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1. Introduction

Since the work of Pardoux & Peng [1], the theory of backward
stochastic differential equations (BSDEs) has found important ap-
plications and has become a powerful tool in many fields, such as
mathematical finance, optimal control, stochastic games, partial
differential equations and homogenization, see [2,3]. Therefore, it
is natural to investigate control problems for systems governed by
this kind of stochastic equations. Stochastic control problems for
systems driven by FBSDEs or BSDEs have been studied by many au-
thors, see e.g. [4-7] and the references therein. These papers have
been devoted to various forms of the stochastic maximum prin-
ciple, for systems of BSDEs and FBSDEs. As is well known, optimal
controls may fail to exist even in simple cases. This justifies the use
of near optimal controls, which exist under minimal assumptions
and are sufficient in most practical cases. Moreover, since there are
many nearly optimal controls, it is possible to choose suitable ones
that are convenient for analysis and implementation.

Our goal in this paper is to study near optimal, rather than
optimal controls for systems driven by FBSDEs. More precisely,
we establish necessary as well as sufficient conditions of near-
optimality. These conditions are described in terms of two adjoint
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processes, corresponding to the forward and backward compo-
nents and a nearly maximum condition on the hamiltonian. In a
second step, we prove that under additional concavity conditions,
these necessary conditions of near-optimality are also sufficient.
Our main result is based on Ekeland’s variational principal and
some estimates on the state and the adjoint processes.

Let us recall that many works have been devoted to the prob-
lem of near-optimality. In deterministic control problems, driven
by ordinary differential equations, the first result on necessary con-
ditions for near optimality has been proved by Ekeland [8], see
also [9]. Near optimal control problems for systems driven by Ito
stochastic differential equations with an uncontrolled diffusion co-
efficient, have been investigated in [10-12]. The general case of
systems driven by SDE with controlled diffusion coefficient has
been treated by Zhou [13], where necessary as well as sufficient
conditions are established, for all nearly optimal controls. See also
[9].

The paper is organised as follows. The assumptions, notations
and some basic definitions are given in Section 2. In Sections 3 and
4, we establish necessary as well as sufficient conditions of near
optimality.

2. Statement of the problem

Let (£2, F, P) be a probability space, equipped with a filtration
(%0), satisfying the usual conditions, on which a R%-valued stan-
dard Brownian motion W (.) is defined. We assume that () is the
P-augmentation of the natural filtration of W (.).
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We consider a stochastic control problem, where the control
domain need not be convex and the system is governed by a for-
ward-backward stochastic differential equation (FBSDE in short)
of the type

dx (t) =f (t,x(t),u(t))dt + o (t,x(t)) dW,,

x(0) = Xo,

dy () =g (t,x(1),y(t),z (), u(®))dt +z(t)dW,,

y(T) =hx(D),
where f, o, g and h are given maps. The control variable u = (u;)
is an #;-adapted process with values in some set U of R¥. We de-
note by Ugq the set of all admissible controls. The expected cost on
the time interval [0, T] is

J () =Ep(y(0)),
and the value function is defined as follows :
V= inf  J(u()).

u(.)€Uqql0,T]

Since the objective of this paper is to study near-optimal rather
than optimal controls of the system, we give the precise definition
of near-optimality as given in Zhou [13]. For agiven e > 0, u® (.) is
called e-optimal if

U@ () =Vl=r(),

holds for sufficiently small &, where r is a function of ¢ satisfying
r(¢) — 0ase — 0.The estimate r (¢) is called an error bound. If
r(¢) = Ce® for some § > 0 independent of the constant C, then
u® () is called near-optimal with order &°.

Throughout this paper we assume the following

f:[0,T] x R" x RF — R",

o :[0,T] x R" — oC(Rd,Rn),

g:[0, TI x R" x R™ x £ (R),R™) x R* — R™,
h:R" — R™

¢ :R™ —> R,

(Hy): f,g,0,h, ¢ are continuous in [0,T] x R" x R™ x
£ (RY, R™) x R¥, and continuously differentiable with respect to
(*x,¥,2).

