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Introduction

‘ N T e consider optimal mixed stochastic regular-singular control problems, where

the state process satisfies the following stochastic differential equation:

dxy = b(t, x4, up,w) dt + o (t, x, up, w) dBy + X (t,w) d&y; W
z(0) =z €R.

The control is a pair (u, &) such that u, stands for the regular, called also the absolutely
continuous part and &; is the singular part.

The expected cost has the form

T

J(u, &) =FE |g(zr,w)+ /f (t, ¢, ug, w) dt + /h (t,w)d& |, (u,§) € Ae. (2)

0

A major approach to deal with stochastic control problems is to derive optimality
necessary conditions satisfied by some optimal control, known as the stochastic maximum
principle. The first fundamental result on this subject was obtained by Kushner [44], for
classical regular or absolutely continuous controls. Since then, a huge literature has been
produced on this subject, among them, in particular, those by Benssoussan [10], Bismut
[16], Haussmann [40] and Peng [53]. One can refer to the excellent book by Yong and Zhou
[53] for a complete account on the subject and the references therein.

We use Malliavin calculus techniques [49], to express the adjoint process in an explicit

form. Our result extends those by Baghery and Oksendal [2], Meyer-Brandis & @ksendal.
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[47 and Oksendal & Sulem [51], to mixed regular-singular control problems. See also
[48] for the mean field control problems. Note that in the stochastic maximum principle,
a serious drawback is the computation at least numerically of the adjoint process. This
process is given by a conditional expectation and satisfies a linear backward stochastic
differential equation (BSDE). Numerical and Monte Carlo methods have been developed
recently to deal with BSDEs by using Malliavin calculus, see [19], [20], [24] and [35]. This
could be seen as a step forward to solve numerically stochastic control problems by using
these methods.

Stochastic control problems of singular type, have been studied extensively in the
literature, as they model numerous situations in different areas, see [46], [50] and [51]. A
typical example in mathematical finance is the so called portfolio optimization problem,
under transaction costs [28] and [37]. These problems were studied through dynamic pro-
gramming principle, see [41], where it was shown in particular that, the value function
is continuous and is the unique viscosity solution of the HJB variational inequality. In
particular the value function satisfies a variational inequality, which gives rise to a free
boundary problem, and the optimal state process is a diffusion reflected at the free bound-
ary. Bather and Chernoff [§ were the first to study such a problem. Benés, Shepp and
Witsenhaussen [14] solved a one dimensional example by observing that the value function
in their example satisfies the so called the principle of smooth fit. Davis and Norman [2§]
solved the two dimensional problem, arising in portfolio selection models, under transac-
tion costs. The case of diffusions with jumps has been studied in Oksendal and Sulem
[50].

The first maximum principle for singular stochastic control problems was derived by
Cadenillas and Haussmann [23], for systems with linear dynamics, convex cost criterion
and convex state constraints. An extension to non linear systems has been developed via
convex perturbations method for both absolutely continuous and singular components by

Bahlali and Chala [3]. The second order stochastic maximum principle for nonlinear SDEs
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with a controlled diffusion matrix was obtained by Bahlali and Mezerdi [7], extending the
Peng maximum principle [53], [I] to singular control problems. Similar techniques have
been used by Anderson in [I] and Bahlali et al. [6], to study the stochastic maximum
principle for relaxed-singular controls. The case of systems with non smooth coefficients
has been treated by Bahlali et al. in [4], where the classical derivatives are replaced by
the generalized ones in the definition of adjoint processes. See also the recent paper by
Oksendal and Sulem [51], where Malliavin calculus techniques have been used to define the
adjoint process. The relationship between the stochastic maximum principle and dynamic
programming has been investigated in [5], [25]. See also [50] for some worked examples.
Let us briefly describe the contents of this thesis. In Chapter 1 we give some back-
ground on optimal control theory. In chapter 2, we present the maximum principle in
singular control in which the control domain need not be convex, the control variable
has two components, the first being absolutely continuous and the second singular. The
coefficients of the state equation are non linear and depend explicitly on the absolutely
continuous component of the control. This result was established by Seid Bahlali and
Brahim Mezerdi [7]. In chapter 3 we give an introduction of Malliavin derivative, we use
an approach based on chaos expansions, this approach has the advantage of being more
intuitive. which turns out to be a useful framework for both Malliavin calculus, Skorohod
integrals, and anticipative calculus in general. In chapter 4 we present the tow papers
Brandis, Oksendal and Zhou [47] and @ksendal and Sulem [5I]. Chapter 5, comprises
the main result of this thesis, in this chapter we study general regular-singular stochastic
control problems, in which the controller has only partial information. The control has
two components, the first one is a classical regular control and the second one is a singular
control. We consider systems driven by random coefficients and the running and the final
costs are allowed to be random. It is clear that for such systems the dynamic programming
does not hold, as the state process is no longer a Markov process. Our goal is to obtain

necessary conditions for optimality satisfied by some optimal control.



Chapter 1

Introduction to stochastic controle

problems

1.1 Introduction

In this chapter we give some background on optimal control theory. Optimal control
theory can be described as the study of strategies to optimally influence a system x with
dynamics evolving over time according to a differential equation. The influence on the
system is modeled as a vector of parameters, u, called the control. It is allowed to take
values in some set U, which is known as the action space. For a control to be optimal,
it should minimize a cost functional (or maximize a reward functional), which depends
on the whole trajectory of the system z and the control u over some time interval [0, 7).
The infimum of the cost functional is known as the value function (as a function of the
initial time and state). This minimization problem is infinite dimensional, since we are
minimizing a functional over the space of functions u(t), t € [0, T]. Optimal control theory
essentially consists of different methods of reducing the problem to a less transparent, but
more manageable problem. The two main methods are dynamic programming and the

maximum principle.
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This chapter will be organized as follows. In section 2, we present strong and weak
formulations of stochastic optimal control problems and the existence of stochastic optimal
controls for both strong and weak formulation. Section 3 presents some others stochastic
control problems. Section 4 and 5 is concerned to the presentation of the two important

methods which are dynamic programming and the maximum principle.

1.2 Formulations of stochastic optimal controle prob-
lems

We now present two mathematical formulations (strong and weak formulations) of

stochastic optimal control problems.

1.2.1 Strong formulation

Let (Q, F, (}-t)tzo , P) be a given filtered probability space satisfying the usual condi-
tion, on witch we define an m-dimensional standard Brownian motion W (.), consider the
following controlled stochastic differential equation :

dr (t) =b(t,z(t),u(t))dt +o(t,z(t),u(t)) dW,

1.1
JI(O) =19 € R, ( )

where

b:[0,T] x R" x U — R",

o:[0,T] x R" x U — R™™,

U is a separable metric space, and T' € (0, 00) is fixed.
The function w (.) is called the control representing the action of the decision-makers

(controllers). At any time instant the controller has some information (as specified by
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the information filed {F;},.) of what has happened up to that moment, but not able to
foretell what is going to happen afterwards due to the uncertainty of the system (as a
consequence, for any t the controller cannot exercise his/her decision u (¢) befor the time t
really comes).witche can be expressed in mathematical term as " u (.) is (F3),>, —adapted".

the control « is an element of the set :
U0,T)={u:[0,T]|xQ—U /u()is {F},5,-adapted} . (1.2)
We introduce the cost functional as follows :

J(u(.)):EUO Ftx(t),u(t)dt+h(z(T))|. (1.3)

Definition 1.2.1 Let (Q,f, {ﬂ}tZO,P) be given satisfying the usual conditions and let
W (t) be a given m-dimensional standard {F},,-Brownian motion. A control u(.) is

called an s-admissible control, and (x (.),u(.)) an s-admissible pair, if
i) u(.) €10,17],

ii) x(.) is the unique solution of equation ,

i) f(,2z(.),u()) € LL(0,T;R) and h(x (T)) € Lk (%R).

The set of all admissible controls is denoted by U, [0, 7. We can now give the stochastic

control problem under strong formulation as follow :
Problem 1.2.1 Minimize (1.3)) over U?,[0,T].

The objective is to find @ (.) € UZ, [0, T (if it exists), such that

J(i)= inf  J(u). (1.4)

u(.)eUs,[0,1]

Any 4 (.) € U2, [0, T satistying (1.4) is called an optimal control. The corresponding state

process Z (.) .
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1.2.2 Weak formulation

We remarque that in the strong formulation the filtered probability space (Q, F, {}—t}tzo , P)
on witch we define the Brownian motion W are all fixed, but it is not the cas in the weak

formulation, where we consider them as a parts of the control.

Definition 1.2.2 We call 7 = (Q,F, {Fitiso, W (1) ,u(.)) an w-admissible control,

and (z (.),u(.)) an w-admissible pair, if

i) (Q, FAFt 0 P) is a filtered probability space satisfying the usual conditions;

ii) W (.) is an m-dimensional standard Brownian motion defined on (0, F,{Fi},~y, P);
iii) u(.) is an {F;},5-adapted process on (S0, F, P) taking values in U;

iv) x(.) is the unique solution of equation (L.1));

v) f(,z(),u(.) € Ly(0,T;R) and h(z(T)) € Ly, (% R).

The set of all admissible controls is denoted by U, [0, 7], from now on if there is no ambi-
guity you can write u(.) € U, [0, 7] instead of (Q, F{Fitso . W (), u ()) eUu¥0,7].
Our stochastic optimal control problem under weak formulation can be formulated as

follows:
Problem 1.2.2 Minimize (1.3 over U, [0,T].

The objective is to find 7 € U, [0, T] such

J(#) = inf J(m). (1.5)

weU,[0,T)

1.2.3 Existence of optimal controls

In this section, we will discuss the existence of optimal controls, we use the theory
that a lower semi-continuous function on a compact metric space reaches its minimum.

we will first give an example from deterministic control.

7
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Example 1.2.1 Consider the cost functional

to be minimized over the set of controls u : [0,T) — U = [—1,1]. The state of the system
18 given by

dxy = u (t) dt,

z (0) =0.

Now, consider the following sequence of controls

u, (1) = (-1 if te[EEL 0<k<n-L

T
and |J (u(”))| < —, which implies that inf, J (u) = 0. The

Then we have }x(") (t)} < 2

S|

limit of u™ is however not in the space of strict

controls. Instead the sequence 0y, (du)dt converges weakly to 1/2(6-1+01)(du)dt. Thus,
there does not exist an optimal strict

control in this case but only a relaxed one. But since we can construct a sequence of strict
controls such that the cost functional

18 arbitrarily close to its infimum, it is clear that there does exist an optimal solution,

albeit in a wider sense.

Existence under strong formulation

Let (Q, F, {ft}tzo , P) be given and W is one dimensional Brownian motion. Consider

the following linear controlled system :

dx (t) = [Az (t) + Bu (t)]dt + [Cx (t) + Du (t)]dW (), t€[0,T7], w6
1.6
x (0) = xo,
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where A B,C,D are matrices. The state x (.) takes value in R", and the control « (.) is in
U 0,7 = {u() € L3 (0,T,R*) /u(t) €U, aete[0,T], P-as.}, (1.7)
U C R*, The cost functional is

T
TuO) = | [ Fou@d ), (1)
0
with f: R" xU — Rand h: R" — R.
We have the following assumptions

(H;) U C R* is convex and closed, and the functions f and h are convex and for some
0,k >0,
flzu)>0luf =k h(x)>—k , Y(z,u) € R* x U. (1.9)
(Hy) U C RF is convex and compact, and the functions f and h are convex.
the optimal control problem is as follows :
Problem 1.2.3 Minimize (1.8)) subject to (1.6)) over U” [0, T].

We can now give the theorem of existence of optimal control in the linear case.

Theorem 1.2.1 Under either (Hy) and (Hy), if the problem is finite, then it admits an

optimal control

Proof. If we suppose that (H;) holds. if we put

a= inf J(u),
ueld 0,1

which is equivalent to

Ve >0,3u. cUY[0,T]):a < J(u) < a+e,

9
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1
which implies by putting € = — that :
J

1
Vi >1,3u; €U 0,7 : a < J (uy) <a+3, (1.10)

we see that

lim J (u;) = «a,

Jj—00

we call (u; (.),z;(.)) a minimizing sequence. we have then by (1.9) and (1.10)
T
E U Juy (t)|2dt} <K V>, (1.11)
0

for some constant K > 0. Then there exist a subsequence, witch is still noted by w. (.),
such that

uj () — 4, weakly in L (O,T; Rk) ) (1.12)

By Mazur’s theorem, we have a sequence of convex combinations

ﬂ,j () = Zaijuiﬂ (), with Q5 Z 0, Z(Zij = 1,

i>1 i>1

such that

@, (.) — @ (.) strongly in Cx ([0, T],R"). (1.13)

we have 4 (.) € UL [0,T] because U is convex and closed, we have also
z;(.) = 2(.), stronglyin Cg([0,T],R").
It is clear that (u(.), 2 (.)) is admissible, by the convexity of f and h, we have

J(@()) = lim J (3 () = lim D aid (uiy; () = a, (1.14)

Hm
J i>1

10
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hence (& (.), 4 (.)) is optimal. m

Remark 1.2.1 In the case where (Hs) holds, we obtain directely (1.11)). The linearity
play an essential role here, in general case, we do not have the convergence of u; (.) and
z; (.) because the infinitedimensional space L% (;R™) isn’t localy compacte.

Existence under weak formulation

We will now examine the existence of optimal control under weak formulation. Let

consider the following hypotheses.
(S1) (U,d) is a compact metric space and T > 0.
(S2) The maps b, 0, f, and h are all continuous, and there exists a constant L > 0 such

that for ¢ (t,z,u) =b(t,z,u), o (t,x,u), f(t,z,u), h(z),

|§0(t,l’,U)—g0(t,Lf3,U)| < L|‘T—i.|7

lp(t,0,u)| < L,Vte[0,T], x,z€R" uel.

(S3) For every (t,z) € [0,T] x R", the set

S = {(bZ (t,x,u), (O'O'T)ij (t,x,u), f(t,x,u)) JueU i=1,..,n, j=1, ...,m},

is convex in R7t7m+tl
(S3) = (t) € R™

Theorem 1.2.2 Under the conditions (S1) — (S3), if the problem is finite, then it admits

an optimal control.

The idea of the proof is to embed the space of admissible control in a large space with
proper compactness which is the space of all (non-negative) measures on [0,7] x U. For

more details you can see the proof in [57] page 71.

11
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1.3 Other stochastic control problem

1.3.1 Random horizon

In problem formulation (1.2.1]), the time horizon is fixed, until a deterministic terminal
time 7. In some real applications, the time horizon may be random, then the control

problem is to minimize :

J(u):E{/OTf(t,ac(t),u(t))dtJrh(:U(T)) , (1.15)

over admissible control, her 7 is a finite random time. In standard cases, the terminal
time 7 is a stopping time at which the state process exits from a certain relevant domain.
For example, in a reinsurance model, the state process X is the reserve of a company that
may control it by reinsuring a proportion 1 — a of premiums to another company. The

terminal time 7 is then the bankruptcy time of the company defined as
T=inf{t >0:X; <0}.
More generally, given some open set © of R”,
T=inf{t>0: X, ¢ O} AT.

(which depends on the control). In this case, the control problem leads via the
dynamic programming approach to a Dirichlet boundary-value problem. The problem
may be reduced to a stochastic control problem under a fixed deterministic horizon,
see [B], for a recent application in portfolio optimization model. In the general random time
case, the associated control problem has been relatively lightly studied in the literature,

see [0] or [7] for a utility maximization problem in finance.

