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1. Introduction

Let (2, F, (F)i<r . P) be a probability space such that
contains the P-null sets, ¥ = ¥ and (%), satisfies the usual
conditions. We assume that, (;),.7 is the natural filtration of a
d-dimensional standard Brownian motion B and an independent
Poisson random measure N on [0, T] x E, where E = R™ \
{0} for some m > 1. We assume that the compensator of N
has the form wu (de, dt) = v (de) dt, for some positive, o-finite
Lévy measure v on E, endowed with its Borel o-field 8B (E)
satisfying fE 1 A le|*v (de) < oo. Define the measure P @ i on
(2 x[0,T] xE,F x B8(0,T]) x B (E)) by

P®M(G)=E[// 1G(w,t,e>u<de,dt>]
[0,T]x E
forGe £ x 8([0,T]) x B (E),

which is called the measure generated by . We write N = N — v
for the compensated jump martingale random measure of N.

We denote by (%), _, (resp. ("), ) the P-augmentation of
the natural filtration of B (resp. N). Obviously, we have

}}:o[/f N(de,dr);sft,Ae:B(E)]
Ax(0,s]

Vo [Bg;s <t]V N,

where N denotes the totality of v-null sets and o V o, denotes the
o-field generated by oy U 0.
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In this paper, we discuss stochastic control models driven by a
stochastic differential equation with jumps of the form

dxt =b (t, Xt ut) dt +o (t, Xt ut) dBt

+ /r(r,xt_,ut,em(dr, de),
E
Xs = d.

The expected cost functional is given by

T
JG,y,uy=E [/ f(t, x¢, up) dt —|—g(xT):| , forueu. (1.2)

It is well-known that the dynamic programming principle can
be extended to stochastic control problems with jumps and the
corresponding Hamilton-Jacobi-Bellman equation is a nonlinear
second order parabolic integrodifferential equation. Pham [1] has
studied a mixed optimal stopping and stochastic control of jump
diffusion processes by using the viscosity solutions approach. Some
verification theorems of various types for problems governed by
these kinds of SDEs are discussed in gksendal and Sulem [2]. The
stochastic maximum principle is another powerful tool for solving
stochastic control problems. Some results that cover the controlled
jump diffusion processes are discussed; see [3-7]. The necessary
and sufficient conditions of optimality for partial information
control problems are given in [3]. In [6], the sufficient maximum
principle and the link with the dynamic programming principle
are given. The second order stochastic maximum principle for
optimal controls of nonlinear dynamics with jumps and convex
state constraints was developed via spike variation method by
Tang and Li [7], extending the Peng maximum principle [8].
These conditions are described in terms of two adjoint processes,


http://dx.doi.org/10.1016/j.sysconle.2011.07.009
http://www.elsevier.com/locate/sysconle
http://www.elsevier.com/locate/sysconle
mailto:chighoub_farid@yahoo.fr
mailto:bmezerdi@yahoo.fr
http://dx.doi.org/10.1016/j.sysconle.2011.07.009

908 F. Chighoub, B. Mezerdi / Systems & Control Letters 60 (2011) 907-916

which are linear backward SDEs. Such equations have important
applications in hedging problems; see [9]. See also Becherer [10]
for an application to exponential utility maximization in finance.
Existence and uniqueness of solutions of BSDEs with jumps and
nonlinear coefficients have been treated by Barles et al. [11],
Royer [12] and Tang and Li [7]. The link with integral-partial
differential equations is studied in [11]. See Bouchard and Elie [13]
for discrete time approximation of decoupled FBSDE with jumps.

In this paper, instead of optimality conditions, we are interested
in near optimal controls for systems governed by jump diffusion
processes. Indeed, optimal controls may not even exist in many
situations. This justifies the use of near optimal controls which
always exist. Moreover, since there are many more candidates for
near-optimal controls, it is possible to choose suitable ones, that
are convenient for analysis and implementation. For deterministic
control problems, the first result on necessary conditions for near-
optimality has been proved in Ekeland [14], see also Zhou [15], by
using Ekeland’s variational principle. These necessary conditions
were derived only for some near-optimal controls.

Various necessary conditions for near-optimal control problem
for systems driven by It6 SDEs with an uncontrolled diffusion
coefficient, have been established in [16,17]. These results played
an important role in the stochastic maximum principle when the
coefficients of the state dynamics and the cost functional are
nonsmooth; see [18-20].

The general case of systems driven by SDE with controlled
diffusion coefficient has been treated in [21]. See also [22] for
systems driven by FBSDE. Zhou [21], and Bahlali et al. [22] showed
that any near-optimal control (in terms of a small parameter
¢) nearly maximizes the J¢-function in the integral form. Under
certain concavity conditions, the near-maximum condition of the
J¢-function in the integral form is sufficient for near-optimality.

In the second section, we formulate the problem and give
the notations and assumptions used throughout the paper. In
Sections 3 and 4, we derive necessary as well as sufficient
conditions for near optimality respectively, which are our main
results. Finally, using these results, we solve explicitly some
examples from linear problems.

2. Assumptions and problem formulation

This section sets out the notations and assumptions used in the
sequel.