(H3): The derivatives of f, g, o, h, ¢ with respect to x, y, z are
bounded and there is a constant C > 0 such that g is bounded by
CA+ x|+ ly).

(H3): There is a constant C > 0 and 8 € [0, 1] such that

Ifie (. %, 1) = fie (£, %, u)| + |ox (£, %) — oy (£, %)
+ |he (x) — hy (%)
lot.xy.z,u) = p (t,% 9,7, u)|
<C (|x —>2|}8 +ly —)’/|t3 + |z —z'|ﬁ> for p = gy, 8. 8-
Under assumptions (H;) and (H;), there is a unique triple
*x().y(),z() € L% (0,T,R") x L3 (0, T, R™)
x L2 (0, T, £ (R, R™)),

§C|x—)2|ﬁ,

which solves (E), where sz (0, T, R") denotes the Hilbert space of

Fe-adapted processes X such that E fOT 1X (s)]> ds < 4o00.

For any u(.) € Ug with its corresponding state trajectory
x(),y(),z(.)), we introduce the adjoint equations and the
Hamiltonian function for our problem. The adjoint equations are
defined by

—d¥ (t) = (ff¥ (t) + g1Q (t) + oK (1)) dt — K (t) AW,
¥ (T) = —h; x(T))Q(T),

—dQ (t) = g,Q (t) dt +g;Q (t) dW,,

QO =—-¢ ¥ (0),

(2.1)

and the Hamiltonian function
H:[0,T] x R" x R™ x £ (R, R™) x R* x R" x R™
x £ (R, R") — R"
is given by
H(t,x,y,z,u,¥,Q,K)
= (ll/,f (t» X, u)) - (Qvg (t, XY,z U)) - <K7 o (tvx)> .
The adjoint equations can be rewritten in terms of the deriva-
tives of the Hamiltonian as
d¥ (t) = He (t,x(t),y (1), z(t) , u(t) , ¥ (), Q (1), K (1)) dt
+K (t) dW,,
W (T) = —hy x(T))Q(T),
dQ (1) =Hy (t,x (), ¥y (©),z (), u®),¥(),Q ), K () dt
+H (6, x @),y (), z(),u),¥),Q ), K ) dW,,
Q(0) =—¢y (¥ (0)).

Note that the couple (¥, K) is the adjoint process correspond-
ing to the forward component x(.) and Q(.) is the adjoint pro-
cess corresponding to the backward component (y(.), z(.)). It is
a well known fact that under assumptions (H;), (H;), the back-
ward adjoint equation admits one and only one #;-adapted so-
lution (¥,K) € L% (0,T,R") x [%(0,T, £ (R R")) and the
forward adjoint equation admits one and only one F;-adapted
solution Q € Lfr (0, T, R™). Moreover, since fy, oy, &, &, 8, are
bounded by, there exists a constant C; > 0, independent of
x(),¥y(),z(.),u(.)), such that the solutions of adjoint equa-
tions satisfy the following estimate:

T
E(sup |¥ (t)[*) 4+ E( sup IQ(t)|2)+E/ K (s)|*ds < C;.(2:2)
0<t<T 0<t<T 0

Let us recall Ekeland’s variational principle, which will be used
in the sequel.

Lemma 1 (Ekeland [8]). Let (V, d) be a complete metric space and
f : V. — R U {400} be a lower semicontinuous function, bounded
from below. If for each € > 0, there exists u® € V such that f (u®) <
inf,cy f (u) + €. Then for any § > 0, there exists u® € V such that

i f (ua? <f@),
(ii)d (u*, u®) <8,
(i) f (v°) < f ) + %d (u,u’), forallueV.

For u, v in Uyq, we define
du,v) =dt®P{(t,w) € [0, T] x 2 :u(t,w) # v (t,w)},(2.3)

where dt ® P is the product measure of the Lebesgue measure dt
with the probability measure P. It is well known that (Ugq, d) is a
complete metric space (see [11,13]).