12
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1.3.2 Optimal stopping

In the models presented above, the horizon of the problem is either fixed or indirectly
influenced by the control. When one has the possibility to control directly the terminal
time, which is then modeled by a controlled stopping time, the associated problem is an
optimal stopping time problem. In the general formulation of such models, the control is

mixed, composed by a pair control/stopping time (u,7) and the functional to optimize is

J(u(.),7)=FE [/OTf(t,x(t),u(t))dt—l—h(m(T)) ) (1.16)

The theory of optimal stopping, thoroughly studied in the seventies, has received a renewed
interest with a variety of applications in economics and finance. These applications range
from asset pricing (American options) to firm investment and real options. Extensions
of classical optimal stopping problems deal with multiple optimal stopping with eventual
changes of regimes in the state process. They were studied e.g. in [12], [56], and applied

in finance in [21], [29], [38], [22] or [52].

Example 1.3.1 A person who owns an asset (house, stock, etc...) decides to sell. The

price of the asset evolves as:
dXt = ’I"Xtdt + UXtdBt.

Suppose that there is a transaction cost a > 0. If the person decides to sell at date t, the

profit of this transaction will be

e (X, —a),

where p > 0 is the inflation factor. The problem is to find a stopping time which maximizes

the expected benefit.

13
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1.3.3 Partial observation control problem

It is assumed that the controller completely observes the state system. In many real
applications, he is only able to observe partially the state via other variables and there
is noise in the observation system. For example in financial models, one may observe
the asset price but not completely its rate of return and/or its volatility, and the portfolio
investment is based only on the asset price information. We are facing a partial observation
control problem. This may be formulated in a general form as follows : we have a controlled

signal (unobserved) process governed by :

dXs =0b(s, Xs, Ys,us)ds + o (s, Xs, Ys, ug) dW, (1.17)
and an observation process :

dYs =n (s, Xs, Ys,us) ds + v (s, X, Ys, us) dBs, (1.18)

where B is another Brownian motion, eventually correlated with . The control is
adapted with respect to the filtration generated by the observation F' = (]—"ty) and the

functional to optimize is :
T
T =E| [ 7@y 0@ nx @y @)
0
By introducing the filter measure-valued process
™ (dz) = P [X (t) € da | F)],
one may rewrite the functional J(u) in the form :

Jw())=FE UO f (e, Y (t),u (b)) dt + h (7, Y (T))], (1.20)

14
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~

where we use the notation : f(7,y) = /f (x,y) m (dx) for any finite measure m on the
signal state space, and similarly for h. Since by definition, the process (7;) is F} -adapted,
the original partial observation control problem is reformulated as a complete observation
control model, with the new observable state variable defined by the filter process. The
additional main difficulty is that the filter process is valued in the infinite-dimensional
space of probability measures: it satisfies the Zakai stochastic partial differential equa-
tion. The dynamic programming principle or maximum principle are still applicable and
the associated Bellman equation or Hamiltonian system are now in infinite dimension. For
a theoretical study of optimal control under partial observation under this infinite dimen-
sional viewpoint, we mention among others the works [28], [27], [9], [L1], [45] or [58].There
are relatively few explicit calculations in the applications to finance of partial observation

control models and this area should be developed in the future.

1.3.4 Singular and impulse control

In formulation of the problem in , the displacement of the state changes con-
tinuously in time in response to the control effort. However, in many real applications,
this displacement may be discontinuous. For example, in insurance company models, the
company distributes the dividends once or twice a year rather than continuously. In trans-
action costs models, the agent should not invest continuously in the stock due to the costs
but only at discrete times A similar situation occurs in a liquidity risk model, see e.g.
[24]. Let us first introduce the following function space: D = D ([0,7],R") the set of all
functions £ : [0,7] — R™ that are right continuous with left limits (cadlag for short). We

define the total variation of ¢ on [0, T by

T i=n
| @)1= el = 1€
=1
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where |§"|[0 71 is the total variation of the ith component of £ on [0, 7] in the usual sense.

We define [£], = [¢ |[07T] , t > 0, for simplicity. For £ € D, we define

and

Sei={s € [0,T]/ AE(s)#0}.

Further, we define
BVr ([0,T],R") = {£ € D/ [¢|; < 00, £is (F)pm-adapted} . (1.21)

For any £ € BV ([0,T],R") we define the pure jump part of £ by &7 (¢) := Y. A&(s),

0<s<t
and its Lebegue decomposition is :

5('7(’*]) ={* ('aw) +&* ('7("-}) + gjp (.,OJ) )

where
€% (.,w) : absolutely continuous part,
&% (.,w) : singular continuous part,
&P (,w): jump part,
and
() =€) -7 (1)
=" (1) =& (1),
where

§(t) = | € (s)ds.

0
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The controlled state diffusion process is governed by
dXs = b(s, Xs)dt + o(s, Xs)dW's + d&s,
the functional objective to optimize is in the form

o{[rea [ rol

/f Jaesildt+ Y LEAEW) +h@T) b, (122)

tESg [0 T]

[lC ) dt

Here, f, f° [ and h are given functions, and ’

gae (t)H and [d&*¢ (t)| are the measures
1
generated by the total variations of £%¢ and £°¢. The optimal singular control problem is

to minimize the cost functional (1.22)) over BV ([0,T],R™).

1.3.5 Ergodic control

Some stochastic systems may exhibit over a long period a stationary behavior char-
acterized by an invariant measure. This measure, if it does exists, is obtained by the
average of the states over a long time. An ergodic control problem consists in optimizing
over the long term some criterion taking into account this invariant measure. A standard
formulation resulting from the criterion presented is to optimize over control u functional

of the form

lim sup — {/ f (X, u) dt} (1.23)

T—>+oo

or

lim sup —lnE {exp (/ (X, wy) dt)} (1.24)

T—>—|—c>o
This last formulation is called risk-sensitive control on an infinite horizon. Ergodic and
risk-sensitive control problems were studied in [32], [13], or [32]. Risk-sensitive control

problems were recently applied in a financial context in [I5] and [33]
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1.3.6 Stochastic target problems

Motivated by the super replication problem in finance, and in particular under gamma
constraints [54], Soner and Touzi introduced a new class of stochastic control problems.
The state process is described by a pair (X,Y) valued in R" x R, and controlled by a

control process according to :

dXs = b(s, Xs,us)ds + o (s, X, us) dWs, (1.25)

dYs =n (s, Xs, Y, us) + v (s, X, Y5, us) dWi. (1.26)

Given (t,z,y) € [0,T] xR" xR, (X**, Y%"¥) is the unique solution to of (1.25)-(1.26) with
initial condition (X}*,Y;"™¥) = (z,y). The coefficients b, o, 7, v are bounded functions
and satisfy usual conditions ensuring that (X** Y**¥) is well-defined. The stochastic
target problem is defined as follows. Given a real-valued measurable function g on R”, the

value function of the control problem is defined by :
v(t,z) =inf{y R, Jueld, Y™ > h (XF") as.}.

In finance, X is the price process, Y is the wealth process controlled by the portfolio
strategy , and v(t, ) is the minimum capital in order to super replicate the payoff option
h(Xr). The derivation of the associated dynamic programming equation is obtained in

I55].
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1.4 Dynamic programming

Let T > 0 be given and let U be a metric space. For any (s,z) € [0,T) x R", consider

the state equation

dr (t) = b(t,a (), u(t)dt + o (ta(t),u(t)dW,, t € [s,T], (1.27)

z(0) ==,

along with the cost functional

J(s,z,u(.))=F l/o flx(t),u(t)dt+h(x(T))]. (1.28)

Dynamic programming equation.
Fixes s € [0,T), we denote by U [s, T the set of all 5-tuples (2, F, P, W (.),u (.)) satisfying

the following :
a) (Q,F, P) is complete probability space.

b) {Wi},5, is an m-dimensional standard Brownian motion defined on (£, F, P) over
[s,T] (with W (s) =0 a.s.), and F; = o {W, : s <r <t} augmented by all P-null

sets in F.
c) u:[s,T] x Q— U is an {F}'},. -adapted process on (22, F, P).

d) under u (.), for any = € R" equation ([1.27) admits a unique solution f (.,z (.),u(.)) €
L% (0,T;R) and h (x (T)) € Ly, (2 R) are defined on (Q, F,{F;},, P).

we define the value function

v(s,x) = u(.)lerg{f[S’T] J(s,z,u(.)), (s,z) €[0,T] x R".

We now introduce some assumptions
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S1) (U, d) is polish space and T' > 0.

S5) b, o, f and h are uniformly continuous, and there exists a constant L > 0 such that

for : o (t,z,u) = b(t,w0), o (), f(ta,u),h (),

|¢(t7x7u)_@(t7jau)| < L|$_:i‘|v
lp(t,0,u)| < L,Vte[0,T], xz,z2€R" uel.

Our optimal control problem can be stated as follows :

Find (Q]—“ PW (), (.)) € U[s,T] such that

J(s,z,a ()= inf J(s,z,u(.)). (1.29)

u€U|s,T]

The dynamic programming principle says that if a trajectory is optimal each time, then

starting from another point one can do no better than follow the optimal trajectory.

Theorem 1.4.1 Let (S7)-(S5) hold. then for any (s,z) € [0,T) x R",

IN

s<s<T.

v(s,x) = inf E{/Sf(t,a:(t,s,x,u(.),u(t)))dt+v(§,w(§,s,x,u(.)))},V()

u(.)EU[s,T

(1.30)

We call (1.30) the dynamic programming equation. This equation is very complicated,

and it seems impossible to solve such an equation directly.

1.4.1 Hamilton-Jacobi-Belman equation

Based on equation ([1.30]). we let C'2 ([0, 7] x R™) be the set of all continuous func-

tions v : [0,7] x R™ — R such that v;, v, and v,, are all continuous in (t, z)

Proposition 1.4.1 (The HJB equation) Suppose (S]) — (S%) hold and the value func-

tion v € CY2([0,T] x R™). Then v is a solution of the following terminal value problem
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of a (possibly degenerate) second-order partial differential equation:

—v +sup,py G (8, x,u, —vy) =0, (t,x) € [0,T] x R”

U\t:T =h (17)7 r € R",

where )
G (t,z,u,p,P) = §t7’ <Pa (t,z,u) o (t, x,u)T>

+ {0tz u)) = [t x,u),

YV (t,z,u,p, P) € [0,T] x R x U x R™ x S™.
1.4.2 The classical verification approach

The classical verification approach consists in finding a smooth solution to the HJB
equation, and to check that this candidate, under suitable sufficient conditions, coincides
with the value function. This result is usually called a verification theorem and provides
as a byproduct an optimal control. It relies mainly on It6’s formula. The assertions
of a verification theorem may slightly vary from problem to problem, depending on the

required sufficient technical conditions. The verification theorem is stated as follows :

Theorem 1.4.2 Let v be a C™? function on [0, T)x R" and continuous in T, with suitable
growth condition. Suppose that for all (t,x) € [0,T) x R™, there exists &(t,x) measurable,
valued in A = R, such that v solves the HJB equation :
0 = w(t,x) —supyeq [LW (t,x) + f (t,2,0a)]
= w(t,x) = LYDw (t,2) — f (t2,6(t,2)),

on [0,T) x R"

together with the terminal condition w (T,.) = g on R™ and the S.D.E. :

dXs =0(s,Xs,a(t,x))dt + o (s, Xs, a(t,x)) dW;
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admits a unique solution, denoted X*, given an initial condition Xy = x. Then, w = v

and {d(s,Xﬁ’x) t<s< T} is an optimal control for v(t,x).

A proof of this verification theorem may be found in any textbook on stochastic control,

see e.g. [57], [34] or [43].

Example 1.4.1 (Merton’s portfolio selection problem) This is the situation where
an investor may decide at any time over a finite horizon T to invest a proportion valued
m A =R of his wealth X in a risky stock of constants rate of return p and volatility o and
the rest of proportion 1 — « in a bank account of constant interest r. His wealth controlled

process 1s then governed by :
dXs = X (r+ (p—r) ay) ds + XsoasdWi,
and the objective of the investor is given by the value function :

v(t,z) =sup B [U (Xg%)], (t,2) €[0,T] x Ry,

a€A

where U is a utility function, i.e. a concave and increasing function on R . For the popular
specific choice of the power utility function U(z) = P, with p < 1, it is possible to find
an explicit (smooth) solution to the associated HJB equation with the terminal condition
o(T,.) = U, namely:

v(t,x) =exp (p(T — 1)) ",

2
with p = %% + rp. Moreover, the optimal control is constant and given by :
. =
aO=———.

o (1—-p)

The key point in the explicit resolution of the Merton problem is that the value function v

may be separated into a function of t and of x : v (t,x) = ¢ (t) 2P. With this transformation
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and substitution into the HJB equation, it turns out that ¢’ is the solution of an ordinary

differential equation with terminal condition p(T) = 1, which is explicitly solved.

For other applications of verification theorems to stochastic control problems in finance

see [50].

1.5 The Pontriagin stochastic maximum principle

A classical approach for optimization and control problems is to derive necessary con-
ditions satisfied by an optimal solution. The argument is to use an appropriate calculus of
variations on the gain function J(¢, x,.) with respect to the control variable in order to de-
rive a necessary condition of optimality. The maximum principle, initiated by Pontryagin
in the 1960s, states that an optimal state trajectory must solve a Hamilton system to-
gether with a maximum condition of a function called a generalized Hamilton. In principle,
solve a Hamilton should be easier than solving the original control problem. The original
version of Pontryagin’s maximum principle was derived for deterministic problems. As in
classical calculus of variation, the basic idea of is to perturb an optimal control and to use
some sort of Taylor expansion of the state trajectory and objective functional around the
optimal control. By sending the perturbation to zero, one obtains some inequality, and
by duality, the maximum principle is expressed in terms of an adjoint variable (Lagrange
multiplier in the finite-dimensional case).

The stochastic control case was extensively studied in the 1970s by Bismut, Kushner,
Bensoussan or Haussmann. However, at that time, the results were essentially obtained
under the condition that there is no control on the diffusion coefficient. For example,
Haussmann investigated maximum principle by Girsanov’s transformation and this limi-
tation explains why this approach does not work with control-dependent and degenerate
diffusion coefficients.

The main difficulty when facing a general controlled diffusion is that the It6 integral
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term is not of the same order as the Lebesgue term and thus the first-order variation
method fails. This difficulty was overcome by Peng , who studied the second-order term
in the Taylor expansion of the perturbation method arising from the It6 integral. He
then obtained a maximum principle for possibly degenerate and control-dependent diffu-
sion, which involves in addition to the first-order adjoint variable, a second-order adjoint
variable. In order to make applicable the maximum principle, one needs some explicit
description of the adjoint variables. These variables obtained originally by duality in
functional analysis may be represented by Riesz representation of a certain functional. By
completing with martingale representation in stochastic analysis, the adjoint variables are

then described by what is called today backward stochastic differential equations (BSDE).

1.5.1 Deterministic control problem

We provide a sketch of how the maximum principle for a deterministic control problem

is derived. In this setting, the state of the system is given by the differential equation

dx (t) = b(x (), u(t)) dt, (1.31)

where u(t) € U for all t € [0, T, and the action space U is some subset of R. The objective

is to minimize some cost function

J(u) = /0 h(x(t),u(t))dt+g(xr). (1.32)

That is, the function h inflicts a running cost and the function g inflicts a terminal cost.