Notation. Any element x € R" will be identified to a column
vector with i-th component, and the norm |x| = |x1]| + - - - + |X;].
The scalar product of any two vectors x and y on R" is denoted by
x -y, we denote M” the transpose of any vector or matrix M. For
a function h, we denote by h, (resp. hy,) the gradient or Jacobian
(resp. the Hessian) of h with respect to the variable x.

Definition 2.1. Let T be a strictly positive real number and U a non
empty subset of R". An admissible control is defined as a function,
u: [0, T] x 2 — U which is Borel measurable and #;-predictable,
such that, the SDE (2.1) has a unique solution, and write u € U.

Let us consider the following stochastic control problem.

For u € U, suppose that the state x, of a controlled jump
diffusion in R" is described by the following stochastic differential
equation

dx; = b (t,x, up) dt + o (t, x;, ur) dB;

+/r(tvxtfvutﬁe)ﬁ(dtv de)v (2])
E

Xs=4a

where (s, a) € [0, T) x R" be given, representing the initial time
and initial state respectively, of the system. As before N (dt, de) =

(N, (dt, dey), ..., Ny (dt, de))', where N; (dt, dej) = N; (dt, de;)—
vj (dej) , 1 <j<m.
Assume that the cost functional has the form

T
JG,y,u)=E |:/ ft, x,u)dt+g (Xr)] , forueu, (22)

where E denotes the expectation with respect to P. Here b
[0,T]xR"xU — Ro : [0,T] x R* x U — R™ r :
[0,T]xR*x U XE — R™ f :]0,T] x R" x U - Rand
g : R" — R, are measurable functions.

The following assumptions will be in force throughout this
paper:

(H1) For each (t,x,u,e) € [0,T] x R" x U x E, the maps b, o,
and r are twice continuously differentiable in x, and there exists a
constant M > 0 such that, forh = b, o

‘h (t,x,u) —h(t,x, u)‘

+ suE {Ir.xue)—r(t. X, ue)|} <Mx—x|, (2.3)

|hy (¢, xi) — hy (£, X, u)|
+ sup {Ict. x,u,0) = (t,%, u,e) |} <M[x—x|, (24)
" (2.5)

[h(t,x,u)| +sup|r (t,x,u,e)] <M (14 |x]).
ecE

(H2) For each (t, x, u) € [0, T] x R" x U, the maps f and g are
twice continuously differentiable in x with bounded derivatives,
and there exists a constant M > 0 such that

If €, x,u) —f (6,%, u)| + |gx) —g (X)| =M |x— ¥/, (2.6)
It xw) —f (6%, u)[+ g0 —& ()| <M [x=X]|, (27)
Fxwl+lg@=MA+I[x]). (2.8)

Under the above hypothesis, the SDE (2.1) has a unique strong
solution, and by standard arguments it is easy to show that for any
p >0,

E [ sup |x[|p] < 00, (2.9)

0<t<T
and the functional J is well defined.

The objective of the exact optimality problems, is to minimize
the functional J (u) over all u € U, i.e. we seek for u* such that
J (W*) = inf,cqJ (u). Any admissible control u* that achieves the
minimum is called an optimal control, and it implies an associated
optimal state evolution x* from (2.1), and we call (x*, u*) an
optimal solution. Then, since our objective in this paper is to study
near-optimality rather than exact optimality, we start with the
definition of near-optimality; see for example [21].

Definition 2.2. An admissible pair (x°, u®) parameterised by ¢ >
0, is called near-optimal if

U@’ —J(u*)| <R(),

holds for sufficiently small ¢, where R is a function of ¢ satisfying
R(¢) > 0ase — 0.

The estimate R (¢) is called an error bound. If R (¢) = ce“ for
some « > 0 independent of the constant c, then u® is called near-
optimal with order €“.

For any u € U and the corresponding state trajectory x,
we define the first order adjoint process i and the second-
order adjoint process ¥ as solutions of the following two BSDEs,
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respectively

(6 = = (e (6%, 1) Y + 0 (6 e, U

;
+/Erx (t, xe, ur, €)" y: (e) v (de) (2.10)

+Jx (&, X, Ut))df + ¢¢dB; + / ve (e) N (dt, de),
E
Y (T) = g (x7) .
v, = _(bx (t, Xe, ue)" W + W - by (8, X¢, Ue)
+ oy (t, X, Ut)T Yoy (t, X, Ur)
+ oy (t, X, Ut)T D + D; - ox (b, X, Up)
+ /rx (t, X, ug, @) (I (&) + W) 1y (€, X¢, g, €) v (de)

+f(n (€) - 1 (£, X, Ur, ©)
E

+ 1 (8, X, ug, )7 T (e) )v (de))dt
+ Hy (t, X¢, Up, Y, @, ¥e () dt + DdB;

+/n<e>ﬁ<dt,de>,

E
Yr = 8xx (XT) .