3. Necessary conditions of near-optimality

In this section we derive necessary conditions for a control to
be near-optimal. This is the main result of this paper.

Theorem 2. For any y € [0, 1), there exist a constant C; = C;
(y) > 0 such that for any ¢ > 0 and any e-optimal control u®, it
holds that

T
E/ WO €% @), u) —fEx @), u )]
0

+Q (D) [g (¢, A7 (1), u) — g (¢, A°(8) , u” (£)]} dt

> —Cie?, forallu e U, (3.1)

where A€ (\) .= (x° (.), ¥° (.), z° (.)) denotes the solution of the state
equation and (W€ (t),K® (t), Q€ (t)) is the solution of the adjoint
equation, corresponding to u°®.
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Corollary 3. Under the conditions of Theorem 2, it holds that
T
E / H(t, A€ (t),u’ (t), A® (t)) dt
0

T
> E/ H (625 (0) 1 (t), A% (6) dE — Cre?,
0

forallu € Ugg (3.2)

where A®(t) = (W*(t), K*(t), Q¢ (1)) and A¢(t) = (x°(t), y* (1),
z5(t)).

To prove Theorem 2 and Corollary 3, we need the following
auxiliary results on the stability of the state and adjoint processes
with respect to the control variable.

Lemmad4. Forany0 < o < 1and 0 < p < 2, there is a constant
Ci = Ci (a, p) > 0, such that forany u (.), it (.) € Ugg, along with
the corresponding trajectories A (.) = (x(.),y(.),z(.)), A () =
(X(.),¥(),Z (), it holds that

43

E [ sup [x(t) _m)y"] <Gd(u(),i0)?, (3.3)

0<t<T

S

T
sup E|y(t)—y’(t)|”+5/ lz(®) 2| ds
0

0<t<T

<Gd(u(),a()

ap
2

(3.4)

Proof. The proof of (3.3) can be found in [13] Lemma 2.1. We need
only treat (3.4). First we assume p = 2. Squaring both sides of

-y -yo) —/tr (z(s) —Z(s)) AW
— — (hx (™) —h (%(T)))
,
[ (ger e —g(5i0.00))e
and using the fact that
E [y ® _m[ (6 -£0) dws] o,
we get
E\y(t)—y(r)hsftr ) —2(5)[ ds

< GE|h(x(T)) —h (x(D))[*

+GE {/j 6.0 us) —g (s,A’(s),a(s))]ds}z .(35)
Let us estimate the first term in the right hand side of (3.5)
E|h(x(T) —h(x(D)[*
<CE[x(T) —x(D|* < Gd(u(), i) (3.6)

Now let us turn to the second term of (3.5)
T ) 2
E{/ ’g(s,k(s),u(s)) —g(s,k(s),ﬁ(s))’ds}
t
T ’
EE{/ ‘g(s,k(S),u(S))—g(s,A(S),u(S))‘ds
t

+/[T’g(s’i(s),u(s))_g(s,x’(s),a(s))]

2
X Xu(s)z0(s) (s) ds} s
T 2
< GE {/ ‘g (s, 2(),u(s) —g (S,A(s),u(s))‘ ds}
t

e /rr ’g (S’ 6,0 (s)) _g (s, A(s), 1 (S))’z

X Xu(s)#i(s) (s) ds.

Takingg = - > landp = 1 > lsuchthat%—{—% = 1and

applying Holder's inequality, we obtain

E { | e (579.00) ~& (546 10)[ uoricr © ds}
< {E/[T ‘g (s, x(s), u(s)) —g (s,i(s) , ﬂ(s)) & ds}la
x\E /[ T Xu)=is) (5) ds}a

11—«
x {1+E ( sup |>2(s)|12°’) +E ( sup |j/(s)]12°‘>}
selt,T]

selt,T]

o

T
X E/ Xu(s)=£ii(s) (S)dS}
t

<Gd(u@),u())”. (3.7)
Then

T . 2
E{f ’g(s,)»(s),u(s))—g(s,k(s),u(s))‘ds}
t
T T
§C5TE/ |x(s)—fc(s)|2ds+c6ns/ ly () = (s)|* ds
t t