We now assume that there exists a control 4(t) which is optimal, i.e.

J (i) = inf J (u). (1.33)

uelU
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We denote by Z(t) the solution to (1.31) with the optimal control u(t). We are going
to derive necessary conditions for optimality by analyzing what happens when we make
a small perturbation of the optimal control. Therefore we introduce a so called spike

variation, i.e. a control which is equal to @ except on some small time interval :

; v for T—0<t<rm,
u’ (t) =

u(t) otherwise.

We denote by 2%(¢) the solution to (1.31)) with the control u’(t). We see that 27 (t) and

Z(t) are equal up to t = 7 — 6 and that

o (1) —2 (1) = /ia (b (:U9 (r),v (r)) —b(z(r),u (T))) dr

= (b (2" (r),v (7)) = b(@(r), ()0 +0(0)
= (b(&r,v7) = b(Zr, ;) 0+ 0(0), (1.34)

where the third equality holds since 2% (1) — & (7) is of order . Next, we look at the Taylor

expansion of the state with respect to . Let

z(t) = %xa (t) lo=o (1.35)
i.e. the Taylor expansion of z(t) is
W) =2)+z2(t)0+0(0). (1.36)
Then, by ,
2(1) =b(&,,v;) = b(Tr,0y) . (1.37)
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Moreover, we can derive the following differential equation for z ()

0

dZt = %dlﬁ (t) |9:0
0
— %b (1179 (t) ,ue (t)) dt |9:0

=b, (27 (t),u’ (1)) %xe (t) dt |o—o

=b, (27 (t),u’ (t)) zdt,
where b, denotes the derivative of b with respect to x. If we for the moment assume that
h = 0, the optimality of @(t) leads to the inequality

9
007

(2% (1)) lo=0 = g= (2° (T))) 0 0 (T) lo—o

0
0< =J (ue) |9:0 = a0

00
= 92 (£(T)) 2(T) .

We shall use duality to obtain a more explicit necessary condition from this. To this end

we introduce the adjoint equation:

dp (t) = —b, (& () i (1)) p (1) dt,
Then it follows that

i.e. p(t)z(t) = constant. By the terminal condition for the adjoint equation we have
p(t)z(t) = 9. (2 (T)) 2(T) >0, forall 0<t<T.

In particular, by (1.37)
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Since 7 was chosen arbitrarily, this is equivalent to

p()b(E (), a(t) =inf,p®)b(& () ,v (), forall 0<t<T.

This specifies a necessary condition for 4(t) to be optimal when h = 0. To account for the
running cost i one can construct an extra state dz®(t) = h(z(t),u(t))dt, which allows us

to write the cost function in terms of two terminal costs :
J (u) = 2°(T) 4 g (z(T)).

By repeating the calculations above for this two-dimensional system, one can derive the

necessary condition :
H(z(t),a(t),pt) =inf H(z(t),v,p(t)), forall 0<t<T, (1.38)

where H is the so-called Hamiltonian (sometimes defined with a minus sign which turns

the minimum condition above into a maximum Condition):
H (z,u,p) = h(x,u) + pb(z,u),

and the adjoint equation is given by

(1.39)

The minimum condition (1.38) together with the adjoint equation ([1.39) specifies the

Hamiltonian system for our control problem.
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1.5.2 The stochastic maximum principle

The earliest paper on the extension of the maximum principle to stochastic control
problems is Kushner and Schweppe (1964). One major difficulty that arises in such an
extension is that the adjoint equation becomes a SDE with terminal conditions. In
contrast to a deterministic differential equation, one cannot simply reverse the time since
the control process, and consequently the solution to the SDE, is required to be adapted
to the filtration. Bismut solved this problem by introducing conditional expectations and
obtained the solution to the adjoint equation from the martingale representation theorem,
see e.g. Bismut (1978) [16] and also Haussmann (1986) [39]. An extensive study of these
so-called backward SDEs can be found in e.g. Ma and Yong (1999) [46].

For the case where ¢ isn’t controlled the adjoint equation is given by

dp (t) = — (ha (2 (1), 0 (1)) + bz (2 (), 0 () p (£) + 00 (2 (1)) ¢ () dE — q (£) AW,

p(T) = g. (2 (T)).
(1.40)

A solution to this kind of backward SDE is a pair (p(t), ¢(t)) which fulfills (1.40). The

Hamiltonian is

H (2, u,p,q) = h(z,u) + pb(z,u) + go (z),

and the maximum principle reads

For the stochastic maximum principle, there is a major difference between the cases where
o isn’t controlled and o is controlled. As for , when performing the expansion with
respect to the perturbation 6 , the fact that the perturbed Ito6 integral turns out to
be of order v/0 (rather than 6 as with the ordinary Lebesgue integral) poses a problem.

In fact, one needs to take into account both the first-order and second-order terms in the
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Taylor expansion (|1.36). This ultimately leads to a maximum principle containing two
adjoint equations, both in the form of linear backward SDEs. The Hamiltonian is replaced

by a extended Hamiltonian :
o 1
HEODAO) (,2,0) = H (t,2,0,p(t),q () = P () o (1,2 (1) 2 (1)) — 50 (L2 (1),0) P (1),

where (p(t), q(t)) is the solution to the first order adjoint equation (1.40) and (P(t), Q(t))
is the solution to the second order adjoint equation — see Peng (1990) [49] where the first
proof of this general stochastic maximum principle is given. The optimal control is in this

case characterized by
HEDED) (2 (t) 0 (t)) = inf, HEODLD) (¢ 3 (t) ,v), forall 0<t<T, P-a.s.

There is also third case: if the state is given by (1.1)) but the action space U is convex, it
is possible to derive the maximum principle in a local form. This is accomplished by using
a convex perturbation of the control instead of a spike variation, see Bensoussan (1982)

[34]. The necessary condition for optimality is then the following.:

CHE @), at),p1),d1) (w—a(t) >0, forall 0<t<T, P-as.
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Chapter 2

A general stochastic maximum
principle for singular control

problems

2.1 Introduction

In this chapter we will give a detailed demonstration of the maximum principle in
singular control in which the control domain need not be convex, the control variable
has two components, the first being absolutely continuous and the second singular. The
coefficients of the state equation are non linear and depend explicitly on the absolutely
continuous component of the control. This result was established by Seid Bahlali and
Brahim Mezerdi [3] using a spike variation on the absolutely continuous part of the control
and a convex perturbation on the singular one to establish a maximum principle. This

result is a generalization of Peng’s maximum principle to singular control problems.
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2.1.1 Problem formulation and assumptions

Let (Q, F, (ft>t20 , P) be a probability space equipped with a filtration satisfying the
usual conditions, on which a d-dimensional Brownian motion B = (B;),, is defined. We
assume that (F;) is the P-augmentation of the natural filtration of (B;),-
Let T be a strictly positive real number and consider the following sets
A is a non empty subset of R¥ and Ay = ([0, 00))™.

U; is the class of measurable, adapted processes u : [0,T] x Q — Aj.

U, is the class of measurable, adapted processes £ : [0,T] x  — A, such that £ is no

decreasing, left-continuous with right limits and &, = 0.

Definition 2.1.1 An admissible control is an Fi-adapted process (u,&) € Uy x Us such
that
E

sup |u (H)° + €7 | < oo.

te[0,T

We denote by U the set of all admissible controls.

For any (u,&) € U, we consider the following stochastic equation :

dr (t) =b(t,z(t),u(t))dt+o(t,x(t),u(t))dB; + Gidé;, @)

z(0) = o,

where

b:[0,T] xR" x A; — R,
010, T] xR" x A = Mp«q (R),

G:[0,T] = Mpym (R).
The expected cost has the form

J(u,€) = E [g (xr) + /O h(tr () () di 4 /0 T dgt], (2.2)
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where

g:R" =R,
h:[0,T] x R" x A; — R,

k:[0,T] — ([0,00))™ .

The control problem is to minimize the functional J (.) over U. If <1l, é) € U is an optimal

solution, that is
J(ﬂ,A): inf J(u,8),
¢) = .nf (u, )

we may ask, how we can characterize it, in other words what conditions must <1l,§)
necessarily satisfy?

We have the following assumptions :

1. b,0, g, h are twice continuously differentiable with respect to x

2. The derivatives by, byz, 02, Opzy Gy Gy By, hyy are continuous in (x, u) and uniformly

bounded.
3. b,0 are bounded by C(1 + |z| + |ul).

4. G and k are continuous and G is bounded.

Under the above hypothesis, for every (u,£) € U equation (2.1) has a unique strong

solution given by

t t t
9 (1) = o + / b (s, 29 (s) ,u (s)) ds + / o (s, 29 (s) u (s)) dB, + / GsdEs,
0 0 0

and the cost functional J is well defined from ¢/ into R.
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2.1.2 Preliminary Results

We assume the existence of an optimal control (11, f) minimizing the cost J over U
and () denotes the optimal trajectory, that is, the solution of (2.1)) corresponding to

(zl, é) . Let us introduce the following perturbation of the optimal control (12, é) :

(v,g(t)—l— ( —£(b) A)) ifter,74+46], 23)
§

(a@),g() (() ())) otherwise,

where 0 < 7 < T is fixed, € > 0 is sufficiently small, v is a -measurable random variable

and 7 is an increasing process with 7y = 0.

~

Since (ﬁ, f) is optimal, we have

Let

). (2.4)
) . (2.5)

The variational inequality will be derived from the fact that

hm Hjl + hm GJQ >0, (2.6)
o (u"€) : : : : ; 0 ¢0 6 ¢
let x7, z; be the trajectories associated respectively with (u € ) and <u ,E) .

For simplicity of notation, we denote
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where f stands for one of the functions b, b, b, 0, 04, Oy By hyy Ry

To obtain the variational inequality we need the following technical lemmas.

Lemma 2.1.1 Under assumptions 1, we have

=0, (2.7)

where z s the solution of the linear stochastic differential equation

0= [z ds+ [z [Ga(n-¢)

S

Proof. We first proof that

lim F [ sup ‘xe (t) — (04
6—0 0<t<T

2] =0, (2.8)

lim F [ sup ‘x(u“)@ () — & (t)

6—0 0<t<T

2] _o, (2.9)
E[|z)’] < oo, (2.10)

where 2¢ () and (") (t) are the solutions of the equation (2.1]) associated respectively

to the controls (ue, 59) and (uo, é) ,we have then

20 (t) = xo + /0 b(s,z’(s),u’(s))ds + /0 o (s,2% (s),u’ (s)) dB,

+ [ Gugh,
(+4) (t) =z + /tb (S,m(ue’é) (s),u’ (S)) ds + /Ota (5,1:(“9’5) (s),u’ (S)> dB,

0
t ~
+/ G dEs,
0
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using the two equations above and applying the expectation we have

20 (t) — (v (t)ﬂ < 3TE UOT ]b (s,2% (s),uf (s)) —b (3,3;@975) (), u (5)>
o (/)
o ([ea(-9))]

using Burkholder Davis Gundy inequality, we get

E[sup

0<t<T

2
ds] +

3E o (s,2%(s),u’ (s)) —o <s, (") (s),u’ (S)) ‘ d33>2

+30°F

E[sup 2 (t) — 2(v) (t)ﬂ <3TE [/OT‘b(s,xe(s),ue(s))—b(s,x(ue’é) (3),u0<s))

0<t<T

2d31
+3cE UUT ’a (5,27 (s),u? (s)) — o <s, 2(48) (), uf (3)) (2 ds}
+60%K.

Under assumption (1), we have b and o are Lipschitz then the inequality above becomes

2

2 (t) — 2(2"9) (¢)

E [ sup } < (3TK? + 3ck?) /0 ' “xe (s) — z("€) ()

0<t<T

2
]ds

In the other hand we have by using the isomitry property of the stochastic integral and

+ K62
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the fact that b and o are Lipschitz

E Uxe (t) — 2 (v€) (t)ﬂ <3TE {/Ot ‘b (5,27 (s),u’ (s)) — b <3, 2(v€) (), u’ (s)>

¢
+3TE {/
0

+K0?

t
e
0

Using Gronwall lemma, we have

2
ds]

2

o (s,2%(s),u’ (s)) — o <s, (7€) (s),u’ (s)>

:

: 2
20 (t) — (%) (t)‘ ds] + 0*K, where K' = 6Tk?.

E (‘xe (t) — 2(4°€) (t>’2> < cf* where c¢= Kexp(K'T).

Finally we have

E[sup

0<t<T

20 () — 2(v") (t)ﬂ < O8>

We use the same arguments to prove that

- 2
limg_o E {sup0<t<T ’x(u £) (t)— 2 (t)‘ } =0,

E [|zt|2} < 00.

Let

If we use for f = b or f = o the following equality :

f(s,2%u’) — f (s,x(ug’é),ﬁ) = /Oldi)\ (f (s,x(“g’é) + A (xa — x(“9’5)> ,u9>> d\

/ o (5,00 4 (a7 - 209 ) (2 - 205D)
0 (2.11)
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and the inequality : (a + b+ ¢)* < 3a® 4 3b> 4 3¢2, it hold that

/0 lbw <5, A" 1 (mg - xﬁ“e’é)) ,ui) o’ (s) dX
/01% (s, A" 4 <x§ - a:g“e’é)) ,u§> y (s) dA 2

ds
|2

2

t
E\y"(t)fgST/E ds
0

t
+3(E
0

+3E | (t)

)

where

t el Yy Y
P (t) = / / {bw (s, xg <) + A <x§ — xg £)> ,uﬁ) — by (s, Zs, ﬁs)} zd)\ds
0 Jo
t el Y Y
+/ / lam (s,xg €) + A (azg — acg f)) ,ug) — 0, (8, T, ﬂs)} 2sd\dB;.
0 Jo

Since b, and o, are bounded, we have
2 t 2 2
Ely @) < c/ E |y (s)|" ds + 3B | (1)
0

b., 0, being continuous and bounded, then using (2.8), (2.9), (2.10) and the dominated
convergence theorem, we get

lim £ }pe (t)

|2
6—0

=0.
We conclude by using Gronwall’s lemma. =

Lemma 2.1.2 Under assumption 1 — 4, the following estimate holds

2

'LLG ¢
E | sup IL‘t( o By —a (t) — a2 (B)| | < OO (2.12)

te[0,7]
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where x1, xo are solutions of

The above equations are called the first and the second-order
variational equations.

Proof. We put

It is clear that

By using the same proof as in [53], lemma 1 page 968, we show that

2

E #0) _g, - - 2
t t I (t) ) (t) S C@ 5

sup
te[0,7

which prove the lemma m
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Lemma 2.1.3 Under assumptions of lemma (2.2.1), we have

lim% — B[ (1) g, (2 (T)] + E/O 2 () h (1) dt

+E/OTI<: (tyd (n—¢) - (2.13)

Proof. From (2.4) we have by using equality (2.12))

T rl 0 _ (ug,f) 0 ¢ 0 ¢
S E/ / Ls 7T |, (sx(” 94 (xg G ’5)) ,ui) d\ds
1 0 _ (ue’é) 6 £ 6 £
+/ A gT Ja <x$ €) + A <I9T — xg §>>) d\
0

+E/0Tk;(t)d(n—f)t.