Note that under assumptions (2.3)-(2.7), the linear BSDEs (2.10)
and (2.11) admit unique F;-adapted solutions (v, ¢, y) € R" x
R4 5 R™M and (W, &, I') € R™" x (R™")* x (R™")", with
Y and ¥ being cadlag processes. Moreover, since the coefficients
by, o, 1, fy and gy are bounded by the Lipschitz constant M, we
deduce from standard arguments that, there exists a constant C,
independent of (x, u), such that the solutions of (2.10) and (2.11)
satisfy

(2.11)

E| sup ] +/ el dt

Ls<t<T

+/ fm <e>|2v(de>dt]sc (2.12)
E| sup (W + /|4>f| dt
Ls<t<T
+/ /Iﬂ(e)lzv(de)dt} <C. (2.13)
s E

Define the usual Hamiltonian for (¢, x, u, p, q, X) € [s, T[xR" x
U x R" x R4 x R™™M by

H(t,x,u,p,q,X) = —f (t, x,u)

—qa(t,x,u)—/X(e)r(t,x,u,e)v(de).
E

— pb (t, x, u)
(2.14)

Furthermore, we define the #-function corresponding to a
given admissible pair (y, v) as follows

J{(y’v) (tv X, u) =H (t7 X, U, I//ts d)tv Ve (e))
+o (tvxs u)T lI/tJ (tvyb U[)

1
— 50 (¢, x, u)T Yo (t,x,u)
+ / (r (t,x,u,e)" (¥ + y: (e)
E
1 T
x 1 (t,Ye, v, €) — Er(t,x, u,e)

X (lpt + Ve (e)) r (tv X, U, e)) v (de) )

for (t,x,u) € [s,T] x R" x U, where v, ¢, y; (e), and ¥, are
determined by adjoint equations (2.10) and (2.11) corresponding
to (¥, vr).

3. Necessary conditions of near optimality

This section is devoted to the presentation of necessary
conditions for all near-optimal controls. The proof of the main
result is based on some stability results with respect to the control
variable of the state process and adjoint processes, along with
Ekeland’s variational principle. First, we endow the set of controls
with an appropriate metric

dw,v) =Pdt{(w,t) € 2 x[0,T],v(w,t) # u(w,t)},

where P ® dt is the product measure of P with the Lebesgue
measure dt. It is easy to show that (U, d) is a complete metric space
(seee.g.[7]),and by assumptions (2.3)-(2.7) we can prove that] (u)
is continuous on U endowed with the metric d.

The main result of this section is stated in the following
theorem.

Theorem 3.1. For any § € [0, %) there exists a constant C =

C(8,v(E)) > O such that for any ¢ > 0, and any e-optimal pair
(x, u®) for problems (2.1) and (2.2), it holds that

et E[[T {1//5 (b (6 u) — b (6. 1)
0t (o (6 ) — o (6 1))
[ @ e —r (0 v, )
x v (de) + (F (t,x{, u) — f (¢, x5, 1))
5 (o (00 o ()
< W (o (.40, u) — o (6.5, 1))
5 [Caxue (e ue)

(& +vE @) (r(t.x5,ue)

- r(t,xf,uf,e))u(de)}dt], (3.1)

where (Y%, ¢°, y® (1)) and (¥, %, I'° (-)) are the solutions
to (2.10) and (2.11) respectively, corresponding to (x°, u®).

X

To prove Theorem 3.1, we need some preliminary results given
in the following two lemmas.

In what follows, C represents a generic constant, which can be
different from line to line.

Lemma 3.2. Let u,u’ be two admissible controls, x,x are the
solutions of the state SDE (2.1) corresponding to u, u’ respectively.
Then, for any « € (0, 1) and p € (0, 2] satisfying ap < 1, there
is a positive constant C = C («, p, v (E)), such that

E [ sup |x; — x;|p] < d(u, u/)azl ) (3.2)

S<t=<r

Proof. According to Holder’s inequality, it is sufficient to prove the
above estimate for p = 2.

First of all, using the Burkholder-Davis-Gundy inequality and
Proposition A.2 in the Appendix, we get

,
E[sup |xt —x;|2] < CE |:/ <|b(t,x[, ug) — b(t,x;, u;)|2
N

S<t=<r

+ |0 (tvxf’ u[) -0 (t,X;, u;)|2

+ /E ‘r(t,xt,ut,e)—r(t,xz,u;,e)|2v(de)>dt]
<A1+ Ay,
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where
.
Ay = CE [/ (!b (t, %, up) — b (t, x,, u;)|2
N
+ ot xe, u) — o (txe, u)) |

2
+ v (E) (sup |r (&, xe, ue, €) — 1 (¢, %, up, e)|> )
ecE

Xy (0 dt:|

A, = CE |:/ <|b(t,xt,u;) —b(t,xi,u;)|2

+ |o (t, e up) — o (t,x;, u;)|2

2
+ v (E) (sup ‘r (t, xe,up, e) —r (6, xp, up, e)!) ) dti| .

ecE

Due to the linear growth of the coefficients and from the
Schwarz inequality, we get

r R 1—«a
A; < CE [/ (1+ |x|)T= dt] d(uu).
N

This means that A; < C-d (u, u’)a. Since the coefficients of the
SDE (2.1) are Lipschitz with respect to the state variable, we get

A, < C.]E[fsr |xe —x;|2dt] and

.
E[sup |x; —x2|2} <cC (/ E [ sup |x; —x§|2] do
s<t<r s s<t=<6
+ d(u, u’)a) )

Hence (3.2) follows from the Gronwall lemma. This completes
the proof. O

(3.3)

The next lemma is an extension of theorem 4.1 in [21] to the
controlled jump diffusion processes. Note that, in [21] the author
considers the Brownian case only.