T
+Gs (T—t)E/ |2(s) = 2(5)|” ds. (3.8)

By (3.6)-(3.8) we obtain
T
Ely -yl +Ef |z(s) — 2 ()" ds
t
T
<Gdu),a()" + CGTE/ ly () =y ()" ds
t

T
+C6(T—t)E/ |2(s) — 2 (5)|” ds.
t

For every §, such that T — t = §, we obtain by choosing § = ﬁ

ANCIE PN
GEST6] +5E[ 5|Z(s)—z(s)‘ ds
T—

T
< God(u(),u())” +cgE/ 8 ly (5) — 7 (5| ds.

Applying Gronwall’s inequality, we obtain
o2 1 ! INY)
Ely® —y @) +5E |z(s) =2 (s)|" ds
t

< Cod (u(), i ()",
Similarly we get

telT-6,T].

T—6
E|y(t)—y’(t)|2+5/ l2(5) = 2(5)[ ds
t

<Cod(u(),u()", tel[l—28T-34].



860 K. Bahlali et al. / Systems & Control Letters 58 (2009) 857-864

After a finite number of iterations, we obtain the desired result.
Now assume 0 < p < 2. Then (3.4) follows immediately from
Holder's inequality. This completes the proof of Lemma4. B

The following lemma gives the continuity of the solutions to the
adjoint equations with respect to the control variable. It plays a key
role in proving the necessary condition.

Lemma5. Forany 0 < o < land 1 < p < 2 satisfying
(1+aB)p < 2, thereis a constant C; = C;(«,B8,p) > 0
such that for any u(.), 1 (.) € Uqq, along with the corresponding
trajectories (x (.),y (.),z (), (X(.),y(.),Z(.)) and the solutions

W (),Q0),K(), (lI/ (),00).K (.)) of the corresponding ad-
joint equations, it hold that

T , ) . P
Efo Hlll(t)—lll(t)’ +‘K(t)—K(t)‘ ]dt

app
2
s

<Cd(u(), () (3.9)
and
T . P L b
E/ ‘Q(t)—Q(t)’ dt<Cd(u().i()) " . (3.10)
0

Ijroof. We proceed to prove (3.10) then (3.9). First, note that
Q (t) = Q (t) — Q (¢t) satisfies the following SDE

{qé ) = {gQ () + G, (O} dt + {g.Q (t) + G, ()} dW;
Q) =—{p ¥ 0) —g¢ (VO)},

in which

(3.11)

6 © =g @200 -g(tio.um)]do,
G0 ={a@r0.um-&(Lio.uo)do.
First we assume p = 2. Since we have

t
—Q ) = {o, ¥ (0) — g, (7(0)} + / {£Q () +Gy ()} ds
0

t
+ / {£:Q () + G, (5)} dW,
0

then by squaring both sides of the above equality, taking the ex-
pectation and using the fact that g,, g, are bounded by C, we get

T
EQof = feho-50f £ [ [aofs
0
! 2
+E/ {|cy(s)| +|Gz(s)|2}ds].

0
Then by Gronwall’s lemma it holds that
EQof" =G {E y© -5

T 2
+E/ {le, ] +|cz<s)|2}ds}.
0

We shall estimate the right hand side of above inequality. From
Lemma 5, we have

Ely© —y )| < Cad(u(),i()".

Then
T

E/ |Gy (5)|* ds
0

T P 20, 2
56515[ 866, ue) —g (s 10.u)| Q)| d
0

T
+C5E/
0

< |6 @ a.

g (5 16,u®) -5 (516, 06)|

T . 2 . 28| 4 2
<GE / {Xu(s);éﬁ(s) (s) ‘Q (5)‘ + |X (s) —x (5)| ‘Q (5)‘
0

. 2 , 2
+lye-yof" Qo] +e-z6["|do)| }ds,

By Holder’s inequality, we obtain
T 2
E / |Gy ()| ds
0
]i 1—apB
7 ds} d(u(), i)™,