Since g, and h, are continuous and bounded, then from (£2.3), (2.7)), (2.9) and by letting

0 going to zero we conclude. =

Lemma 2.1.4 Under assumptions of lemma (2.2.2) we have

Jy <FE {gm (1) (21 (T) + 22 (T)) + /0 hy (t) (21 (t) + 22 (2)) dt

1

5 gow (o) 21 (T) 21 (T)] + /0 Thm (t) w1 (t) 2y (1) dt (2.14)

+E/T [h? (t) — h(t)] dt + 0 ().
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Proof. From (2.4) and the estimate (2.12)) we have

h=E [g (x§“9’5)> g (ch)}
+E /OT <h <t,xt(ug’é),uf) bt @,@t)) dt}

< Elg(@r+x(T) +22(T)) — g (27)]

+E _/OT (h(t, 3+ 71 (8) + 2 (£) 1) — h(t,fct,at))dt]

+E _/OT (h(t, 2+ a1 (t) + 22 (), uf) — B (t, & 4 21 (1) + 22 (1), U)) dt}
+ o (9_)

= Blga (#1) (31 (T) + 22 (T)] + 5 B gee (1) 1 (T) 1 (7))

Lp| /0 U (1) (21 (8) + 22 (1) dt]

# 8 [ [ e (002 0) +220) (52 (0) 20

+FE :/OThe(t)—h(t)dt}

+o(f). (2.15)

From the construction of u? (.) , it is easy to verify by Gronwall’s inequality and the moment

inequality (see Ikeda and Watanabe [41]) that

sup E (a1 (1)]%) < of,
0<t<T

sup E (|a ()]*) < cf?,

0<t<T

now we use this inequalities and the inequality (2.15]) to obtain the result m
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2.1.3 Variational inequalities and adjoint processes

We now use ([2.13)) and ([2.14)) to derive the variational inequalities.

The first-order expansion

The linear terms in (2.13)) and (2.14) may be treated in the following way. Let ®; be the

fundamental solution of the linear equation

dq)l (t> = ba: (t) cI>1 (t) dt + 0y (t) q>1 (t) dBt>

o, (0) = L. (2.16)

This equation is linear with bounded coefficients, then it admits a unique strong solution.
This solution is invertible and its inverse Wy (¢) is the unique solution of the following

equation

AV, (t) = [0, (t) U1 (t) o} (t) — by (1) Uy ()] dt — o, (t) U1 (t) dBB;. (2.17)

Moreover ®; and ¥, satisfy

E | sup |® ()| + E | sup |¥ (t)\2] < 0. (2.18)
t€[0,T] t€[0,T]
We introduce the following processes
Bi(t) =V, (t)z (1), (2:20)
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X, = ® (T) g, (& () + / “a3 (), (1) dt (2.21)

V) = B FL= [ 01 (5)ds (2:22)

we have by replacing X by its value in (2.22))

Yi(t) = E [@1‘ (1)) + [ #(6) e (s)ds| ] (2.23)

we have then
Elay (T) Vi (T)] = E g, (3 (T)) (a1 (T) + a2 (T))]. (2.21)
E 6 (T) Vi (T)] = Elg. (2 (T) Z (1), (2.25)

Since g, and h, are bounded, then from (2.18)), X, is square integrable. Hence (E [X; | Fi]),,
is a square integrable martingale with respect to the natural filtration of the Brownian

motion (By),.,-Then from Ito’s representation theorem we have
t t
Yi(t)=E[Xq]+ / Q1 (s)dBs — / D7 (8) hy (8) ds,
0 0

T
where )1 (s) is an adapted process such that F (/ |Q1 (3)|2 ds) < 00.
0

By applying the Ito’s formula to (Y7, we obtain

d(Br () Y1 (), = B (&) Yy () + Yo (8) dBy () + d (B (), Y1 (),
= By (t) Q1 (t) dBy — Z (t) hy (£) dt + Yy (1) d (U1 (1) Z (£))

+d V() Z2(),Yi()),,
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in the other hand we have

d(Vy () Z () = Vi (1) dZ () + Z () dWy (t) +d (Vi (), 2 (),

then we have

A3 (Vi (), = BiQudBy = Z(8) ho () dt 4+ i ()G (D) d (0~ €)

by integrating from 0 to 7" and taking expectation we obtain

EG @)= -£| [ 2 () q
+E UOTG(t)* LY, (1) d (n - é)t] .

By using ([2.25)),we can rewrite ([2.13))

lim 21 :E/OT k(1) + G (0 pr (1) d (1~ €) | (2.26)

6—0 0

where p; is adapted process defined in (2.28]).

Now by applying the 1t6’s formula to a;Y7, to obtain

d (a1 (VY1 (), = a1 (1) dYs () + Yi () da (1) + d {aur (), Yi (),
— o1 () Q (1) dB; — [y (t) + 22 ()] ha (£) dt + Y1 (£) d (U121),

+ Y1 (t)d(U12), + d o (1), Y1 (),

then by completing the calculus as we done before, and using (2.24]), we can rewrite ([2.14])
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as

Jo < E/O {H (8,2 (t) ,ug (1) ;p1 (1) s qu (1) = H (5,2 (2) ;@ (8) ,p1 (1), qa (1)) } dt

b oE / 2 (8) How (1,2 (8),0(8). 1 (8) 0 (8)) 2 (1)

1

+ §E [92a (x7) 21 (T) 21 (T)] + 0 (1), (2.27)

where p; and ¢, are adapted processes given by

p(t) =" (6) Y1 (t); pr € £L2([0,T];R"Y) (2.28)

0 (1) =91 () Q1 (1) — oy (t)pr (1)5 @ € L2 ([0, T]; R™7) (2.29)

and the Hamiltonian H is defined from [0,7] x R™ x A; x R® x M,,»q4 (R) into R by

H(t,x(t),u(t),pi(t),q(t) =h(t)+pt)b(t)+ Zo () ai (t),

where o; and ¢; denote respectively the i columns of matrices o and g.
The process p; is called the first order adjoint process and from ([2.28)), it is given explicitly
by
T
P ()= B [0 (0] (1), (2(T) + 1 () [ 8] (5) e (5)ds ] |
t

where @, (t) and Uy (t) are respectively the solutions of (2.16]) and (2.17]).
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The second-order expansion

We now treat the quadratic terms of (2.14) by the same method. Let Z = z127, by

It6’s formula we obtain

dZ; = @y (1) dry (1) + 27 () dwy () + d (21, 77),
= [Z:b; (t) + by (t) Zi + 04 (t) Zyoy () + Ag (t)] dt

+[Z(t)os (t) + 0. (t) Z (t) + By (t)] dBy, (2.30)
where Ay and By are given by

Ag (1) = a1 (8) 0" (8) = b ()] + [° (1) — b(1)] 2}
+ o, ()1 (t) [0” () — o ()]

+ ) —o®] [0’ () —a)],

*

By (t) = x4 (t) [09 (t)—o (t)] + [09 (t)—o (t)} x3(t).

We consider now the following symmetric matrix-valued linear equation

Ay (1) = [@y () b7 () + by (1) s (£) + 0, (£) By (£) 07 ()] dt
(2.31)

+ [P (2) 03 (1) + 04 (1) 2 ()] dBy.
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This equation is linear with bounded coefficients, hence it admits a unique strong solution.

®, (t) is invertible and its inverse W, is is the solution of the following equation

;

AWy (1) = (o2 (t) + 03 (O] W2 (8) [ox () + 03 ()] dt

— [W2 (£) 03, (1) + by () W2 () 07 (£)] dt

(2.32)
+ [Wq (t) ok (t) + 04 (t) Yo ()] dBy,
\ U, (0) =14
Moreover, ®, and U, satisfy
E tz[lépT] |, (O))?| + E tg;é};] | Wy (t)\2] < 00, (2.33)
we put
ag (t) =Wy (t) Z (1), (2.34)
Xy = @ (T) geo (3 (T)) + / () How (3 (1), 0 (1), pr ()01 (D)t (2.35)
Yo(t) = E(Xa | F) — /0 D5 () Huo (2 (s) 4 (s),p1 (), @1 (s))ds, (2.36)
we remark that
E(ax (1) Y2 (T)) = E (21 (T) 9o (2 (') 21 (1)) - (2.37)

Since g., and H,, are bounded, then from (2.33)), (E (X2 | Ft)),s, is square integrable
martingale with respect to the natural filtration of the Brownian motion B (). Then from

Ito’s representation theorem we have
t t
V() =E(X)+ [[Qa)dB.— [03(5) Hua (0(5). () 1 s) an () s, (239)
0 0

where Qs (s) is an adapted process such that F (fOT 1y (1) dt) < 00.
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By applying Ito’s formula to s (t) Yz (t) along with (2.37) and using the definition of u?,
we can derive (2.27)) as follows

limg o2 < B{H 3 (), 001 () (7) = pa (7)o (1, 7),

>
—~

9
~—
=
——

_|_%E {Tr [o'o'* (T,i’ (T) ,U)] b2 (T)}

(2.39)
—E{H[r,&(7),a(7),p1 (1), @ (7) = p2 (7)o (7,2 (7) , 0 (7))]}
5 EATr o0 (7,3 (7), ) ()] pa (1)}
where p, is an adapted process given by
pa(t) = W5 (t) Yz (t) 5 pp € L2 ([0,T];R™"). (2.40)

The process p, is called the second order adjoint process and from ([2.35)), (2.36]), (2.40)) it

is given explicitly by
p2(t) = B[W3 (1) 9 (1) guw (2 (7)) | 7]
B |05 (1) f) @3 (8) How (3 (1), (1) 1 () 1 () ds | 72

where ®5 and U, are respectively the solutions of (2.31]) and (2.32]).

2.1.4 Adjoint equations and the maximum principle

By applying Ito’s formula to the adjoint processes p; in (2.28)) and py in (2.40]), we ob-

tain the first and second order adjoint equations which are linear backward stochastic

differential equations, given by

—dpy (t) = H, (2 (1), (t) ,p1(s),q(s))dt — qdBy,
p(T) = g. (2(T)),

(2.41)

47



Chapter 2. A general stochastic maximum principle for singular control problems

(

—dpy (1) = [0 (8) p2 (1) + p2 (8) be (t) + 07 () 2 (t) 07 (£)] it

+[o3 (1) g2 (1) + g2 () 0w ()], (2.42)

[ 22(T) = gaa (2(T)),

where ¢; (t) is given by (2.29) and ¢, (t) by

g2 (t) = (q% (t),...,q2 (t)) D qo € <£2 ([O,T] ;R”X"))d

gy (t) = W5 () Q (1) + p2 (t) 0y, (1) + 00 (W) p2 (1) 5 i=1,....d,

and Q1 (1), Q2 (t) satisfy respectively

/0 th (s)dBs = E {@1‘ (T) g (2 (T)) + /0 T@; (t) hy (1) dt | ft]

/0 Qs (s)dB, = E {@; (T) g (2 (T)) + / B3 (1) Hoo [3(6) 0 8) o (£) (0]l | ft}

T
- B (81 0us (1) + [ 030t 60,001 (), 0 (0] ]
0
We can now give the important result of this chapter.

Theorem 2.1.1 (The Stochastic maximum principle) Let (12, é) be an optimal con-
trol minimizing the cost J overU and & denotes the corresponding optimal trajectory. Then

there are two unique couples of adapted processes
(p1, 1) € £2([0,T];R") x £2 ([0, T] ; R™¥) ,

(P2, q2) € L2 ([0,T];R™™) x (£2 ([0, T]; R™>™)",
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which are respectively solutions of backward stochastic differential equations (2.41) and
(2.42) such that

Hr,z(r),a(r),p1(1),q1 (1) = p2 (7)o (1,2 (7),

>
3

+ %TT oo™ (1,2 (1), (7))] p2 (T)

< H[r,z(1),v,p1 (1),q1 (1) —p2 (7)o (1,2 (1),

s
S
~—
=

+ lTT’ [0'0'* (7’, T (7') ,U)] D2 (T) )

2
Yv € Ay; ae, a.s (2.43)
P{vte[0,T], Vi; (ki+G;({t)pi(t) =0} =1, (2.44)

d
P {Zl{ma:(ﬂpl(t»o}dfi = 0} =1 (2.45)
=1

Proof. From (2.6)), (2.26)), (2.39) we have for every F;-measurable random variable v, and

every increasing process 1 with 79 = 0

0 < E{H[r,&(r),v,p1(7),q(7) = p2 (7)o (7,2 (1), 0 (7))}

+ %E {Tr[oo™ (1,2 (7),v)|p2 (7)}

—E{H[r,&(r),a(r),p1(7),q (1) = pa (7)o (7,2 (7) , 4 (7))}

_ %E (Tr oo™ (1, (1), (7)) p2 (1)}

+E/OT[k(t)+G* (t) 1 (’fﬂd(”_é)t’

if we put 7 = £ we obtain (2.43). On the other hand, if we choose v = @ and using the

same proof of in theorem 4.2 in [3], we deduce ([2.44) and(2.45). =
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Chapter 3

Introduction to Malliavin calculus

3.1 Introduction

The mathematical theory now known as Malliavin calculus was first introduced by
Paul Malliavin in 1978, as an infinite-dimensional integration by parts technique. The
purpose of this calculus was to prove results about the smoothness of densities of solutions
of stochastic differential equations driven by Brownian motion. For several years this was
the only known application.

In 1984, Ocone obtained an explicit interpretation of the Clark representation formula
in terms of the Malliavin derivative (Clark-Ocone formula). In 1991 Ocone and Karatzas
applied this result to finance: They proved that the Clark-Ocone formula can be used to
obtain explicit formulae for replicating portfolios of contingent claims in complete markets.

Since then Malliavin calculus has been applied in various domains within finance and
outside of it. In the meanwhile the very potentials in applications created the need for an

extension of the calculus to other types of noise than Brownian motion. The most part of

this chapter is taken from [29].
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3.2 Elements of Malliavin calculus for Brownian mo-
tion

We choose to introduce the operators Malliavin derivative and Skorohod integral via
chaos expansions. Other, basically equivalent, approach is to use directional derivatives
on the Wiener space, see e.g. Da Prato(2007), Malliavin (1997), Nualart (2006), Sanz-Solé
(2005).

Let B(t) = B(w,t), w € Q, t € [0,7] (t > 0), be a Brownian motion on the complete
probability space (2, F, P) such that B (0) = 0 P — a.s. For any ¢, let F; be the o-algebra
generated by B (s), 0 < s < t, augmented by all the P-zero measure events. The resulting

(continuous) filtration is denoted :

f:{]:t, t>0}

3.2.1 Iterated Ito6 integrals

Let f be a deterministic function defined on
Sn=A{(t1, .., tn) €0,T)": 0<ty1 <..<t, <T} (n>1),

such that

11l 2s, = /f2 (1, eos ) dty.dty, < 00, (3.1)
Sn

Definition 3.2.1 The n-fold iterated Ité integrals are given by:

T (f) ;:/0 /0n.../ozf(tl,...,tn)dB(tl)dB (ts) .dB (t,). (3.2)

We set J,, (f) = f for f € R.

Directly from the properties of It6 integrals we have :

51



Chapter 3. Introduction to Malliavin calculus

o Ju(f) € L*(P), by the Ito isometry ||, (/) 72(p) = 111725, -

o If ge L?(S,) and f € L*(S,) (m < n), then E[J,, (9) J. (f)] = 0.
Let f e L2([0,T]"), i.e. f is a symmetric square integrable functions.