Lemma 3.3. Forany o € (0, 1) and p € (1, 2) satisfying (1+ «)
p < 2, there is a positive constant C = C («, p, v (E)) such that

T
E Iw[—wél"+/ | — | dt

T ap
+ / /!Vr e) — v (]’ v (de) dt] <d(uu)?, (34)
s E

T
E |l1/[—wg|"+/ |& — @[ dt
N

T ap
+ / /m(e) — 17/ (e v (de) dt] <dd(uu)?, (35
s E

where (Y, ¢,y (-)) and (¥',¢',y' (")) (resp. (¥, ®, T (-)) and
(lI//, o, (-))) denote the unique solutions to the first-order (resp.
second-order) adjoint equation (2.10) (resp. (2.11)), corresponding to
the admissible pair (x, u) and (x', u').

Proof. Denote by (¥, ¢, 7,(e)) = (¥t — ¥/, ¢ — ¢}, vi(e) —
y{(e)) the unique solution of the linear backward stochastic

differential equation
@ (6) = = (by (6% 1) ¥ + 03 (63, 1)
+ [ 7 @ v o
E

T )de -+ §,dB, + / 7. @ N (dt. de),
— E
U (T) =g (xr) — & (%),

where
F o) = (bt u0" = b (6, 1)") 9+ (o0 6 0"
o (6% )" )y

(3.6)

+ / (rx (t, Xe, ue, )" — 1y (£, xp, Uy, E)T) ¥{ (e) v (de)
E
+ (e (€% up) — fi (6%, 1))

Now, let A be a solution of the following linear stochastic
differential equation

aA © = (be €30 u) A+ [T sen (7)) de

(ot xes w0 A+ 67 sen (81)) aB

(3.7)
X / (rx (t, X, U, €) A + |7, (e)|pi1 sgn (7, (e)))
E
x N (dt, de) ,
A(s) =0,
where sgn(a)=(sgn(ay), ..., sgn(a,)) for a vectora = (ay,...,

a,)". The coefficients by, o, and r,, being bounded by the Lipschitz
constant and the fact that

=[[ (| s )

2
+ [lrersen @) vae)ar| <.
E

2

2 — —
+ ||&"" sen (@)

(3.8)

imply that the linear SDE (3.7) satisfies the Itd conditions.
Therefore, it has a unique solution. Moreover, we conclude from
standard arguments, the Burkholder-Davis-Gundy inequality and
the Gronwall lemma, that

T
E[sup |At|"] CE U (I%I“"”ﬂ AR
S<t<T s
+ / 7, (e)|(P‘”"u(de)) dt]
: r - |P - |P
ce| [ (. +
+ /m (e)|"v(de)> dt].
E

with q € (2, +00) satisfying % + % = 1.In view of (2.12), it yields

T
E [/ (;W” + o ]” + / [7: @] v (de)) dt} <C. (3.10)
s E

On the other hand, by applying Ito’s formula to Jt - Ay and
taking expectations, we obtain

IA

(3.9)
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T7
E U F(©) Acdt + (g (xr) — & (X})) AT}
=E[/ (1/4‘1// ] sgn ( )dt+¢t‘¢[‘ sgn (¢¢)

+ / 7 @7 @ "sen (7, (@) v (de)) dt] . (3.11)
E

First, it follows from (3.9) that

T
E U f () Acdt + (g (x7) — & (x7)) Ar}

P b o }
sE[/ |f(t)|pdt} EU |A[|th]

+E[|g () — g (%) "] E[14717]7

T 7
<CE [ / (w" e+ / 7 @[ v (de)) dt]
s E
P
]E[/ |f(t)|pdt]

E[|g: (xr) — g ()]

D=

according to (3.11), we get
T
E [ / (|th” + 6" + / 7 @ v (de)) dt}
=E[f (1/%“// ’ sgn ( )dt+¢t‘¢[‘ sgn (¢,)

+ / 7 @7 @] " sen (7, (@) v (de)) dr]
E

=C / (!W + o) +/!yr(e>!"v(de>)dt}
T 3 .
/ G] dr] +E [[gx xr) — g (x7) ']

+

Since =1, then

141
p'a

E [/ST (Wt|” + o] + /E [7: @ v (de)) dt]
<c (IE [ / ' |f(t)|pdt} FE[lg 6r) — g (x;)m) |

To derive inequality (3.4), it is sufficient to prove the following
two assertions

[/ fof dt] < cd(u, u)

5 ()] = cd uw)

"’"cz

(3.12)

Mg

E [|gx (xr) (3.13)

Let us prove the second inequality. g, being Lipschitz with
respect to the state variable combined with the fact that “7" <
1— 5 < 1,and Lemma 3.2, lead to (3.13).

Next, by applying the Schwarz inequality, we can estimate

T
E [/ / (rx (t. %, U, €)= (£, X, e)T)
N

E
X y{ (e)v (de)

p

dt:| <Bi+B,

where

X y{ (e)v (de)

T
E |:/ (sup
s ecE

/ ¥, (e) v (de)
E

/ (rx (t,xe, ug, €)=y (¢, xe, up, E)T)

E

p

l{u[#u;} (®) dti| )

p
r (. x;, up, e)TD

B,

re (6, %, 1), e) —

p
.