2 1-p T B
o ds} {E/ ]x (s) — )2(5)‘2 ds}
0

2 1-p
-8 T ; 5 B
ds {Efo ]y(s)—y(s)! ds}

T, 2 77 T B
e E/ (Q(s)“"’ ds} {E/ |z(s)—é(s)|2ds} .
0 0

, p
Q(t)‘ <0

T ’
<G E/ (X6
0

T ’
e E/ (Q(s)
0

T ’
e E/ ’Q(s)
0

From Lemma 5 and using the fact that E supg;<r

for any p, it can easily checked that
T , T
E/ Gy ()| ds = E/ |gy (s, 4 (s), u(s))
0 0

5 (5 40.10)[ [d 0| as

< Gd(u(), i ()™,
It follows easily by the same arguments that

T
E[ 16 0F ds = G u(). i)
0

So
E|Q ] < Cod (u(), ().

Now assume 0 < p < 2.Then by Hélder’s inequality we obtain the
inequality (3.10) _ ~

Now, let us prove (3.9). Noting that (¥ (t),K(t)) = (¥ (t) —
lf/(t), K(t) — K(t)) satisfies the following BSDE:

dw (6) — {(fF €, x(0), u ) ¥ (1) + 0y (£, x () K (1))

+F ()} dt + K (t) dW,,
71 = {m @M -k (Fm)am},
where

F(t) = {ff t.x(0), u@®) —fF (t.2@), 1))} & 0
+g €0 a0 -g (£10.i0)dw©
+ {0y (t.x () — o7 (L2®)} K (©).
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Let n be the solution of the following linear SDE:

dn (©) = {f (€% u @) © + & O sen (7 ©) ] at
+ [ax (€. x(®) 1 (0 + [K O " sgn (K (t))] aw,,
n(0) =0,

where sgn(a) = (sgn(a'),...,sgn(a")" for any vector a =
(a' a")". Note that the existence and uni f soluti
oo ah). queness of solutions

to the above equation are verified by assumptions (H;), (H,) and
the fact that

T _ _ _ 2 _ B _ 2
E/O {“w(t)\" ]sgn(lll(t))‘ +“1<(t)|" 1sgn(K(t))’ }dt
< +ox.

Let g > 2 such that% + % = 1, we have
T - — - —
Esup InOf = GE [ {0+ RO}
0<t=T 0

T
< CZE/ [1# @ + [k ©f} e (3.12)
0

Note that the right hand side term of (3.12) is bounded due to (2.2).
On the other hand, applying Ito’s formula to ¥ (t) - n (t) and taking
expectations, we obtain

T _ - _
E/ [#@-[1# O " sen (¥ ©)]
0
+R @O - [[R O sgn (kK ©) ]} ae
T
=E{/ [F (©) - (©)]de
0

+ [m @ m—r Em)am] g (T)}

T 3 T 7
s{Ef |F<t>|ﬂdt} {E/ In(t)lth}

hj; (e(T) Q (T) = B (%(T) Q(T)\ I E|n<T>|"}5

5@{ / [[w<r)|"+\1<(r) } [/|F(t)|pdt]

+ [E|m can e - (k) Q(T)H;]

Thus

T B T
E/ {I*f'(t)\”+|1<(t)!p}dtsc4{E/ IF (0P de
0 0

3 . p
B QM =k (#) A}

We proceed to estimate the second term in the right hand side of
(3.13). First,

+{E

+E (3.13)

E | ey @ (1) — h (M) Q)]
=E|{hx (D) — hy (}(D)} Q1) =k (* (D) Q (D]

p
1-3

<GE{lQ(M*}? {E|h (x(T)) — hy x(T))lzv}

+GEQ (M)

T o
SGE[xM -2} +GEQM] .
Using Lemma 5 and (3.10) it is easy to see that

Efm ey =k (M) Q)|

app
<Gd(u(),i()?