Definition 3.2.2 We also called n-fold iterated Ité integral the random variable :
/ b t) dB () dB (t2) .dB (t.) == nlJo (f). (3.3)

About symmetric functions:

e The function f : [0,T]" — R is symmetric if f (t5,,...,ts,) = f (t1, ..., t,) for all permu-

tations o of (1,...,n).

e if f is a real function on [0, 7]", then the symmetrization f of f is

fty, ity : 'Zf ors e tar) s (3.4)

where the sum is taken over all permutations o of (1,...,n) . Naturally f=fifand

only if f is symmetric.

o If f c [~/2 ([O, T]n) , then ||f||iz([07T]n) =n! ||f||i2(5n) :

3.2.2 Iterated It6 integrals and Hermite polynomials

The Hermite polynomials h, (z), x € R, n =0,1,2,... are defined by

dz™

1od" 1,2
hy () = (=1)" 2" — <6_§I ) , n=0,1,2,... (3.5)

Recall that the family of Hermite polynomials constitute an orthogonal basis for L? (R, i (dz))

if p(dx) = 2%’ dz (see e.g. Schoutens (2000)).

2T
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Note That

n!/OT/Ot”.../Oth(m g () dB (1) dB (t2) dB (1) = 9] (iﬂ) o 36)

lg

T
where [|gl| = llg]l 2oz, and 6 = / 9(t)dB,.
0

Example 3.2.1 Let g =1 and n = 3, then we get

6/0T/0t3/0t21dB (t1)dB () dB (t) = T hs (BT@)

= B*(T) - 3TB(T).

In fact the first Hermite polynomials are:

ho (l’) = 1,
hy (z) = x,
hy (z) = 2 — 1,

The computation of the iterated It6 integrals is based on :

Proposition 3.2.1 If &, &, ... are orthonormal functions in L? ([0,T]), we have that

k=m T
(g o mg) =TT ([ @0as0), (37)
0

with oy + ... + o, = and oy, € {0,1,2, ...} for all k.

Recall that the tensor product f ® g of two functions f, g is defined by

f®g (@, 29) = f(21) f (22),
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and the symmetrized tensor product f ® g is the symmetrization of f ® g.

3.2.3 Wiener-Itd6 chaos expansions

Theorem 3.2.1 Let & be an Fr_measurable random variable in L* (P) . Then there exists

a unique sequence {f,}°0 of functions f, € L*([0,T]") such that

§= Zjn (fn) ) (3'8)

where the convergence is in L? (P). Moreover, since

2
o (Fadllz2gey = b1 fall 2gorrmy

we have the isometry

2
11Z2py = Yt 1 Fall s2o,9my
n=0

1 t2 (Bt
Example 3.2.2 The chaos expansion of £ = exp {B (T) — QT} 1S given by & = E —|hn (%) .
n!
n=0

3.2.4 Skorohod integral

Let u(w,t), w € Q, t € [0,T], be a measurable stochastic process such that, for all
t €1[0,T], u(t) is a Fr-measurable random variable and F [u? (t)] < oc.
Then for each t € [0,7], we can apply the Wiener-It6 chaos expansion to the random

variable u (t) := u (w,t), w € Q
u(t) = Zjn (far)  fax € L? ([0,777).

The functions f,:, n = 1,2,..., depend on t € [0,7] as parameter. We can define

fo (1, oot tug1) == fur (t1, ..., t,) as a function of n + 1 variables.
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Its symmetrization fn is then given by

. 1
n t 7"'7tn7tn = — < l/n t 7"'7tn7tn
Fo b1t tusn) = = Lo (b1 s )

+ fo(tos s tnsr ) + oo+ fr (b1 b1, )]

Definition 3.2.3 Let u(t), t € [0,T], be a measurable stochastic process such that, for

allt € [0,T], u(t) is a Fr-measurable random variable and E [u? (t)] < oo,

Let its Wiener-It6 chaos expansion be

=3 (Fad) = DI (fa (05 (fa(0) € L2 (0.7))

Then we define the Skorohod integral of u by

5 (u) = — /0 s () 6B, := i[nﬂ ( fn) , (3.9)

when it converge in L? (P) (here f, is the symmetrization of f, (.,t).
Moreover,

< Q0.
L2([0,77™)

16 @l3a(e) = > (n+ 1|
n=0

Some basic properties of the Skorohod integral
e The Skorohod integral is a linear operator
e E(6(u)=0

e In general, if G is an F -measurable random variable such that; Gu € Dom(§); we

have that

/0 "Gu ()6B, # G /0 L (t) 6B,
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T
Example 3.2.3 Let us compute / B(T)0B;. The Wiener-Ité chaos expansion of the
0

integrand is given by
T
0

i.e for all't, for =0, fir = 1,and fr,+ =0 for all n > 2. Hence

§(u) = I (f1> —L(1) = z/OT/0t2dB (1) dB (ts) = B(T)? = T.

Note that, even if the integrand does not depend on t, we have

/0 B (T) 6B, + B (T) /0 TdBt.

Theorem 3.2.2 (Skorohod integral as extension of the Ito integral) Let u(t),
t €10,T], be a measurable F—adapted stochastic process such that, E [u? (t)] < co. Then

w 1s both Ito and Skorohod integrable and

/O L ()68, = /O L (t)dB,.

3.3 Malliavin derivative

There are many ways of introducing the Malliavin derivative. The original construc-
tion was given on the Wiener space 2 = Cj ([0, 7]) consisting of all continuous functions
w:[0,7] — R with wy = 0. In this section, we mainly use an approach based on chaos

expansions.
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Definition 3.3.1 Let F' € L? (P) be Fr-measurable with chaos expansion

F= Iu(fa),
n=0
where f, (t) € L*([0,T]"), n=1,2,3...
i) We say that F € @ﬁ?
1Fllgg =Y nnd | fallz2my < oo (3.10)
n=1

ii) For any F € @f;) we define the Malliavin derivative DiF of F at time t, as the

exrpansion

DyF =Y nlyq(fu(t)), (3.11)

where I,_1 (fn (.,t)) is the (n — 1) —fold iterated integral of fy (t1,....,tn_1,t) with

respect to the first n — 1 variables tq,...,t,_1 and t, =t left as parameter.

Note that |[D F|12pyyy = ||F||%12 < 00, thus the derivative D, F' is well-defined as an

element of L? (P x \).

Theorem 3.3.1 (Closability) Suppose F € L*(P) and Fy, € D3, k=1,2, ..,
1. F, = F, k — oo, in L?(P),

2. {D\Fy.};2, converges in L? (P x \).

Then F € ®15 and DiFy, — DiF, k — oo, in L> (P x \).

Proof. Let F = > I, (f,) and F, = >_ I, (f,’f) , k=1,2 ..., then by (1)
n=0 n=0

¥ — fo, k— oo, in L? (\").

n
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Theorem 3.3.2 for all n By (2) we have

Znn'ka fJHLz A™) ’DtFk DtFj||2L?(P><>\) =0, jk—0

Hence by the Fatou lemma

T}LIEOZ”"' 1 £2 = f”HL? o < Hm l1m Znn' 1 £2 = fjHL2 Ay T
This implies that F' € D12 and

D,F, — D,F, k — oo, in L* (P x \).

3.3.1 Fundamental rules of calculus

We present here a collection of results that constitute the rules of calculus of the Malliavin

derivatives

Let F = /Tf (s)dBy, where f € L?([0,T]) . Then
0

e DiF = f(t);

o D, (F)" =nF"1DF =nFm1f(1).

Consider the case when F' = . I,(f,), and f, = f®" for som f € L*([0,T]), that is
n=0

fo(t1,..,tn) = f(t)...f (t). Then we have by [3.6] we have

1o (F) = 11" B (||§||) (3.12)

T
where || f|| = (|l 2027+ 0 = / f (s) dBg where h,, is the Hermite polynomial of order n.
0
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Then by (3.11) we have

DI, (fn) =nl, (fn ('v t))
=nl, 1 (1) £ (1)

= || 1" b < ’ )f(t)-

[H]

A basic property of the Hermite polynomials is that

ho () = nhn 1 (),

combining this with (3.12)) and (3.13)), we get

i (1) = () v

In particular, choosing n = 1, we get

o ([ reran) =1,

Similarly, by induction, for n = 2, 3, ..., we have

D, ( /0 Fe) st)n —n ( /0 () st)nl

(3.13)

(3.14)

Theorem 3.3.3 (Chain rule.) Let F' € D, 5 and ¢ be a continuously differentiable func-

tion with bounded derivative. Then ¢ (F) € ©14 and

Dyo (F) = ¢/ (F) DiF.

(The chain rule can be extended to the case Lipschitz).
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Malliavin Derivative and Conditional Expectation

We now present some preliminary results on conditional expectations.

Definition 3.3.2 Let G be a Borel set on [0,T]. We define Fg to the completed o— algebra

generated by all random variables of the form :

T
F:/ va(t)dB,
0

for all Borel sets A C G.

Lemma 3.3.1 For any g € L*[0,T)], we have

B[ [swas 7] = [rowsnas. (3.16)

Proof. By definition of conditional expectation, it is sufficient to verify that the random
variable

T
/ Xa (t) g (t) dB:, is Fg-mesurable, (3.17)
0

and that

E {F /0 Tg (t) dBt} —E [F /O TXG ) g (t) dBt} : (3.18)

for all bounded Fs-measurable random variables F. To prove (3.17)) we may assume that g
is continuous, because the continuous functions are dense in L? ([0, TY]) . If g is continuous,

then

t.
n i+1

| re®ean = im g)> [ xan,

t,bv~>0 K
1=0 t;

where the limit is in L? (P) for the vanishing mesh A;, of the partitions
0 <ty <ty <..<t,="T. Since each term in the sum is Fg-measurable, the sum is
also Fg-measurable Then by taking a subsequence converging P-a.s. we conclude that

the limit represents an Fg-measurable random variable.
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T
To prove ((3.18) we may assume F = / Xa (t)dB; for some A C G. Then by the It6
0

plr [Cetam| = e[ [ s sl

isometry we have

and also

elr [ewstin] e[ [ xowxwsoa] =5 [ uwgnm],

Then the proof can be completed by a density argument. m

Lemma 3.3.2 Let G C [0,T] be a Borel set and v = v (t), t € [0,T] be a stochastic

process such that
i) for allt, v (t) is measurable with respect to F; N Fg,

ii) F (/OTfu? (1) dt) < 00.

Then /v (t)dB; is Fg-measurable.
G

Lemma 3.3.3 Let u=u(t), t € [0,T], bean F-adapted stochastic process in L*> (P x \).
Then

T
E dB, | Fa| = | E Fa)dB;.
[ utas | 7] G/ (ut) | Fo)
Proposition 3.3.1 Let f, € L*([0,7]"), n=1,2,....Then

where fuxe" (t1,t2, oy tn) = [ (t1, ey oo tn) Xa (t1) - XG (tn) -

Proposition 3.3.2 If F € Di:, then E[F | Fg] € D12 and

DE[F | F&] = E[D,F | F&] xe (t).
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Proof. First assume that F = I, (f,) for some f, € L?([0,T]"). By proposition (4.3.1),

we have

DE[F | Fol = DyE L (f2) | Fel
= DiI, (fax&")
=nly1 [fo (1) X" () xG (1))
=0l [fu () XG" ()] xa (1)

= E[DF | Felxa (1) - (3.19)

00 k
Next, let F' =) "I, (f,) belong to Di2. Let Fy = Y I, (f,) . Then

F, — Fin L*(Q) and D,Fy, — DF in L* (P x \) as k — oo.

By (3.19) we have
DiE [Fy | Fol = E[DiFy, | Folxc (1),

for all k, and taking the limit with convergence in L? (P x \) of this, as k — oo we obtain

the result. m

Corollary 3.3.1 Letu=u(s), s € [0,T], be an F-adapted stochastic process and assume
that u (s) € Dy for all s. Then

i) Dyu(s), s €[0,T], F-adapted for all t;
ii) Dyu(s) =0, fort > s.
Proof. By Proposition (4.3.2) we have that
Dyu(s) = DiE (u(s) | Fs) = E(Dyu(s) | Fs) Xo,q (1)
= E(Dyu(s) | Fs) xiemy (8)
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from which (i) and (i7) follow immediately. m

3.3.2 Malliavin Derivative and Skorohod Integral
The Skorohod integral is the adjoint operator to the Malliavin derivative

The following result shows that the Malliavin derivative is the adjoint operator of the

Skorohod integral.

Theorem 3.3.4 (Duality formula) Let F' € Dy be Fr-measurable and let u be a Sko-

rohod integrable stochastic process. Then

T T
E {F/ u(t)dB (t)} =F {/ u (t) Dtht} . (3.20)
0 0
Proof. Let FF = > I,(f,) and, for all ¢, u(t) = >_ I (gx (.,t)) be the chaos expansions
n=0 k=0

of F' and u(t), respectively. Then

E[F / u(t)aB@)]:E_;fn(fm / > 10 0)9B )
=k ZIn<fn)ZIk+l (gk)]

Z T (fresn) Iisr (gk)]
| k=0

Il
&

I
NE

a0y [ e @)@ ds

i

0

I
NE

(k + 1)‘ (karl; gk)L2<[07T]k+1) y (321)

il
o
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where gy is the symmetrization of gy, (21, ..., T, t) as a function of n + 1 variables. On the

other side we have

EUOTu(t)Dtht] —E

- / D Bl 1) U g (o O)) e (fin ()]

/ZkJr k:'(fk+1,9k)L2([oT})

Now

T
(fk-i—la gk)Lz([()’T]kJrl) = /0 (fk+1 ('7 t) agk ('7 t))LZ([O,T]k) dt

k+1

Tkl Z/ Ui (2, 88 () £2(lo71*) .
:/0 (frrr 1) 5 95 (1) 2 o,y

= (karla gk)L2<[o7T]’“+1) .

Therefore, by (3.21)) combined with (3.18)) and ([3.19)) the result follows m

/0 (ka (gk(.,t))> (Z”[nl (fn(.,t))> dt]

(3.22)

(3.23)

An Integration by Parts Formula and Closability of the Skorohod Integral

Theorem 3.3.5 ( Integration by parts) Let u(t), t € [0,T] be a Skorohod integrable

stochastic process and F € Dyy such that the product Fu(t), t € [0,T], is Skorohod

integrable. Then

F/OTu(t)éB(t):/OTFu(t)(SB(t)—i—/OTu(t)Dtht.

(3.24)

The duality formula is at the core of the proof of the integration by parts formula for the

Skorohod integral and Malliavin derivative.
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Theorem 3.3.6 (Closability of the Skorohod integral) Suppose thatu,, (t),t € [0,7],
n =1,2,..., is a sequence of Skorohod integrable stochastic processes and that the corre-

sponding sequence of Skorohod integrals

d (uy) == /OTun (t)0B:, n=1,2,.. (3.25)

converge in L* (P). Moreover, suppose that

lim u, =0 in L* (P x \).

n—oo

Then
lim 6 (u,) =0 in L* (P).

A Fundamental Theorem of Calculus

The next result gives a useful connection between differentiation and Skorohod integration.

Theorem 3.3.7 ( The fundamental theorem of calculus.) Let u = u(s), s € [0,T]

be a stochastic process such that

E(/OTUZ(S)dS) < 00,

and assume that, for alls € [0,T], u(s) € D12 and that, for allt € [0,T], Dyu € Dom (9).

E (/OT (6 (Dyu)?) dt) < 00.

