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Introduction

The EDSRs were introduced in 1973 by J.-M. Bismut [3] in the case where the

generator f is linear with respect to the variables Y and Z. It was not until the

beginning of the 90s and the work of E. Pardoux and S. Peng [6] to have the …rst result

of existence and uniqueness of solution in the nonlinear case. Forward- backward

stochastic di¤erential equations (shortly, FBSDEs) were …rst studied by Antonelli in

[1 ]. He showed the existence and uniqueness of the solution of a backward -forward

stochastic di¤erential equations, where the solution depends explicitly on both the

past and future of its own trajectory, under a more restricture hypothesis on the

Lipschitz constant. Since then they are encountered in stochastic optimal control

problems and mathematical …nance.

The objective of this memory is to establish the necessary conditions of optimality as

maximum principle for relaxed control problem for system governed by the following

FBSDE of mean-…eld type:

8
>>>><

>>>>:

dXt

R
U
b t;X�

t ;E X
�
t ; u 
t du dt

R
U
� t;X�

t ;E X
�
t ; u 
t du dWt

dYt
R
U
f t;X�

t ;E X
�
t ; Y

�
t ;E Y

�
t ; Z�

t ;E Z
�
t ; u 
t du dt ZtdWt

X�
0 x; Y �

T g X�
T ;E X

�
T ; t ; T :

The functionnel cost to be minimized over the set of admissible relaxed controls,

is de…ned by the form:
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Introduction

J 
: E � X�
T ;E X

�
T � Y �

0 ;E Y
�
0

Z T

0

Z

U

l t;X�
t ;E X

�
t ; Y

�
t ;E Y

�
t ; Z�

t ;E Z
�
t ; u 
t du dt :

We say that admissible relaxed control q: is optimal control if:

J q:
�:

J 
: :

This memory is composed of two chapters:

Chapter 1: In this chapter, we study a type of nonlinear forward-backward stochastic

di¤erential equations this type is called mean …eld, where the system is dependent on

the state process, as well as its distribution via the expectation of the state process.

We will give the demonstration of the result of existence and uniqueness of solution

for systems derived by nonlinear forward-backward stochastic di¤erential equations

of mean …eld type (MF-FBSDE), under Lipschitz condition and by using Picard

iteration.

Chapter 2: Our objective in the second chapter is to establish the necessary optim-

ality condition in the form of a stochastic maximum principle, for relaxed controls

for a system governed by nonlinear forward-backward SDEs, of mean …eld type. To

achieve this goal, we use the fact that the set of relaxed controls is convex and

applying the weak (convex) perturbation method.
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Chapter 1

The existence and uniqueness of

solution for nonlinear mean-…eld

FBSDE

1.1 Existence and uniqueness of solution for FBSDE:

We consider the following nonlinear forward-backward SDEs, of mean …eld type:

8
>>>><

>>>>:

dXt b t;Xt;E Xt dt � t;Xt;E Xt dWt

dYt f t;Xt;E Xt ; Yt;E Yt ; Zt;E Zt dt ZtdWt

X0 x ; YT g XT ;E XT ;

(1.1)
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The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

where the following functions must be measurable:

b ; T Rn Rn Rn

� ; T Rn Rn Rn d

g Rn Rn Rm

f ; T Rn Rn Rm Rm Rm d Rm d Rm:

This system can be interpreted in full form as follows:

8
><

>:

Xt x
R t

0
b s;Xs;E Xs ds

R t

0
� s;Xs;E Xs dWs ,t >

Yt g XT ;E XT

R T

t
f s;Xs;E Xs ; Ys;E Ys ; Zs;E Zs ds

R T

t
ZsdWs,

the system : is called forward and backward stochastic di¤erential equation of

mean-…eld type (MF-FBSDE). Such that, the coe¢cient b is called the drift, � is

called the di¤usion of the FSDE and f is called the generator of the BSDE.

-We will work with two process spaces.

-We will …rst denote by S2 Rn the vector space formed by the process Xt, progress-

ively measurable, with values in Rn,

such that:

Xt
2
s2 E

0 s T
Xt

2 < :

And S2c Rn the subspace formed by continuous processes.

-And then M 2 Rm d that formed by the process Zt progressively measurable, with

values in Rn d, such that:

Zt
2
M2 E

Z T

0

Zt
2 dt < :

-The spaces S2, S2c and M
2 are Banach spaces for the de…ned norms previously.

5



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

-We will designate B2 the Banach space

B2 S2 Rn S2c Rn M 2 Rm d :

De…nition:

We call solution of the system of Forward-Backward stochastic di¤erential equations

(FBSDE) of mean …eld type : , all triple X; Y; Z of progressively measurable

processes valued in Rn Rm Rm d and square integrable such that:

8
><

>:

Xt x
R t

0
b s;Xs;E Xs ds

R t

0
� s;Xs;E Xs dWs ,t >

Yt g XT ;E XT

R T

t
f s;Xs;E Xs ; Ys;E Ys ; Zs;E Zs ds

R T

t
ZsdWs:

1.1.1 Existence and uniqueness theorem:

Theorem (Existence and uniqueness):

Let b; �; f and g are a Borelian functions. Assume that there is a constant k > such

that , for all t ; T , all x1; x1; x2; x2; y1; y1; y2; y2; z1; z1; z2; z2 R4n+4m+4m d

1-Lipschitz condition:

b t; x1; x1 b t; x2; x2 � t; x1; x1 � t; x2; x2

k x1 x2 x1 x2 ;

and

g x1; x1 g x2; x2 k x1 x2 x1 x2 :

6



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

2-Linear growth:

b t; x; x � t; x; x k x x ;

and

3-

E

Z T

0

f s; ; ; ; ; ; 2

�
ds < :

Then there is a unique solution X; Y; Z of the mean-…eld FBSDE : .