Next, we proceed to estimate the first term in the right side of
(3.13). First
T . . P
Ef g er0ueo-g(hioio)dof a
0

T
<ae [
0

T
x 1Q (P dt + CgEf
0

(3.14)

g (LA, u) —g (f’ A0k a(“)‘p

g (tio.ao)1aop
(3.15)

We estimate now the right hand side of (3.15). Using similar argu-
ments to estimate the term E fOT |Gy (s) |p ds, we get

T
gl
0

< Cod (u(), ()

Then by (3.10) and using the fact that gy is bounded, we obtain

E/
0

. app
< Cod (u (), () 2
From (3.16) and (3.17) we conclude

T
e
0
aBp

< Cud(u(). ()"

Using similar arguments developed above, we can easily prove that

g €. u@) -g (ti0.i0) 1Q©r

app
2 (3.16)

g (tio.io) @)«

(3.17)

g 10, uQ®-g (Lim,i0)do| d

(3.18)

T , p
E / I Ex @ u@) - f (640, G ©)] |é o d
0

L e
< Cpd(u(),u())”? (3.19)
and
T N
E/ o (€. x©) = o7 (6.4 ©)[" [k | de
0
. upp
< Cisd(u(), ()’ (3.20)
It follows from (3.18)-(3.20) that
T app
E/ IF ()P dt < Crad (u (), () 2 (321)
0

The desired result (3.9) follows immediately from (3.14) and (3.21)
This completes the proof of Lemma 5. ®

Proof of Theorem 2. By assumptions (H;), (H»), it is easy to see
that] (u (.)) is continuous on U4y endowed with the metric defined
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by (2.3). Applying Ekeland’s variational principle with § = 8%,
there is an admissible control &i° (.) such that

d(u (), () < e,

J(@ ) =J@()) foranyu(.) € U,
where

Jwe)y =J@e) +e3du(), i ().

This means that &i° (.) is optimal for the system with the new cost

function]. Letty € [0, T) and u € U be fixed. For any 6 > 0, define
the spike variation u’ € Ugq [0, T] of i°:

”””:H%m
Let us denote A€ (.) := (¥ (.), 7 (.), Z° (.)). The fact that
J(@ ) <T@ )

and
d(’ (), () <0,
imply that

t € [to, to + 0]
otherwise.

1 ) =] (@ ) = —&50. (3.22)

Arguing as in [6], Theorem 1, the left hand side of inequality (3.22)
is equal to

[0+9 "
E/ {#eO[f (6,5 @), u) —f (6,5 ©), 0 (D))]
to

+6 () [g (c, i), u) g (t, (), it (t))]} dt.
Dividing (3.22) by 0 and sending 6 to 0, we conclude that
E{& @O [f (6,3 (&), u) —f (£, (6), 0 ()]

+6 () [g (t, i), u) p (t, (), it (t))]} dt

wi=

> —¢ (3.23)

To prove (3.1), it remains to estimate the following difference
T
E| Q°t t, A (t),u)—g(t, A @t),a (t))]de
| oo -g(io.mo)
T
—E/Qﬂommraxw—gmvaxmamm
0
T
=F Q€ (t) — Q° (¢ t, 25 (t),
A[Q()Q(ﬂk( (®). u)
—g (t, M), T° (t)) } dt
T
+E €t £, A (t),u) —g(t, A (t),u)tdt
| e ofe(timw) -se©.w)

T ~
—E/‘QWO{gQJfG%ﬁWO)—gGme,fGD}m
0
=h+hL+15.

Forany y € [0,1),letap = 3y € [0, 1). Then, in view of
Lemma 5, we have

cef
2

1

- 2 2
Q) - Q) dt]

1

g (t, A (1), u) —g (t,i6 (t), i (t))‘zdt}z

s@k@%mwcwﬂ%

! - 2 ~c 2 :
xQ{E/ <1+|x O + 17 ©] )ds}
0

2«

1
513
< (4 {ST}z :C48y.