T
Then / u (s) 0 Bs is well-defined and belongs to Dy 2 and
0

Assume also that

D, ( /O Cus) 535) _ /0 Dy () 6B, +u (1), (3.26)
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Corollary 3.3.2 Let u be as in Theorem 4.3.7 and assume in addition that u (s),
s € (0,7, is F-adapted. Then

D, ( /0 C(s) dBS) _ /0 Dy (s)dB. +u (). (3.27)

3.4 Clark-Ocone formula

The Clark-Ocone formula is a representation theorem for square integrable random vari-
ables in terms of It6 stochastic integrals in which the integrand is explicitly characterized

in terms of the Malliavin derivative

Theorem 3.4.1 (Clark-Ocone formula) Let F' € D,y be Fr-measurable. Then
T
F=B(F)+ / E(DF | F)dB, (3.28)
0

Remark 3.4.1 The formula can only be applied to random variables in D, 5. Extensions
beyond this domain to the whole L* (P) are possible in the white noise framework. Other It6
integral representations exist where the integrand is given in terms of the non-anticipating
derivative. This operator is defined on the whole L? (P) See e.g. Di Nunno (2002, 2007).

Some rules of calculus are given for this operator, however much has still to be discovered.
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Proof. Write F = > I, (f,) with f, € L2 ([0,7]"), n = 1,2, .... Hence,

n=0

/O "E(D,F| F)dB, /0 g <n§; Ly (fu (1)) | ]—"t> dB,
-/ fan (s (0 (1)) | F) dB,
-[ inf [ () xy )] B
= o= 0t [t i 0] s

= Zn!Jn (fn) = ZIn (fn)

=F—1I(fo) = F—-E(f).

3.4.1 A generalized Clark-Ocone formula
T

Suppose that B, = B, + / 0sds, where 0 = {0;,t € [0,T]} is an adapted measurable
0

T
process such that / 0?dt < oo almost surely. Suppose that E [Z7] = 1, where the process
0

t 1 t
Z; = exp <—/ 0.dB, — —/ Hgds) )
0 2 /o

Then by the Girsanov Theorem, the process B = {Bt, t €0, T]} is a Brownian motion

Z,; is given by

under the probability () on Fr given by 3—?, = 7.

The Clark-Ocone formula can be generalized in order to represent an Fr—measurable ran-
dom variable F' as stochastic integral with respect to the process B. Notice that, in general,
we have }"ﬁ C Fr (Where {ff , 0<t<T } denotes the family of o-fields generated by B)
and usually ,7-"75 # Frp. Thus, an Fp-measurable random variable F' may not be .7:16—

measurable and we cannot obtain a representation of F' as an integral with respect to B

67



Chapter 3. Introduction to Malliavin calculus

simply by applying the Clark-Ocone formula to the Brownian motion B on the probability

space (Q, ]—"75, Q) )

Theorem 3.4.2 (Clark-Ocone formula under change of measure) Let F' be an Fr-

measurable random variable such that F € ®%% and let 0 € LY2. Assume

T
1. E(Z2F*) + E (Z%/ (DtF)th> < oo,
0

T T T 2
2. E (Z:%F2 / <0t+ / D,0,dB, + / @Dtesds> dt) < 0.
0 t t

Then
T T ~ ~
F =Eq(F) —|—/ Eqg (DtF — F/ D0sdBs | .7-}) dBs;. (3.29)
0 t

The proof of this theorem can be found in [49] page 337.
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A Malliavin calculus in stochastic

control problems

In this chapiter we will present the tow results one is established by Brandis, k-
sendal and Zhou [47] and the other is estabilished by @ksendal and Sulem [51] witch
treat singular control problem, both of them established stochastic maximum principle,
where they considers controlled It6-L’evy process where the information available to the
controller is possibly less than the overall information. All the system coefficients and
the objective performance functional are allowed to be random, possibly non-Markovian.
Malliavin calculus is employed to derive a maximum principle for the optimal control of

such a system.
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4.1 A stochastic maximum principle via Malliavin cal-

culus

4.1.1 Formulation of the problem
Suppose the state process X (t) = X" (t,u); t > 0, w € Q, s a controlled It6-L’evy
process in R of the form of the form

(

dey =b(t,z(t),u(t) ,w)dt+o(t,z(t),u(t),w)dB;

+fH(t,x(t’),u(t*),z,w)N(dt,dz); (4.1)
z(0) =z €R.

\

Here Ry =R — {0}, B(t) = B (t,w), and n (t) = 1 (t,w), given by
t ~
T](t):/ /zN(ds,dz); t>0, we,
0
Ro

are a l-dimensional Brownian motion and an independent pure jump L’evy martingale,

respectively, on a given filtered probability space (Q, FAFt} =0 ,P) . Thus
N (dt,dz) := N (dt,dz) — v (dz) dt,

is the compensated jump measure of n(.), where N (dt, dz) is the jump measure and v (dz)
is the L’evy measure of the L’evy process n(.) The process u (t) is our control process,

assumed to be F;-adapted and have values in a given open convex set U C R. The
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coefficients

b:[0,T| xRxUxQ—R,
o:[0,T|xRxUxQ—R,

0:0,T] xRxUxRyxQ—R,

are given J;—predictable processes. for more information about stochastic control of It
diffusions and jump diffusions one can see [32]. Let 7" > 0 be a given constant. For

simplicity, we assume that

/ v (dz) < .
Ro

Suppose in addition that we are given a sub-filtration ¢, C F;, t € [0,T], representing
the information available to the controller at time ¢ and satisfying the usual conditions,
meaning that the controller gets a delayed information compared to F;.

Let A = A. denote a given family of controls, contained in the set of ¢;-adapted cadlag
controls u (.) such that has a unique strong solution up to time 7. Suppose we are

given a performance functional of the form

J(u)=FE {/OTf(t,a:(t),u(t),w)dt—kg(x(T),w)} ;u €A,

where E = FE, denotes expectation with respect to P and f : [0,7] x R x U x Q@ — R and

g : R x Q) — R are given F;-adapted processes with

E{/O |f(t,x(t),u(t))|dt+|g(x(T))@ < oo forall u € A..

The partial information control problem we consider is the following:
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Problem 4.1.1 Find ®. € R and u* € A., (if it exists) such that

O, = sup (J (u)) = J (u").

uEA.

Remark 4.1.1 This problem is not of Markovian type, because b, o, 0, f and g are allowed
to be stochastic processes and also because our controls must be €,—adapted, and hence
cannot be solved by dynamic programming. We instead investigate the maximum principle,

and derive an explicit form for the adjoint process.

We have the following assumptions

Assumption

1) The functions b, o, f and g are all continuously differentiable (C') with respect to z € R

and u € U for each t € [0,7] and a.a.w € .

2) For all t,r € (0,T) t <r, and all bounded e;—measurable random variables o = « (w)

the control 3, (s) = a (w) X, (5); s € [0,T] belongs to A..

3) For all u, 3 € A. with 8 bounded, there exists 6 > 0 such that u + yf € A, for all

y € (—9,6), and such that the family and such that the family

{g_x (t, 2“8 (t)  u () + yf (1)) di;a:“*yﬁ (t)

oL

+3u

LY (1), () + B (1) <t>} |

y€(7§,5)

is A x P-uniformly integrable and the family

d
{d @) parml
Yy ye(-0,0)

is P-uniformly integrable.
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4) For all u, 3 € A. with 3 bounded the process y (t) = ¢ (t) = —x

and satisfies the equation

dy (t) = {y (t7) % (t, 2 (t),u(t))dt + g—g (t,z (t),u(t))dB (t)

Xz

" /R gi (o () u(t”) =) N (dt, dz)]
+B(t7) [gz (t,z (1), ())dt+g—2(t 2 (1), u () dB (?)
! /R gz (b () u(t) )N (dt,dz)] :

y(0) = 0.

5) For all u € A, the following processes

T

K (1) = ¢ (a (T) + / (s, 5) () ds,

t

DK (t) := Dyg' (z / Dt—f s,x(s),u(s))ds

Dt,zK( thg / th ( ))d57
Hoy(s,z,u) =k(s)b(s,z,u) + DK (s) o (s, z,u)

D .K (s)0(s,z,u,2)v(dz),

Gt ) :—exp</S{%b(r,x(r),u(r),w)—%(g—;)z(r,x(r),u(r),w)}dB(r)
/a ra ) dB (1)
//Ro{m<1+— " r),u(r),z,w))—g—i(r,x(r),u(r),z,w)}V(dz)dr
//Roln(u— o ( ),u(r‘),z,w))N(dr,dz), (4.2)
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p(t) == K (t) +/t % (s,z(s),u(s))G(t,s)ds, (4.3)
q(t):=Dyp(t), and (4.4)
r(t,z) == Dy.p(t), (4.5)

all exist for 0 <t < s<T, z€ Ry
We now define the Hamiltonian of this general problem

Definition 4.1.1 (The general stochastic Hamiltonian) The general stochastic Hamil-
tonian is the process

H:0,T]xRxUxQ—R,

defined by

H(t,z,u,w) = f(t,x,u,w)+p(t)b(t,z,u,w) + q(t)o (t,x,u,w)

+ /]R r(t,z)0(t,x,u,z,w)v(dz). (4.6)

4.1.2 The stochastic maximum principle

We can now formulate the stochastic maximum principle:

Theorem 4.1.1 (Maximum Principle) 1. Suppose u € A. is a critical point for J (u),

mn the sense that

d
@J (44 yPB) ly=0 = 0 for all bounded 5 € A.. (4.7)
Then
E %—IZ (t,z(t),u(t)) | e| =0 fora.a.t, w, (4.8)
where
i (t) =a"(t),
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~

H (i (1) u) = f (. (8),u) + pb(t, 2 () ,u) + 4 (t) o (£, (t) )

with

2. Conversely, suppose there ezists i € A, such that (4.8) holds. Then G satisfies (4.7)).
Proof.

1. We suppose that u is a critical point for J (u), we have by assumption 3

0= 27 () o
- Uo {gi( (t)’““))y(t”%W(t%u(t»ﬂ(w}dt

+9' (@ (1) y(T),

[6)
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where

From now on we use the short hand notation

af af af af
%(t>x(t)au(t)) = %(ﬂ’ %(t’x@)?u(t)) = %(ﬂa

. ob 0b do Ob 06 00 , )
and similarly for % 90 92 9’ Dx’ and P By replacing y (T") by its value, and

using the duality formulas, we get

Elg (x(T)y(T)]

e[y ([ {R e+ i oo}

+/T{%(s)y(s) + g—Z(s)g(s)}st

+// {%s)y(w%<s>6<s>}N<dSvdz))]

T b , b
:EUO {g ((1)) 5 (5)y (s) + ¢ (@ (1)) 5 (5) B (s)

+ [ Dule @) G 6 w6+ Da' (2 (M) 5 (5) B

+/RO {Dt,z (¢ (« (T))) % ()y (s) + Dy (¢ (x(T))) % (8)5(8)} V(dZ)} ds} :

(4.10)

8
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Similarly we have,

[ 5. (g—f ) af [ [? o S 05(9)] v bas|.
Changing the notation s — £, this becomes
e[ [ Lowoa) ][ {[ Lo} [Zovw+Toso]
=t ) ()i} [FZ@wo+ F0s0)]
A, s

{/tTD . (% (8)) }/RO {% (t)y(t)+%(t)ﬁ(t)] V(dz)}dt}'

(4.11)
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Recall

K (t):=¢ (x(T)) +/ of (s)ds. (4.12)

; Ox
By combining (4.10)-(4.12)), we get

e[ {xo(Zovn+2oso)
0 (0 (5 000+ 2 050)
00 00

+[ x5 O+ 5

Rg u

050) v+ 5050} al

0. (4.13)

Now we apply the above to § = 3, € A. of the form £, (s) = ax+n) (5), for some
t,h e (0,T),t+h <T, where @« = a (w) is bounded and £;—measurable. We have,
by for0<s<t

9= v o}
/

a
- ) dB,
or

s {wwya(m]wvﬂ,dz)-

Then yP= (s) =0, for 0 < s < t and hence (4.12)) becomes

A+ Ay =0. (4.14)
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In the other hand for s > ¢ + h we have by (4.9) with y (s) =y (s)

dy(s) =y (s7) {% (s)ds + Z—Z (s)+ 9 (t) N (dr, dz)} : (4.15)

with initial condition y (¢ + k) in time ¢ + h. This equation can be solved explicitly

and we get

y(s)=y(t+h)G({t+h,s); s=>t+h, (4.16)

where, in general, for s > t,

G (t,5) := exp (/ {%m . % (%)2(@}@@)

80()dB()
//Ro{ln<1+_()>_%(r)}”(dz)dr
+/t/Roln<1+%(r))N(dr,dz), (4.17)

y (s) given in (4.16]) is the solution of (4.17)), it can be verified by applying the Ito

formula to y (s) given in (4.16).We define

Hy(s,z,u) =K (s)b(s,z,u) + DK (s)o (s,z,u) + | DK (s)0(s,x,u,z)v(dz)

Ro

Then

Ale[ ToH,
t

ey (s)as]

Differentiating with respect to h at h = 0 we get

d d HhoH, d T oH,
— Ay = —E -0 0+ —F z0 .
T |h=0 i [/t O (s)y(s) ds} lh=0 + i [/Hh O (s)y (s)ds| |n=o
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0 s cadlag we see that

H
0z (s)

Since y (t) = 0 and since

% E { /t Hh% (s)y (s) ds] 0. (4.18)

h=0

Therefore, using (4.16]) and y (t) = 0,

d d T 0H,
dhAllh d_hE{ t+h%(8)y(t+h)G(t+h,S)d8}
.1 T 9H,
_,ILIL%E{E{/Jrha(S)y(t+h)G(t+h,s)ds}}

_/tTlim—E [‘9 0 (s )y<t+h)c;(t+h,s)] ds

:/tTiE {%(s)y(t—kh)G(t—i—h,s)] ds

h=0

-/ Ly ECHIaLI] (119)

by (.9

00

Ro 3u

y(t+h)—a/t {gZ(m +§—Z()d3r+ ()N(drdz)}

+/tf+"y(r){§i( ) dr +§—U( )dBr+/Rogz( )N(dr,dz)}. (4.20)

Therefore, by (4.19) and (4.20) -

Alz/tTd%E {a—[“f (S)G(t,s)oz/tHh{%(r)dr g—Z(r)dBr
—i—/}ROa—Z(T)N(dr,dz)}dr] ) ds, (4.21)
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and

+ /R %(T)N(dr,dz)}dr} ds. (4.22)

By the duality formulas, we get

Ay {/ {SZ()F(ts)dr+§—u()DrF(t75)dBr
D

e
+/R ey (V) N (dr, dz)}dr] ds,

/OTE {a{ t)F(t, )dt+%( t) D, F (t,s)dB, + RODt’ZF (t, s) % (t)y(dz)}] ds,

(4.23)

such that
0H,

F(t,s):E(s)G(t,s).