Noting that 1 — 2 > % and d (u, u’) < 1, then by the fact that

1y is bounded by the Lipschitz constant together with (2.12), we get

T 5
B; < CE |:/ / b/[/ (e)‘z v (de) dt] d (U’ u/)l—
s E

< ad(u, u/)%p

X

NS

From the Lipschitz condition on the coefficients, and % <1,
we conclude from Lemma 3.2 and estimate (2.12) that

T 2 %
B, < CE |:/ dt:|
T » 1-£
XIE[/ }x[—xt|2dti|
T 2 % LP 1_%
CIE[/ /!y[(e)| v(de)dt] (d(u u')> )
s E

cd (u, u) 7
So that

T
JE[/ /(rx (t.x, u, €)' —ry (t,XQ,uﬁ,e)T)
s E

/ v/ (@) v (de)
E

IA

IA

p
ap
x ¥ (e)v (de) dt:| <Cd(u,u)? (3.14)
A similar argument shows that
- . ,
E / ’(bx (t, xe, u)" — by (£, x;, uy) )W{ df]
LJS
ap
<ad(uu)?, (3.15)
- -
E / '(Ux (t, xe, ue)" — oy (£, %, uy) )¢Z dt}
LJS
ap
<cd(uu)?, (3.16)
r T
E f ’fx (tv Xt ut) _fX (t7 X;’ u/t)|p dtj|
LS
ap
<cd(uu)? (3.17)
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From (3.14)-(3.17), it is easy to see that E [fsT |f (t)]p dt] <
ap
Cduu)?. O
Proof of Theorem 3.1. By using Ekeland’s variational principle

(Lemma A.1 in the Appendix), with A =
admissible pair (X%, u°) such that

£3, there exists an

~ 2
d@w®,u®) <e3, and

T(s,y;7) <J(s,y;u), foranyueU, (3.18)

where]J (s,y; u) =] (s,y; u)+s3d (u, U®). This means that (x¢, u°)
is an optimal pair for system (2.1) with the new cost function J.
Next, we use the spike variation technique to derive a maximum
principle for (X%, U®). We take any Borel measurable set I C [s, T],
with A (I?) = 6 for any 6 > 0, where 1 (I”) denote the Lebesgue

measure of the set I?. Let u € U be fixed and define

~ep [T ift € [s, TI\I,
th _{u ift 1. G19)
The fact that J (s,y: 1) < J (s.y:7") and d (@, ") =< 6.

imply that —g30 < ](s,y; us?) —J (s, y: U). Arguing as in [7]

step 3. (page 1467), we obtain
— b [T 0 (6K - b (R T)
FE o (R~ (6T )
+ /?f (- (r(t.x, ue)—r(t,x,u
E
+ (f (6.3, u) — f (£,%,70))
(a (t.%,u) —o (6,%,%)) & (o (6,5, u)
1 ~c
o (L.%.T)) + 2/(r (t.%.ue)
E

— (6%, )) (E + ¢ (e)) (r (6%, u,e)

,e)) v (de)

— (6%, U, e))v (de)]. (3.20)

Now, we are going to derive an estimate for the term similar to

the left side of (3.20) with all the X¢, T, etc. replaced by x¢, uf, etc.
To this end, we first estimate the following difference

T
E|:/ /{W (e)- (r(t,xt,u,e) —r(t,x:, U, e))
N E

— v (r(t.x, ue) —r(t,x;,uf,e))}v(de) dt:|
<h+DbL—1I,

where
T
L= E[/ f(?f (&) — ¥ (e) - (r(t, %, u,e)
s E
—r(t,%;,U;, e))v (de) dt},

r T
L =E / /Vf (e)- (r(t,x;,u,e)
LJs E

—1(t,x;, u,e)v (de) dt:|,

T =E / /y[ (e) - (r(t,x ut,e)

—1(t,x;, u;, e)v (de) dt]

Forany§ € [0, §),leta = 3§ € [0, 1) andp € (1, 2) so that
(1+a)p < 2.Take q € (2, +00) with 1 > + 5 = 1. It holds, by
using Lemma 3.3, properties (2.3) and (2.5) that

T 5
h< E[ | [ @=w @ vae dr}
s E

1
T 7 9
x E |:/ (sup }r(t,?f, u,e) —r(t,x,u, e)‘) dt:|
s ecE

1
x v (E)d
1

w1 T 7
< (caw, i)’ (C]E U (1+ %[ dt])
< Ces = Cél.

In view of the Lipschitz condition on r, together with the
estimates (2.12) and (3.2), we get from the Schwartz inequality
1

1
. 1
L < EU /]yf @[ v (de) dt]z
s E
T 2 2
x E |:/ (sup |r(t,3?f, u,e) —r(t, x5, u, e)’) dt]
s ecE

v (E)2

1

T 2
< CE [/ % —xﬂzdt]
S

C(d i)

1
<C (827a>2 = Cé&’.

Further,

;
I; = E[/ /yf () - (r(t, %, U, e)
s E

— r(t,?(f, U?, e)) 1{3375u8] (t) v (de) dti|

T
—HE[[ /yf () - (r(t, %, uf, e
s E

— r(t,x¢, uf, e)) v (de) dt]

: 2 !
JE[/ /|yf(e)] v(de)dt]
s E
T 2
x]E|:/ (sup}r(t,?ﬁ,ﬁf,e)—r(t,?f,uf,e)|>
s eckE

1

X 1{'1757&“9] (t)dti| U(E)%

; 1
+CE |:/ / |yt9 (e)|2y(de) dtj|2
s E

1

T 2
><]E|:/ |3€f—xf|2dt:|
N
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By the Schwarz inequality, one has

T
E |:f (sup |r(t,3?f,ﬂf, e)
s ecE
1
T 4 2 1
X 1[E3#u5} ®) dt:| <CE [/ (1 + |Xf| )dfi| d(ﬂs, u®)z.