Next, by using Lemma 5, we get

T 3
L < {E/ Q¢ (t)lzdt}
0
T " 2 %
x {E/ ‘g <t,)f (t),u) g (t, A (t),u)‘ dt}
0

T T
< Gy {E/ % (6) —x° (t)]zdt—l—E/ 7 &) —y* ©*de
0 0
T 3
+E/ \zs(t)—zg(t)yzdt}
0
=Gld o.u )"}

1
2ap

< C5 {8 3 }? :C58V.

Further, fix p € (1,2) so that (14+«af)p < 2. and taking q €
(2, +00) with % + % = 1, it holds by using Lemma 5, that

T
Iy = —E (t £, (), T8 (t
; 'lQ()k( ©, 7 ©)
_g (tv )\‘6 (t) 5 ué‘ (t))} dt

—E /OT Q¢ (t) {g (t, I GE (t)>

» T
—g(t,,\ (t),u (t))]dr,—E/O Q€ (1)
x {g (r, i@, u (t)) gt @), (t))} dt

T 3 T _
{E/IQWOWM}{E/‘gOJWDJWO)
0 0

- (t, A€ (), uf (f)) ‘p Xae (05w @) (F) df}

IA

==

+ CSSV .
By Holder’s inequality, one has

E /OT ‘g (t, i@, (r)) _g (t, i, uf (t)) ‘p

X Xae u o (8) dt

p
< {E/OT ‘g (r, i@, i (t)) —g (t, i€y, uf (r))‘z dt} 2
X {Efor Xie (tsue (1) (F) dl“}1

< Cod (1 (), ()72,
. app
< Cod (u° (), () 2

Therefore

g

NS

[NIe=1

g (t, e (t), i (t)) —g (t, Ae ), uf (t)) ‘P
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1
p
X Xt (e o) (1) dt }

aB
2

< God (u" (). ()
< C58¥ = Cge?.

Thus, we have proved that
E /OT 3 () [g (.3 @.u) —g (6.3 ©. @ (t))] dt

T
—Ef Q° ()18 (6, A5 (6) . 1) — g (6, 2 (6) . u° ()] de
0

< C78y. (324)
Similarly, we obtain
T
E/O O [f (6.5 @0, u)—f (50,0 0)]
— WO F(6.X (), u) —f (€, x° (0), u° (t)]} dt
< Gge”. (3.25)
Finally inequality (3.1) follows from combining (3.24) and (3.25).

Proof of Corollary 3. In the definition of the perturbed control
u? (.), the point u € U may be replaced by any admissible control
u(.) € Ugqg, and the subsequent argument still goes through. So
(3.1)holdsforany u (.) € Ugg. M

4. Sufficient conditions of near-optimality

In this section, we will prove that under additional hypothesis,
the near-maximum condition on the Hamiltonian function is a
sufficient condition for near-optimality. First, we restrict ourselves
to the one dimensional case n = m = d = 1 and we assume that:

(Hy): p is differentiable in u for p = f, 0, g, and there is a
constant C > 0 such that:

]p(t,x,u)—p(t,x,il)‘ —i—‘pu(t,x,u)—pu (t,x,ﬁ)‘
<Clu—1i|, forp=f,0
lg (¢, x,y,z,u) — g (t.x,y,2,1)]
+ |gu (t.x, v, z,u) — g (¢, %y, 2, 0)| < Clu—1.

Theorem 6. Let (A° (.),u® (.)) be near-optimal solution of (E),
and A% () = WP*®(),K?(),Q¢(.)) are the solutions of the
adjoint equations, corresponding to (A° (.), u® (.)). Assume that
H(,.,.,., ., A% (t)) is concave for ae.t € [0,T],P — a.s.,h(.)is
concave, ¢ (.) is convex and decreasing. If for some ¢ > 0,

T
E/ H(t, A€ (t),u® (t), A® (t))dt
0

T
> sup E/ H(t,A°(t),u(t), A® (t))dt — & (4.2)
u(.)€Uqq[0,T] 0
then
J@ )< inf J() +Ge?, (43)
u(.)€Uqq[0,T]

where C; > 0 is a constant, which is independent from .

