. [ ]R  and [ ]L  are 

)4()4( +×+ bb NN  matrices. eC is the electromagnetic 

torque, rC the load torque, rJ the rotor load inertia, and rω  
the mechanical speed of the rotor. In Y-connection, the 
system must be rearranged as assuring the condition of a null 
sum of the line currents as described in [1]. 

Fig. 6 represents the spectra of the line current of the 
studied IM operating in healthy stat. Each plot is normalised 
with respect to its fundamental. As shown, the upper and 
lower PSH can be seen with YN-stator winding connection. 
The frequencies associated to these harmonics are derived 
from the general equation given in [15], and described by 

                 ( ) s
db

eccslot fs
p

nN
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±−







 ±
=+ 11          (20) 

sf is the main frequency, s the slip in per unit, and 0=dn  
in static eccentricity, and 1 in dynamic eccentricity. 
However, only PSH corresponding to the nontriplen pole pair 
can be seen in case of Y-connection. 

 

 

 
Fig. 6. Stator current spectra in healthy state, YN-connection (top), Y-
connection (bottom). s=0.045.  
 

Fig. 7 shows the simulation results of the operation of the 
IM under conditions of mixed eccentricity of 

%20=sδ %20, =dδ .  In the low range frequency, it is 

possible to see the low frequency components described by  
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where rf is the rotational frequency of the machine [7],[14]. 
In the high range frequency, the two PSH and components 
near the PSH appear when considering YN-connection of the 
stator winding.  
 

 

 
Fig. 7. Stator current spectra with mixed eccentricity condition, YN-
connection, s = 0.042. Low frequencies (top), high frequencies (bottom).  
 

As predicted, when we consider the Y-connection and 
under balanced supply, only the highest PSH associated to 
the nontriplen pole pair can be seen (Fig. 8), while the two 
PSH are generated when considering 5% of supply unbalance 
(Fig. 9) [16]. The others eccentricity harmonics are very 
weak.  

 

 
Fig. 8. Stator current spectrum with mixed eccentricity condition, Y-
connection, s = 0.041, high frequencies.  
 

 
Fig. 9. Stator current spectrum with mixed eccentricity condition and 5% of 
supply unbalance, Y-connection, s = 0.04, high frequencies.  

VI.   EXPERIMENTAL RESULTS 

The experimental tests were carried out on an experimental 
bench in the Nancy-GREEN laboratory, France. Fig. 10 and 
11 show the experimental results of the operation of the same 
IM used in simulation. The stator winding is Y-connected. 
The spectra of fig. 10 shows that even in a healthy state, 
there are always frequency components but of low 
amplitudes. This is due to the inherent level of eccentricity, 
by some degree of rotor asymmetry and from noise 
introduced by the power supply. 

A small level of eccentricity was created by replacing the 
rotor bearings by a set of faulty bearings. Fig. 11 shows that 
the replacement of the bearings did introduce a small amount 
of eccentricity. 

 

  

 
Fig. 10. Stator current spectra in healthy stat, s = 0.045. Low frequencies 
(top), high frequencies (bottom).  
 

  

 
Fig. 11. Stator current spectra with mixed eccentricity condition, s = 0.042. 
Low frequencies (top), high frequencies (bottom).  
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A significant increase of the amplitude of the characteristic 
frequency components can be easily noticed on both low and 
high frequency spectrums. Lower and upper sidebands 
harmonics close to the fundamental show an increase of 
approximately 20dB. Furthermore, PSH and surrounding 
frequencies also appear at the exact frequencies predicted by 
(20). Note that, due to the power supply unbalance, the two 
PSH are present in the spectra. Also, it has to be remembered 
that a good diagnosis of mixed eccentricity requires the 
knowledge of both low and high frequency components. 

V.   CONCLUSION 

In this work, the MWFA was presented while considering 
the axial dimension. It was verified that the average radius of 
the air-gap could be considered invariable even in presence 
of eccentricity. Under this assumption, a model of IM was 
established. It proves very useful to study, with more 
accuracy, others faults operating conditions like broken rotor 
bars and end-rings [11], the axial eccentricity [8], and which 
can be extended to study the winding turn-to-turn faults.  It 
was also shown that three phase stator winding YN-
connected can generates PSH associated with a triplen pole 
pair even if the IM is supplied by balanced voltages, although 
this configuration is seldom used. The steady-state spectral 
components of the stator currents obtained both 
experimentally and by simulation confirm that the results are 
quite satisfactory.   

APPENDIX 

-  Machine parameters:  
 
The average air-gap length : g0=0.000172 m 

Number of rotor bars : Nb=28 
Number of stator slots : Ne=36 
The average radius of the air-gap in 
symmetrical condition  

: r0=0.0516 m 

Turns per coil : w=80 
The length of rotor : l=0.125 m 
Rotor bar leakage inductance :Lb = 0.000172H 
Stator phase leakage inductance :LA =0.009594H 
Stator phase resistance : Ω= 2.86sR  

Rotor bar resistance : Ω= 5-2.856ebR  

End ring resistance : Ω= 005-1.8560eeR  

Moment of inertia : 20.023976 kgmJr =  

Mechanical angle of the skew : 14/πγ = rad 

Stator slot opening : 36/πβ = rad 
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