Since y (t) = 0 we see that Ay = 0. We conclude that

d
dhA1|h o =M
Moreover, we see directly that
d 0b Oo
dhA2|h o, =F |:04{K<t) 8u( )dt+a—( ) DK (t)dB,

Dk (0 50 (@) + S}

Ro

Therefore, differentiating (4.14)) with respect to h at h = 0 gives the equation
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E[a{(K(H/TF; )d)gb()+Dt( /F ) )
of o (w0 [ranm) Go (v Go) ]

= 0. (4.24)

TOH,
o (s)G (t,s)ds,

then (4.24) can be written

B | 5o A8 (60,0 + 90D () + Dip (1) (100

+ [ Di.p (t)Q(t,mt,u)l/(dz)} ) ()a]

Ro

=0.
Since this holds for all bounded ¢;—measurable random variable , we conclude that

H
E(aau (t,ze,u),_ ut)|6t) =0, for a.a. t, w.

witch complete the proof of the first part.

ii) Conversely, suppose holds for some @ € A.. Then by reversing the above argu-
ment we get that holds for all 5, € A. of the form f, (s,w) = ax(t+n (5)
for some ¢,h € [0,7] with t + h < T and some bounded e;—measurable «. Hence
holds for all linear combinations of such (3,.. Since all bounded 3 € A, can be
approximated pointwise boundedly in (¢,w) by such linear combinations, it follows
that holds for all bounded 5 € A.. Hence, by reversing the remaining part of

the argument above, we conclude that (4.14]) holds.
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4.1.3 Application

We now give an example of application

Example 4.1.1 (Optimal portfolio) Suppose we have a financial market with the fol-

lowing two investment possibilities:

i) A risk free asset, where the unit price Sy (t) at time t is given by

dSo (t) = puSo () dt; So(0) =1; t € [0,T]. (4.25)

ii) A risky asset, where the unit price Si(t) at time t is given by

dS: (t) = 51 (¢7) [atdt+ﬁtdBt + [ C(t,2) N (dt,dz);| te[0,T],  (4.26)

Ro

S1(0) > 0.

Here py, a4, By and C(t,z) are bounded Fy-predictable processes, t € [0,T], z € Ry and

T > 0 is a given constant. We also assume that
C(t,z) = -1 a.s. fora.a.t,z,

and

E VOT/R llog (14 ¢ (£, 2))? v (d2) dt| < .

A portfolio in this market is an e,-predictable process u (t) representing the amount invested

in the risky asset at time t. When the portfolio u (.) is chosen, the corresponding wealth
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process x (t) = x* (t) satisfies the equation

A (1) = [py (£) + (0 — po) u (O] dt + B (8 dBy + | ¢ (t,2) N (dt,d2)
Ro
z(0) =z > 0. (4.27)
The partial information optimal portfolio problem is to find the portfolio u € A. which

maximizes

where U (z) = U (z,w) : R x Q — R is a given Fy-measurable random variable for each x
and © — U (z,w) is a utility function for each w. We assume that v — U (z) is C' and

U’ (z) is strictly decreasing.

With the notation of the previous section we see that in this case we have
[ xu) =0, g(z,w) =U (z,w),
b(t,z,u) = pive + (o — pr)u, o (t,z,u) = B,
0(t,z,u,z)=C(t 2)u,

thus

and

Hy (t, xv“) =K (tht + (at - /)t) U) + DK Bru

+ Dt,zKC (tv Z)N(dt,dZ) ’

Ro
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and

Gt = ([ pr).

p0) =0 ) + [ Koo ([ pr) as,

and the Hamiltonian becomes

Thus

H(t,x,u) =p(t) [prre + (. — pe) u] + Dyp () Bru

+ D, .p(t)C(t,z) uv (dz) .

Ro

By the maximum principle (4.8)) we get the following condition for an optimal control

Theorem 4.1.2 Suppose that 4 is an optimal control corresponding Z (t), p(t) then we

have

E\p(t)(ar—pe) + Dep () B + s Dyop(t)C(t 2) v (dz) | &| = 0. (4.28)
we complete by considering a solution in the special case when
v=p =0, |[B|>d>0and e, =F,0<t<T,
where 0 > 0. is a given constant. Then (4.28)) simplifies to
B [K | F]+ B E DK | F] =0. (4.29)

By the Clark-Ocone theorem ([3.28)) we have

K =E[K]+ / 'F DK | F)dB, (4.30)
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then

E[K | F]=E[K]+ /tE [D\K | ) dB,. (4.31)

Define
My :=E[K|F]=EU (2(T))| F.

Then by substituting (3.28)) into (4.31)) we get

or

witch has the solution

M, = E[U’ (i (T))] exp (- Ot%st - %/Ot (%)2 ds) , (4.32)

such that My = E [U' (2 (T))], we have U’ (& (T')) = My = K. Given K the corresponding

optimal portfolio 4 is given as the solution of the backward stochastic differential equation

(1) = (U) (K),

(4.33)

witch can be written

(4.34)
#(T) = (U) " (K),

where

dB, = Ldt + dB,,
Bt
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witch is a Brownian motion with respect to the probability measure () defined by
dQ = NTdP on fT,

where
‘o 1 [ (a\°
Ny =exp | — —Sst——/ (—S) ds | .
t ( 0 B 2Jo \Bs
By the theorem(3.4.2) of Clark-Ocone under change of measure we have

i (t) = Eg i (T)] + /0 TEQ KD@ (T) — & (T) /t ) (g—) dB, | ft) dét} . (4.35)

s

Comparing (4.34)) and (4.35)) we get

a(t) = %EQ [(th (T) — & (T) /tTDt (g—) dB, | ]—“t>] .

Using Bayes’rule we conclude

Theorem 4.1.3 Suppose t. € Ar is an optimal portfolio for the problem

sup (E'[U (2" (1), w)]),

uEAxr

with
dry = aqu (t) dt + By (t) dBy.
Then
. 1 . . T o -
u(t) = BtNtE {NT (Dtx (T)—z (T)/t D, (E) dBy | ]—"t)} ,
and

#(T) = (U")" (Mr),

where My is given by (4.32]).
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4.2 Singular stochastic maximum principle

4.2.1 Formulation of the singular control problem
Consider a controlled singular jump diffusion x (t) = 2¢ (¢) of the form z (07) =z € R

dry =b(t,x(t),w)dt +o (t,z(t),w)dB; + fRO 0(t,x(t7),zw) N (dt,dz)
+A(t,w)d&; t€]0,T],

defined on a probability space (Q,]—", (f)t>O,P) , where t — b(t,x), t — o(t,z) and
t — 6(t,z, z) are given F;-predictable processes for each x € R, z € Ry = R — {0} We

assume that b, o and 6 are C! with respect to x and that there exists € > 0 such that

a0
a—(t,x,z,w) >—1+4¢ asfor (t,z,2) € [0,T] x R x Ry.
T

A(t) is ei-adapted and continuous. The process £ (1) = & (t,w), is our control process,
assumed to be cadlag and non-decreasing for each w, with £ (07) = 0. We require that
the control & (t) is ,-adapted. The set of such controls is denoted by A.. Let t — f (¢, z)
and t — h(t,z) be given F;-predictable processes and ¢ (x) an Fp-measurable random

variable for each x. De ne the performance functional
T T
J(E)=FE [/ ftz,w)dt+ g(x(T),w) —|—/ h(t,z(t7),w)dE(t)] . (4.36)
0 0
Problem 4.2.1 We want to find an optimal control & € A. such that
d:=sup J(§) =J (). (4.37)
§EA:

For & € A.,we let v (&) denote the set of ;-adapted processes ¢ of finite variation such
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that there exists 6 = 6 (§) > 0 such that
E+yC e A forally€l0,9].
We define the derivative process, for & € A. and ¢ € v (§)

Y (1) = lim © (XS (8) — XE(1)), t e [0,T).

y—0T Y

We have
| ob Jdo 00 ~
dy (t) =Y (t7) 5% (t) dt + a_x<t) dB; + O (t,2) N (dt,dz)| + X (t) d¢;.
Note that

o1 d
Y (0) = lim — (X1(0) = X€(0)) = g-wlym0 = 0.

Then we have

The solution of equation

Lemma 4.2.1 The solution of equation (4.39) is

with A (C(s)) =C(s) —C(s™), where

00
[ 52 (AN (s}

1+/IR%(S,z)N({S},dz)

a(s) = ;s €10,17,

89
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and Z(t) is the solution of the "homogeneous" version of (4.39)) i.e. Z(0) =1 and

b do 00 ~

Z({t)=2(t") {8x<)dt+8_x( ) dB; + RO%(t,z)N(dt,dz) : (4.40)
Remark 4.2.1 Note that

o0 % (s,2z) ifn has jump of size z at s

| e s AN ({shdz) =4 027 |
Ry O 0 otherwise.
We set
_Z(s)
G(t,s)—Z<t> for t<s

4.2.2 A Malliavin-calculus based necessary maximum principle

To establish the maximum principle of the problem 4.4.1 we need the following lemma

Lemma 4.2.2 Suppose £ € A. and ( € v (e). Then

lim, (7 (€ +90) — T (¢)

y*)

=E /0 OB +h O] () + Y {A (1) St a(t) +h(t); AC(t)

0<t<T

(4.41)
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where (¢ (t) denotes the continuous part of ¢ (t) and

S(t):/t G(t,s)%(s)ds,
ﬁ(t):R(t)Jr/t G(t,s)%@)ds:}z(tnsu),
R(t):g'(af(T))—i-/t %(s)ds—l— ﬁ%(s)dfs,

Hy(s,z) = R(s)b(s,z)+ DsR(s) o (s,x) + / Ds.R(s)0(s,x,z)v(dz).

Ro

We can now prove the main result of this section

Theorem 4.2.1 (Necessary maximum principle) Set

U(t)=A(0)p () +h(t),

V)y=Xxt) @)+ S ) a(t)+h(t); tel0,T].

1. Suppose £ € A. is optimal for problem. Then a.a.t € [0,T] we have

E[U®) | ] <0 and E[U () | ] déc (t) = 0,

and for all t € [0,T] we have

EIV ()| el <0 and E[V (£) | 2] A& (t) = 0.

(4.42)
(4.43)
(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

2. Conversely, suppose that (4.48) and (4.49) hold for some & € A.. Then & is a directional

sub-stationary point for J (£), in the sense that

1
lim —
y—0T Y

(J(E+yQ)—J(£) <0 forallCcv(l).
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Proof.

1. Suppose £ is optimal for the problem 4.4.1 Then

lim l(J(f—l-yC)—J(f))SOforallC'Eu(E).

y—0t Y

Hence by lemma (4.4.2)

E /TU (Hdec B+ S VHACH)| <0 forall ¢ € v (e). (4.51)

0<t<T

In particular, this holds if we fix ¢ € [0,7] and choose ( such that

dCs:a(w)(st(s); s € [OaT]a

where a (w) > 0 is e;-measurable and bounded and ; (.) is the unit point mass at ¢.

Then (4.51) gets the form:
EV (t)a] <0. (4.52)

Since this holds for all bounded ¢;-measurable a > 0, we conclude that

E[V(t)|&] <0. (4.53)

Next, choose ¢ (t) = —£% (t), the purely discontinuous part of £. So by (4.51) we get

E|Y V) (-As@)| <0,
E| > V()AaL@)| =0, (4.54)
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on the other hand choosing ¢ (t) = —¢? (¢) in (4.51)) gives

<0. (4.55)

dva

0<t<T

Combining (4.55)) and (4.54]) we obtain

=0.

ZE t) | &) AE(t

0<t<T

E|Y V()

0<t<T

Since E [V (t) | &/] < 0 and A& (t) > 0, this implies that

E[V (t)|e]A&(t) =0, Vt € [0,T].

To prove (4.49) we proceed similarly, by choosing first d¢ (t) = a (t)dt t € [0,T], and
next ( (t) =& (¢).

2. Suppose (4.48) and (4.49) hold for some & € A.. Choose ¢ € v (§). Then & 4+ y( € A.
and hence d§ + yd¢ > 0 for all y € [0, d] for some 6 > 0. Therefore,

/ Hd¢e+ > V(1)

0<t<T

_yE /OE[ (1) | e dce + ZE ) Jed AC (1)
- AEHH&%+ZE 1) | e AL (1)
+yE/O U <>md<+zE ) | e AC (1)

<0

/OE[U(t)|5t] €y + SO EV () |2 AEW®) +y¢ (1)

0<t<T

Hence the conclusion follows from Lemma (4.4.2).
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Chapter 5

A stochastic maximum principle for
mixed regular-singular control

problems via Malliavin calculus

In this chapter, we study general regular-singular stochastic control problems, in
which the controller has only partial information. The control has two components, the
first one is a classical regular control and the second one is a singular control. We consider
systems driven by random coefficients and the running and the final costs are allowed to
be random. It is clear that for such systems the dynamic programming does not hold, as
the state process is no longer a Markov process. Our goal is to obtain necessary conditions

for optimality satisfied by some optimal control.

5.1 Formulation of the problem

Suppose the state process x; = xﬁ“’g); t > 0, satisfies the following stochastic differential

equation:
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de't = b(t,xt,ut) dt"—o—(t,mt,ut) dBt + )\tdgh (5 1)
To =T € R.

Here (B;) is 1-dimensional Brownian motion, defined on a filtred probability space (Q, F, (‘E)tzo , P) ,
satisfying the usual conditions. Assume that (F;) is the natural filtration of (B;) .The co-

efficients

b:[0,T] xRxUxQ— R,
0:[0,T]xRxUxQ—R,
A [0,T] x Q— R,

are given JF;—predictable processes.

Suppose in addition that we are given a subfiltration & C F, t € [0,7T], representing the

information available to the controller at time t and satisfying the usual conditions.
e Let T be a strictly positive real number and consider the following sets.

e Uf is the class of measurable, &-adapted processes u : [0,T] x  — U, where U is

some Borel subset of RF.

e U{ is the class of measurable, -adapted processes & : [0, 7] x 2 — [0, 00) such that

¢ is nondecreasing, right-continuous with left hand limits and &, = 0.

Definition 5.1.1 An admissible control is an E-adapted process (u,&) € UExUS such

T
E [/ |ug| dt + |§T|2} < o0.
0

We denote by Ae the set of all admissible controls.

that

The expected reward to be maximized has the form

T

T
J(u, &) =F g(xT)+/f t, Ty, uy) dt+/h Yd& |, (u,é) € Ag, (5.2)
0

0
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where

F:0,T]xRxUxQ—R,
g:RxQ—R,
h:[0,T] x Q—R,

are given F;-adapted processes.

The goal of the controller is to maximize the functional J (u, &) over Ag. An admissible

control (ﬁ, é) € A¢ is optimal if:

J <ﬂ,§> = sup J(u,§). (5.3)

(’U,,g) eAf

Our objective is to derive necessary conditions satisfied by (11, f)

Note that since we allow b, o, h, f and g to be random coefficients and also because
our controls must be &-adapted, this problem is no longer of Markovian type and hence
cannot be solved by dynamic programming. Our attention will be focused on the sto-
chastic maximum principle, for which an explicit form for the adjoint process is obtained.
Malliavin calculus techniques will be used to get an explicit form of the adjoint process.
Assumptions

The following assumptions will be in force throughout this paper.

(H1) b, 0, g, f are adapted processes such that there exists a positive constant C' satisfying:
b(t, z, u)| + |o(t, 2z, u)| + [f (2, 0) + [g(2)] < O+ |z] + |u]).

(Hz) b, 0, g, [ are continuously differentiable with respect to z € R and u € U for each
t€[0,7], and a.s. w € 2, with bounded derivatives.

(H3) A, h are bounded continuous processes.

(H4)For all bounded F,—measurable random variables & = «(w) the process v =
a(w) 1 (s); s €[0,7] belongs to Uj.