Thus from the first inequality in (3.18), it yields |I3| < Ce®. O

2
—r(tﬁf,uf,e)|>

Corollary 3.4. Under the conditions of Theorem 3.1, it holds that

;
E [/ H° (£, x5, uf)]
N

T
> supE |:/ F (%, ) dt] —Cé®,
N

ueu

Proof. In the spike variations technique, we can replace the point
u € U by any control u € U, and the subsequent argument still
goes through. So the inequality in the estimate (3.20) holds with
u e Ureplacedbyu e U. O

Remark 3.5. If we assume that ¢ = 0, Theorem 3.1 reduces to the
maximum principle proved in [7].

4. Sufficient conditions of near optimality

In this section, we focus on proving the sufficient near-
maximum principle for a stochastic control problem in the
framework described in the last section. Such a maximum principle
is also studied by Zhou [21] in the continuous diffusion case.
Related earlier results for the exact optimality are [3,6].

We will show that, under certain concavity conditions, the near-
maximum condition of the #-function in the integral form is
sufficient for near-optimality. We assume that:

(H3) p, r are differentiable in u for p = b, o, f, and there is a
constant C > 0, such that

‘,o (t,x,u)—p(t,x, u/)’ + ‘,ou (t. x,u) — py (£, x, u’)|
<C| (4.1)
and
sup{|r(t,x,u,e) —r(t,x,u,e)]
ecE
+ |ru(t,x,u,e)—ru (£, x, u’,e)!} SC]u—u/|. (4.2)

We can now state and prove the main result of this section.

Theorem 4.1. Let (x°, u®) be an admissible pair, and (¢, ¢°, y°)
be the solution to the corresponding BSDE (2.10). Assume that
H(t, -, - ¥f, ¢f, v (o)) is concave for ae. t € [s,T], P-as., and
g (+) is convex. If for some ¢ > 0

T
E [/ H (£, %, uf) dt]
S

T
> supE [/ (£, X ur) dt:| —&, (4.3)

uel s

then u® is a near-optimal control with order s%, ie.
J @) < infJ @) + Ce?, (4.4)

where C > 0 is a constant independent of ¢.

Proof. The key step in the proof is to show that H,(t, x;, uf, ¥,
@¢, v{ (e)) is very small and estimate it in terms of &. We first fix

an ¢ > 0, and define a new metric d on Uls, T], by setting

T
d(u,u) :E[/ L£° (t)|ut—u;|dt], (4.5)

where
£5@0) = 14 [y |+ [of | + 2] [ (14 |x])

+ ‘/yf (&) v (de)| (24 |xf]).
E

Obviouslyais ametric, and it is a complete metric as a weighted
L' norm. A simple computation shows that

' [/ (£, %, ) dt] [/ F (%, u )dt”

§Cd(u,u).

Therefore, E [ fST HEH (£, %2, ) dt] is continuous on U with

respect to d. It follows from (4.3) and Ekeland’s principle that, there
exists a1® € U such that

A uf) < e, (46)
and

Ti Ti
E |:/S. FE(t, X, 105) dt] = TeaUXE |:/S Fe(t,x¢, u) dt} , (4.7)
where
T (6, x,u) = U (6%, u) — 83 L5 (0) |u— T (4.8)

The integral form maximum condition (4.7) implies a pointwise
maximum condition, namely, for ae. t € [s,T] and P-as,
F(t, x5, U) = maxyey H (t, x¢, u). Recall from proposition 2.3.2
in [23] and Definition A.3 in the Appendix, that
0€ a7 (t,x,U). (4.9)

By (4.8) and the fact that the generalized gradient of the sum of
two functions is contained in the sum of the generalized gradients
of the two functions, it follows from proposition 2.3.3 in [23] that

QT (£, %5, 1) C 9,36 (£, x5, ) + [—g%ﬁ (t),e7 L (t)]
(t.x. 7))
+ /ru (£, x,70, e)T (& +v @) (r (e, x5, ule)
E
— (6, %, U, e)) v (de).

+ o (t, x§,~8) e (o (x5, uf) — o

Since the Hamiltonian H is differentiable in u, we deduce from
the inclusion (4.9) that, there is

Ke (t) € [—8%£5 (t), 3L (t)] :
such that

Hy (6%, 98, 08, 1 (€)) = —K° (6) — o (6,6, )’
X W (o (6, x5, uf) — o (6, %, 7))

- [Eru (6. x50, e)T (& + v (@) (r (¢, x5,uf,e)
e))v (de) .