Proof. Letus fix & > 0and define a new metric d on U qq as follows

T
d(),u ()= E/ Ve (0) Ju () —u® (D] dt, (4.4)
0

where

VE() =1+ P (O] +1Q° (D] = 1. (4.5)
Define a functional 8 on U [0, T] by:

T
B (u(.) ZE/ H (£, 2° (), u(t), A* (£)) dt.
0

A simple computation shows that
T
B -2EO) = [ v ©Ol© - ©ld
0

which implies that 8 is continuous on U, with respect to d.
By (4.2) and Ekeland’s lemma, there exists i (.) € Ugqq [0, T]
such that

d(w (), i () <e

and

T
E/ H(t, A (), 0 () dt
0
T ~
= max E/ H(t, A (t),u(t))dt (4.6)
u(.)eUqql0.T]  Jo
where
H (£, A€ (t) , u (b))
= H(t, A5 (t), u(t), A® (t)) — e20° (t) lu@) = ©]. (47)

By standard arguments, it can be proved that the integral max-
imum condition (4.7) implies a pointwise maximum condition,
namely fora.e.t € [0, T],and P — a.s.,

H(t, 2 (0), T () = maJ(I:I (6, A5 (t), u). (4.8)

Using assumption (H,4) we can prove that

Hy (£, A€ (), T (1), A° (D))

< Cv* (0) | (6) — B (©)] +£20° (8) . (4.9)
By the concavity of H (¢, ., ., ., ., ¥° (t), Q€ (t), K*® (t)) , we have
H(t, 2 @),u(t), A" (t)) —H (£, A° () ,u" (t),, A" (1))

< Hy (6, A°(8) , u” (1), A" (D) (x (£) — X (1))

< Hy (6, 2°(t) ,u" (1), A (£)) (v (£) — y* (©))

+H, (£, 2° (£), u® (£) , A° (D) (2 (£) —2° (D))
4+ Hy (£, A€ (t),u’ (t), A® (£)) (u(t) —u® (b)).
By integrating both sides and noting (4.1) and (4.9) we obtain

(4.10)

T
E/ [HE, A @), ut), A° (©)_H(t, A5 (t) ,u° (), A° (t)} dt
0
;
< Ef Hy (6,2 (8) , u® (£) , A® (0) (x (£) —x° (1) dt
0
T
+Ef Hy (£, 25 (t) , u® (£) , A" (1) (v (£) —y" (1)) dt
0

T
X E/ H, (£, A€ (t) ,u® (t), A® () (z (t) — z° (t))dt
0

1 Cse?. (4.11)

On the other hand, by applying Ito’s formula respectively to ¥*
(t) (x (t) — x* (t)) and Q€ (¢t) (y (t) — y° (t)), and by taking expec-
tations, we obtain

E[@*(T) x(T) = x* ()] + E[Q°(T) (y (T) —y* (T))]
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—E[Q°(0) (¥ (0) — y* (0))]

=E/OT Hy (£, A€ (8), u® (£), A® () (x () — x° (t)) dt
+E/OTHy (£, A5 (O, u (£), A7 () (v (©) —y* (D) dt
+E /OT H; (t, 15 (t), u® (t), A® (b)) (z (t) —z° (t))dt
+E/0T TEOIf (& x (), u®) —fEx O),u (0)]de
+EA%fmwaJame—gmxaLmamm

T
+E/ K (t)[o (t,x(t)) — o (t,x° (t))]dt. (4.12)
0

Combining (4.11) and (4.12) we obtain
—E[Q° (T) hy (x* (T)) (x(T) — x* (T))] + EQ* (T) (h (x (T))
—h(x* (T))) +E [¢y ° (0)) (¥ (0) — y° (0))]

> —Ce

Nl—

Using the facts that h (.) is concave and ¢ (.) is convex and decreas-
ing, we obtain

JW () <J @)+ Cer.

Since u (.) is arbitrary, the desired result follows. =

Remark 7. When ¢ = 0, Theorem 2 reduces to the stochastic
maximum principal developed in [6].
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