(Hs)For u, v € U with v bounded, there exists § > 0 such that
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u’ = u+ Ov € UE for all € [-6,4].

Under the above assumptions, for every (u, ) € Ag, equation (5.1]) admits a unique strong

solution given by

t t t

ajguaﬁ) =+ / b (S’ xguvf)’ us) ds + /O’ (S, ngu7§)7 us) dBS + /)\ (t) dSS, (54)

0 0 0

and the reward functional J is well defined from Ag into R.

We list some notations which will be used throughout this paper.

Notations

For £ € U§, let v (€) denotes the set of &-adapted processes 7 of finite variation such
that there exists § > 0 such that & +6n € U, for all 6 € [0,6]. For all u € Uf and

0 <t <s<T, we denote the following processes

T

R(t) =g (xr) + /g—i (s,xs,us)ds, (5.5)
D, (R(t)) := Dyg (x7) + /Dtg_i (s, x5, us) ds, (5.6)
Hy(s,z,u) = R(s)b(s,z,u) + DsR(s) o (s,z,u), (5.7)

G (t,s) == exp /{gb (r, T, Uy ) — % (%) (r, xr,ur)} dr
+ % (r,z,,u,)dB, |, (5.8)
p(t):=R(t)+ /a—}io (s,x5,us) G (t,s)ds, (5.9)
q(t) = Dep(t). (5.10)
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We define the usual Hamiltonian of the control problem (3.1)-(3.2) by:

H:[0,7] x RxU x xRxRxQ—R,

where

'H (tJ x? u7p7 q7 w) - f (t7 x? u? w) +p<t> b<t7x7 u7w) + q(t) 9 (t7x7 u7w) ? (5'11)

5.2 The stochastic maximum principle

The purpose of the stochastic maximum principle is to find necessary conditions for op-
timality satisfied by an optimal control. Suppose that (ﬂ, é) € Ag is an optimal control
and let z; denotes the optimal trajectory, that is, the solution of corresponding to
(ﬁ, f) . As it is well known the stochastic maximum principle is based on the computation
of the derivative of the reward functional with respect to some perturbation parameter.

Let us define the perturbed controls as follows.

e u’ = i+ Hv, where v is some bounded & —adapted process. We know by (Hs) that

there exists § > 0 such that v/ = @ + 0v € U for all § € [0, J]

o ¢V = é +0n, where n € v (§) the set of &—adapted processes of finite variation, for
which there exists § = §(€) > 0 such that € +0n € UE.

Since (”d, é ) is an optimal control it holds that:

(1) lim 3 (J (a,8%) —J (ﬁ,f)) <0, where & = £+ 60n, and

0—0t 0

(2) lim 4 (J (M}é) —J (@’é>) <0, where v’ =4 + Ov.

0—0 0

We use the two limits to obtain the variational inequalities. To achieve this goal, we need

the following technical Lemmas.
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We define the derivative process Y (t) by

V() = lim <xf@’5“’) _ xfﬂvf)) |

Since that Y (0) = 0, then

— % ()Y @) dt + 2% (1) Y () By + A () dn,

4y (t) Ox

where we use the abbreviated notation:

ob ob , . . do do . . .
a_x (t) = % (tht:ut?w) ) % (t) = a_l’ (t,xt,ut,w).

Lemma 5.2.1 The solution of equation (5.13) is given by

t

/Z_1 (s) A (s) dns] ; t€10,T7,

0

where Z (t) is the solution of the homogeneous version of (5.13)), i.e.

ob do
= %(t)Z(t)dt—l—a—x

Z(0) = 1.

dZ (t) (t) Z (t) dBy,

We set YV (t) = Z (t) A; where

A= / 271 () A (s) .

0

By using It6’s formula for semimartingales, we get

V(1) = Z(t)dA + AdZ (1) + d(A, Z),,

4y (t) :)\(t)dntJrAt( )Z(t)dt—l—ga
b

ox
~ o

(1) Z (1) dBt)

ob
o !
a—‘; ()Y (t) dB, + A (t) dn.

()Y (t)dt + 0

This completes the proof.
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In the sequel, we use the abbreviated notation:

Z(s)

Q(t,s):Z—(t)fort<s.

Lemma 5.2.2 Let (ﬁ,f) be an optimal control. Then

o P(t):=R(t)+ /T % (5)Q(t,5) ds,
R(t) = R (1) = ¢’ (ir) + g—f (s) ds,
Ho(s,x) = R(s) + D;R(s)o(s,x)
We have
elir&% (J (a1, €%) — J(u5)> _E [g’ (&r) Y (T) +/T%

We have from ([5.13))

E [/%(t)y(t)dt

0
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Since Y (0) = 0, we have by the duality formulae for the Malliavin derivatives,

E[ L AON ] //{ 95 s+ 0. (1) 90 5 )

of
— (t) A (8)dn, ¢ dt
+24 1) @)m} ]
by using Fubini theorem

af
E{ ax()y(z&)dt} E[

{gi()y(S)%(S)dt—l—Ds (%(t)>y(s) gg( )dt}ds

/!
ff( §£<><>ﬁ)m4,

0

(5.21)

changing the notation s — ¢ , this becomes
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Similary we get

E g (Xr) Y (T)]

- F {/y dt+y()g—()d3t+)\()d77t}]

B / v ld 0 5 0+ Dy om%<t>}dt+g'<XT>A<t>dnt]. (5.23)

Combining (5.21]) and (5.22]) and using the notations (5.5)) and (5.7), we obtain

Jim 5 (7 (i€") ~ 7 (i [/;v {rO 5 0+ DR 5 0 )

H{R@) A () + h(t)} dnl
= A1 (n) +A2(n),

where
A =F [/Ty@){fz(t)%w Dtmg—w}dt] ,
and O
A () = (RN () + h (1)} d
We set
dAt—%(t)dt,
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then by using Lemma 4.1 it follows that

A= E /ym%(t)dt

T

_F /y(t)dAt
L O
T t

5| [ |20 [z (A, | an,

0 0

Hence by using Fubini’s theorem we get by changing the notation s — ¢

Finaly

This completes the proof.

We define the derivative process Y (t) by

Y () = V* (¢) = lim = (xt(“e’@ _ xt(ﬁ’f)) , (5.24)

0—0 0

then Y (¢) satisfies the following equation
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dY (t) = Y (t) [— () dt+ 5 (1) dBt} (5.25)

We have

+9' (27) Y/(T)], (5.26)

where Y (t) = YV (¢) is the solution of the linear equation

Y (1) = [L ()Y (t) + L (t)v] dt + [22 (1) Y (t) + 22 (t) v, dB;

ou (5.27)
Y (0)=0

By the duality formula we get
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Using similar arguments and Fubini’s theorem it follows that,

E[ %(t)Y(t)dt] - [ / ( %(t){%(s)}/(s)+%(s)vs}ds> it

Dsg—i (t) {% (t)Y(t)+ g—z (t) vt} ds) dt]

Changing the notation s — ¢, we get
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E / 9 )yt (5.29)

and combining ([5.28)) and ([5.29)), we get

T

éig(l)%(J (ue,é’> —J(a,é)) -y /{R(t){%(t)Y(t)nL%(t)vt}

0
0 0
+ DyR (1) {a—z ()Y (£) + = (¢) vt}
0
AT } dt] , (5.30)
which completes the proof.
Now, we are ready to state the main result of this paper. Note that the following theorem

extends in particular [47] Theorem 3.4 and [5I] Theorem 2.4 to mixed regular-singular

control problems.

Theorem 5.2.1 (The stochastic maximum principle) Let <11,f> € Ag be an opti-
mal control mazximizing the reward J over Ag¢ and T, denotes the optimal trajectory, then

for a.e. t € [0,T] we have:
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i) E [V(mé) (1) /&} <0, and E [V@’é) (t) /st] dé, = 0 where

V(@é) (t) =\ (t) D (t) +h (t) ,

g oH , . .
it) E [% (t, T¢, Uy) /St} = 0, where

H (ta '-'i.hataﬁ (t> 7qA(t)) = f (trftv at) _’_f)(t) b (tajta at) + (j (t) g <t7§jt7,at) )

18 the usual Hamiltonian.

First, we start to prove (i). By Lemma 4.2 we have

lim % (J (a, %) — J (u 5)) —E /V(mé)(t)dm <0,

6—0t
0

for all n € US. In particular, this holds if we choose 7 such that dn (t) = a (t) dt, where

a (t) > 0 is continuous and &—adapted, then

Since this holds for all such & —adapted processes, we deduce that
E {V@’é) (t)/gt} <0; aetel0,T]. (5.31)

Then, choosing 1, = —ét we get

E 0/ Vo) (®) (—d§t> <0.

107



Chapter 5 A stochastic maximum principle for mixed regular-singular control problems
via Malliavin calculus

Next, choosing 7, = ét we get

E

/V(ﬁ’é)dét] <0.
0

E 0/ Vi) | = B O/ B (Vi (0)/61) dé;| =0,

Hence

which combined with (5.31)) gives
E (v(ﬂ@ () /gt) dé, = 0.

Now let us prove (i7).

We have

Then by lemma 4.3 we get

02 [ [{ro{Zayos L) -

+D,R (1) {a_a )Y (t) + 0o (t) vt} + g—z (s) th dt.

Now we apply the above to v = v, € U of the form v, (s) = alpn (s), for some
t,h € (0,T),t+h <T, where @ = a (w) is bounded and £-measurable. Then Y (s) =0
for 0 < s <'t, hence ([5.32)) becomes

A+ A4, <0, (5.33)

where
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and
t+h

b do of
Ay = /{R(s)%(t)—I-DSR(s)a—u(t)—F%(s)}ads

t

Note that by (5.25)), with Y (s) = Y= (s), s > t+h the process Y (s) satisfies the following

dynamics

dY (s) =Y (s) {% (s)ds + g—; (s) dBS} : (5.34)

for s >t + h with initial condition Y (¢ + h) at time ¢+ h. An application of It6’s formula
yields
Y(s)=Y({t+h)G({t+hs); s=t+h, (5.35)

where, for s > t,

G(ts) = exp /8{%(7’)—%<g—;)2(r)}dr+/sg—2(r)d3r

Note that G (¢, s) does not depend on h, but Y (s) does. We have by (5.7

T
0H,
ox

t

A =FE (s)Y(s)ds

Differentiating with respect to h at h = 0 we get

t+h T
d d 0H, d 0H,
— =—F — (s)Y(s)d — F —(s)Y(s)d
an’, " dn g GV Y (s gz (O Y (8)ds
t h=0 +h h=0
Using the fact that Y (¢) = 0, we see that
i t+haH
—E | [ Z2(s)Y(s)d = 0.
o e (s)Y(s)ds 0
t h=0
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Therefore, using (5.35) and the fact that Y (¢) = 0 it holds that,

a
dn’ |, _,

i | ro
_d 0ty
dhE!/ : ()Y(t+h)G(t+hs)d]

o = (5.36)
C[d _[oH, '
t
C[d _[oH,
_/%E_E( VG (t s)Y(tJrh)] s

t

by €29
t+h t+h

Y(t+h):a/{%(s)d gZ()dB} /YS{%(s)d g‘;()dB} (5.37)

t t

= Ay + Ay, where
h=0

T p -8H t+h
- 0
Al/dhE 8:6 (/8u 8u(>dBT)}
t

T J B t+h8b 9
g
_/%E F(t,S)O&( %(T)dT—F%(T)dBr)

d
Therefore, by the duality formulae, %Al

ds

h=0

ds

h=0

:/Td%E :04 (7{11@,3)?( Vdr + D,F (¢, 5) gZ( )}dr)]

t

t

ds

h=0

- /TE [oz {F (t,s) % (t)dt + DF (t,s) g—z (t)H ds, (5.38)

~+
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F(t,s) = % (s)G(t,s), and

T t+h

_[d _ |oH, ab ab
A2_/dhE a—I<S)G<t,S) /K{a—x(r)dr—i—%(r)dBr} ds.

t t

Using the fact that Y () = 0, we see that

We conclude that

Moreover, we see directly that

d ob

E AQ‘h:O =F |:Oé {R(t) %

<t>+DtR<>a—“<t>+§£<>}].

Therefore, differentiating (4.26) with respect to h at h = 0, gives the inequality

E{a{( —I—thFtsds)SZ()
+Dt< +th ds)?g()—i—%()}]gO.

We can reformulate this by using the notation (5.9)) and ([5.10))

Ela{p0 5 0+a0 0+ o 0}] <0

Using the definition of the Hamiltonian ({5.11]) the last inequality can be rewritten

oH , .
E {% (t, :L't,ut)a} <0.

111



Chapter 5 A stochastic maximum principle for mixed regular-singular control problems
via Malliavin calculus

Since this holds for all bounded &;-measurable random variable «,, we conclude that

oH , = .
E [% (ta xhut) /gt:| = 0.

This completes the proof.
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Conclusion

The aim of our work is to establish stochastic maximum principles for partial infor-
mation general regular-singular stochastic control problems by using Malliavins calculus.
The control has two components, the first one is a classical regular control and the second
one is a singular. We consider systems driven by random coefficients and the running and
the final costs are allowed to be random. It is clear that for such systems the dynamic
programming does not hold, as the state process is no longer a Markov process. We have
obtained a necessary conditions for optimality satisfied by some optimal control and the
adjoint process is explicitly expressed.

We point out the difference between partial information and partial observation mod-
els. Concerning the latter, the information ¢, available to the controller at time ¢ is a noisy
observation of the state. In such cases one can sometimes use filtering theory to transform
the partial observation problem to a related problem with full information. The partial
information problems considered in our work, however, deal with the more general cases
where we simply assume that the information flow ¢, is a subfiltration of the full informa-
tion F;. Note that the methods and results in the partial observation case do not apply to
our situation. On the other hand, there are several existing works on stochastic maximum
principle (either completely or partially observed) where adjoint processes are explicitly
expressed . However, these works all essentially employ stochastic flows technique, over
which the Malliavin calculus has an advantage in terms of numerical computations.

Following this study, several perspectives are considered. It would be interesting to use
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malliavin calculus in the following problems

e Maximum principle for infinite-horizon optimal control problems.

e Maximum principle for infinite-horizon control problems with time delay.

e Infinite horizon optimal control of forward-backward stochastic differential equa-

tions.

e Infinite horizon optimal control of forward-backward stochastic differential equations

with delay.
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Annexe B: Abréviations et Notations

The following notation is frequently used in this thsis

R
Rxm

C ([0, T];R")
L (0,T;R")

(Q,F,P)

{ft}tzo
(Q> f, {:Ft}tzo ) P)

Uulo,T]
uzfd [0’ T]
20 [0, ]

n-dimmensional real Euclidiean space.

the set of all (n x m) real mtrixes.

the set of all continuous functions ¢ : [0,7] — R".

the of Lebegue mesurable functions ¢ : [0,7] — R"

such that [ [ ()" dt < oo (p € [1,00)).

probability space.

filtration.

filtered probability space.

the smallest o — fielld containing the class A.

the expectation of the random variable X.

the set of {F;},., — adapted R" — valued processes X (.) such that
E [l 1X,]Pdt < co.

the set of all {F;},., — adapted processes u : [0,7] x Q2 — U.
the set of (stochastic) strong admissible controls.

the set of (stochastic) weak admissible controls.

D =D (]0,T],R™) the set of all functions ( : [0,7] — R" that are right continuous with

left limits (cadlag for short) .
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