—r (X, U, (4.10)
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Therefore, by assumptions (4.1) and (4.2), we get
[Hu (6,5 uf, v, 67 v (@)
= | (6,5, ug, v, 67, 7 (@)
= Hu (6600, W, 60, 75 (@)

+IKE (O] + |ow (¢, 2, 7)

x ¥ (t) (0 (t,xf, uf) —0 (t,xf,ﬁf))|
e[ @ @)
E

— (6. XU, e)) v (de)

< CL () [uf — T+ e2.£° (1) . (4.11)
By the concavity of H (t, -, -, V¢, ¢¢, ¥ (e)), we have
H (t7 Xty Ug, Ilftgv ¢f’ V[S (e)) —H (tﬂ)‘?’ uS (t) ) va ¢fa V[S (e))
< Hy (6, x5, 08, W8, 6, v (@) (xe — X5)
+ Hy (6, %5, 08, ¥E, 88, v (@) (ue — uf)

for any admissible pair (x, u). Integrating this inequality with
respect to t and taking expectations we obtain from (4.5), (4.6) and
(4.11)

T
EU (H (£ e ues Y. 65 77 (@)
— H (6. u g 0. v (@) df]

T
< [ Helesig vt ot @) - ]

4 Cet. (4.12)
On the other hand, by the convexity of g, it yields
Efg () —g (x7)] = E g (x7) (xr —x7)]
= E[yf (xr —x})]. (4.13)

Thus it follows by the Ito formula applied to £ (xr — x5),
together with (4.12) and (4.13)

T
E[E (xr — )] = E [/ (He (6 X6 0 6E 77 (@) (0 — )

+ i (b(t, xe, u) — b (t, x5, uf))
+ @5 (o (6, %, u) — o (6, %, uf))

+ / vE (@) - (r (. xe ue, e) = (6,X5, uf, e)) v (de)) dt]
E

T
EEU (H (. xe, ues v, 05, 77 (@)

— H (6 X uf, U 6 (@)
+ wrg : (b (t,X[, Ut) - b (f,Xf, Uf))
+¢f ! (G (tvxts u[) -0 (t’xf’ uﬁ))

+ /yf (e) - (r(t, x, u;, e
E

— r(t.x, uf, e))v (de)) dt] —Ce?

T
=E U (f (6 x5, up) = F (& %, 1) dt} — Ce1.

This shows that ] (u) > J (u®) — Cg%. O

Corollary 4.2. Under the assumptions of Theorem 4.1, a sufficient
condition for an admissible pair (x°, u®) to be e-optimal is

;
E |:/ g (¢, x5, uf) dt]
S

T & € £\2
> supE [/ A (T dt} — <7) .
ueu s C

Remark 4.3. If we assume that ¢ = 0, Theorem 4.1 reduces to the
maximum principle proved in [6].

(4.14)

5. Examples

Now, two examples are given to illustrate applications of the
general results obtained. We suppose that B, t € [0, 1], is a stan-
dard Brownian motion and N (dt, de) for (t, e) € [0, 1] X Ry, where
Ro = R\ {0}, is a compensated Poisson random measure. Recall
that E [N (dt, de)*] = v (de) dt is a finite Borel measure satisfying
fRO e?v (de) < ooc. First of all, let us consider the following partic-
ular case of the linear quadratic model.

Example 5.1. Assume that the dynamics and the cost functional
are given by

dx; = u;dB +u/ eN dt, de) ,
t t t t %o ( ) (51)

X0 =0,

1
Jw =E [/ —udt + ;xi] , foruel0,1]. (5.2)
0

Let ¢ > 0 and (x°, u®) be an admissible pair. Then the corre-
sponding second-order adjoint equation takes the form

dwf = oFdB; + / Iy ()N (dt, de),
e (5.3)
wE=1.

Eq. (5.3) has a unique solution (¥, ®f, I (e)) = (1,0,0).
Then for any admissible control u, the #¢-function reduces to

(6, up) = uy (1 - ¢r —/ ey, (e)”(de)>
Ro

+ (utuf - %uf) <1 +/R e’y (de)). (5.4)
0

It is clear that the supremum is attained at u, satisfying

(1 — ¢ — [y, o7 @v (de))

ur—u; = (5.5)
(1 + [y, 2 (de))
if the control u; in (5.5) is admissible, i.e.
(1- 9t = Ju evi @v (do))
u; + e [0, 1]. (5.6)

(1 + [y, 2 (de))
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Therefore, (4.3) gets the form

1
supE [/ g0 (¢, x5, up) dt]
uelU 0

1
_E [f g (¢, x5, uf) dt}
0

2
| (=8 = Ly evi @ v (@e)
. / dt
0

= - <ceb. (5.7)
2 (1 + fRo e2y (de))

—1 1
2 _ 2
(1 + fRO e’ (de)) £2,
are candidates for near-optimality. To see this, note that the cor-
responding first-order adjoint equation is

For example, the controls uf =

dyf = ¢FdB; + f v¢ (e)N (dt, de) ,

Ry (5.8)
Y =x5.

-1
It is clear that, if we choose u = (1 + [z, €V (de)) s
with the corresponding solution of the state process (5.1)

-1
- <<1+/ ezv(de)) —85> (Bt+/ eN (dt. de)),
Ro Ro

then, the unique solution of the first-order adjoint equation (5.8)
is explicitly given by

-1
Ve = ((“rf ezv(de)) —s%) (Bt-i-/ eN (dt,de)>,
Rg Ro
-1
¢ = ((1+/ ezv(de)> _85>,
Ro
-1
¥ (e) = <<1+/ ezv(de)> —8;)6.
Rg

Hence, (5.6) and (5.7) are satisfied.
Moreover, the Hamiltonian H (t, x, u, p,q, y (e)) = u — qu —
u fRO ey (e) v (de) is concave in (x, u), and the final cost is convex.

-1
This shows that uf = (1 + fRo ey (de)) — &7 satisfies the op-
timality necessary and sufficient conditions of Theorem 4.1. Then
uf is nearly optimal with order e3.

Example 5.2. Assume that we have a family of stochastic control
problems parameterised by ¢ > 0, where ¢ may be a parameter
representing the complexity of the cost functional

1
JFw=FE |:/ eg (uy) dt + ;xf] . (5.9)
0

Subject to the controlled jump diffusion state process on R

dx; = u.dt + u.dB; + u; ./]RO eN (dt’ de) ’ (510)

Xp =4,

where g (independent of &) is a nonlinear, convex function,
satisfying 4.1. Explicit solution of problem (5.10), (5.9) may be a
difficult problem. The idea is to approximate the cost functional in
order to neglect the nonlinearity. Then by setting ¢ = 0 in (5.9), it
yields

1
I = EE[X%]. (5.11)

First, consider the optimal control problem where the state is
described by Eq. (5.10) with a new cost function (5.11). In a
second step, we solve problem (5.10), (5.11), and obtain an
optimal solution explicitly by applying the stochastic maximum
principle [6,7]. Finally, we solve the nonlinear control problem
(5.10), (5.11) near optimally.

By a standard argument, problem (5.10), (5.11) can be
solved directly. Indeed, by applying Ito’s formula to the process

t—1
exp ( H—fRO e2v(de)

E[¢] = E [az exp (‘ (1 * f e (de)>]>}

1 1
+E / e(t—l)(l—o—fRO ezv(de)) X

0 1+ fRo e2y (de)

2

+ u 1+/ e2v (de) | dt
Rg

We conclude that uj =

2
- X7, we get

_ Xt . .
T, @ is the optimal control

in feedback form for problem (5.10), (5.11), where x{ denotes the
optimal state solution to (5.10) under the control u;f. We denote
the corresponding solution to the first and second order adjoint
equations by (¢, ¢, y) and (¥, @, I'), respectively. By uniqueness
of the solution of BSDEs it is easy to show that (¥, &, I} (e)) =
(1, 0, 0) is the only adapted solution to

dv, = &,dB, + /RO I (e) N (dt, de), (5.12)

v =1.
Then the #¢-function for problem (5.10), (5.11) is

HO (X, u) = —u (w[ + ¢ + f

Rg

+ (uuf - 1uz) (1 +/ ey (de)). (5.13)

Since u* is optimal, by using the stochastic maximum principle,
we conclude that, it is necessary that u* maximizes the #-function
a.s., namely

Vi (e) ev (de))

- (Wr + ¢ + / y: (e) ev (de)) =0, P-as,ae.t. (5.14)
Ro

However, the #.-function for problem (5.10) and (5.9) gets the
form

F(t xu) = —u ('ﬁf + ¢ +/ Ve (e) ev (d€)>
Ro

* 1 2 2
+<uut—u)(l—i—/ev(de))—sg(u),
2 Rg

the above function is maximal at u®, which satisfies u®* = u* (t) —
egu(u®)
l+jiR0 e2v(de)’

(5.15)

then this gives
K ok K ok
max FEU(t,x,u) — FHU (6 x,u)
* * * *
=" (txu’) — HON (6, x,uf),
1

= (ue _ u:)z (1 _|_/ e*v (dE)) —¢€ (g ) —g (U*)) ’
Ro
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1
= 582 lgu (W)* + Ce? g, (W)

ce?.

IA

Moreover, the Hamiltonian for problem (5.10), (5.9) is
H(t, x, u, Ye, ¢, ye (€)
—u (1/& + ¢ +/ eye (e)v (d6)> —eg(u),
Ro

=—eg (),

which is concave. By Theorem 4.1, this proves that, the control u* is
indeed a near-optimal for problem (5.10), (5.9), with an error order
of €.

Appendix

Lemma A.1 (Ekeland’s Principle [14]). Let (S, d) be a complete metric
space and h : S — R be lower-semicontinuous and bounded from
below. For ¢ > 0, suppose u® € S satisfies h (u®) < infyes h (u) + €.
Then for any A > 0, there exists u* € S such that

p(u*) < p @),
d(u*, u’) <A,

p(u) <p@+ ;d (u,u*), forallues.

The following proposition is proved in the Appendix of [13].

Proposition A.2. Let h be a # x B (E)-measurable function such
that

T
IE|:/ /Ih(s,e)lzv(de)ds] < 00.
o JE

Then, for all p > 2, there is a positive constant K depends only on
p, T, and v (E) such that
]

t
/fh(s,e)ﬁ(ds,de)
o JE
T
5K]E|:/ /|h(s,e)|pv(de)ds].
o JE

Note that # defined as the o -algebra of ¥ -predictable subsets of
£ x [0, T].

E[sup

0<t<T

(A1)

Finally, we introduce Clarke’s generalized gradient.

Definition A.3 (Clarke [23]). Let Q be a convex set in R? and let
h: Q — Rbealocally Lipschitz function. The generalized gradient
of hatx € Q, denoted by d,h, is a set defined by

h(x+6&) —h(x)

®h(X) = {peR’/p-& < limsup ;
X—>X,0—0+ 0
forany & € RY, andx,x + 0& € Q
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