Proof:

1-Existence: We construct the solution using Picard’s iteration methode. By

de…ning the sequence Xn; Y n; Zn
n N such that: X0 x; Y0 Z0 ;

Xn+1; Y n+1; Zn+1 is the solution of the following mean-…eld FBSDE system.

8
><

>:

Xn+1
t x

R t

0
b s; Xn

s ;E Xn
s ds

R t

0
� s;Xn

s ;E Xn
s dWs

Y n+1
t g Xn

T ;E Xn
T

R T

t
f s;Xn

s ;E Xn
s ; Y

n
s ;E Y n

s ; Zn
s ;E Zn

s ds
R T

t
Zn+1
s dWs:

(1.2)

And such that the stochastic integrals are well de…ned because it is clear by recur-

rence that for each n; Xn+1
t continuous and adapted, therefore the process � s;Xn

s ;E Xn
s

is too.

Firstly

We show the existence of solution to the SDE in : , for t ; T ; …rst checking

7



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

by induction on n that there exists a constant Cn such that for all t ; T .

E
�
Xn

t
2� Cn:

Assume that E
�
Xn

t
2� Cn and we show that

E
h��Xn+1

t

��2
i

Cn+1: (1.3)

We have:

��Xn+1
t

��2
����x

Z t

0

b s;Xn
s ;E Xn

s ds

Z t

0

� s;Xn
s ;E Xn

s dWs

����

2

:

As we have a b c 2 a2 b2 c2 , by passing to hope, we obtain:

E
h��Xn+1

t

��2
i

x 2 E
R t

0
b s;Xn

s ;E Xn
s ds 2

E
R t

0
� s;Xn

s ;E xns dWs
2 :

(1.4)

Applying isometry theorem and linear growth, we …nd:

E

"�Z t

0

� s;Xn
s ;E Xn

s dWs

	2#

(1.5)

E

Z t

0

� s;Xn
s ;E Xn

s
2 ds

�

E

Z t

0

k2 Xn
s

2 E Xn
s

2 ds

�

Z t

0

k2 E Xn
s

2 E E Xn
s

2 ds

Z t

0

k2 E Xn
s

2 ds:

8



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

And by the Cauchy-Schwarz inequality, we have:

E

"�Z t

0

b s;Xn
s ;E Xn

s ds

	2#

(1.6)

E

 Z t

0

ds

�Z t

0

b s;Xn
s ;E Xn

s
2

	
ds

�

T:E

Z t

0

k2 Xn
s

2 E Xn
s

2 ds

�

replace : and : in : we …nd:

E Xn+1
t

2 x 2 T:E
R t

0
k2 Xn

s
2

E Xn
s

2 ds
R t

0
k2 E Xn

s
2 ds

C C
R t

0
E Xn

s
2 ds ; t ; T ; C > :

Proving :

We will increase by recurrence the quantity:

E



0 t T
Xn+1

t Xn
t

2

�
:

Using Doob’s inequality, we obtain:

E 0 s t X
n+1
s Xn

s
2 E


���
R t

0
� s;Xn

s ;E Xn
s � s;Xn 1

s ;E Xn 1
s dWs

���
2
�

E

���
R t

0
b s;Xn

s ;E Xn
s b s;Xn 1

s ;E Xn 1
s ds

���
2
�

E
hR t

0
� s;Xn

s ;E Xn
s � s;Xn 1

s ;E Xn 1
s

2
ds
i

T:E
hR t

0
b s;Xn

s ;E Xn
s b s;Xn 1

s ;E Xn 1
s

2
ds
i
:

As the functions b and � are Lipshitzian, we obtain for t ; T

E



0 s t
Xn+1

s Xn
s

2

�
T k2E


Z t

0

Xn
s Xn 1

s
2 ds

�
:

9



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

So:

E



0 s t
Xn+1

s Xn
s

2

�
C

Z t

0

E



0 r s
Xn

r Xn 1
r

2

�
dr: (1.7)

Where C T k2:

We repeat the same method, applying Doob’s inequality, to Xn
t Xn 1

t to get

Xn
s Xn 1

s
2

��R s

0
� r;Xn 1

r ;E Xn 1
r � r;Xn 2

r ;E Xn 2
r dWr

��2

��R s

0
b r; Xn 1

r ;E Xn 1
r b r;Xn 2

r ;E Xn 2
r dr

��2

R s

0
� r;Xn 1

r ;E Xn 1
r � r;Xn 2

r ;E Xn 2
r

2 dr

T
��R s

0
b r;Xn 1

r ;E Xn 1
r b r;Xn 2

r ;E Xn 2
r

��2 dr:

As the functions b and � are Lipshitzian, therefore:

E 0 r s Xn
r Xn 1

r
2 C

R s

0
E Xn 1

r Xn 2
r

2 dr

C
R s

0
E 0 k r Xn 1

k Xn 2
k

2 dr:
(1.8)

In the same way as : and : , we can …nd:

E
0 k r

Xn 1
k Xn 2

k
2 C

Z r

0

E
0 l k

Xn 2
l Xn 3

l
2 dk: (1.9)

By replacing : and : to : we obtain:

E
h

0 s t X
n+1
s Xn

s
2
i

C
R t

0
E
h

0 r s X
n
r Xn 1

r
2
i
ds

C2
R t

0

R s

0
E
h

0 k r

��Xn 1
k Xn 2

k

��2
i
dr ds

C3
R t

0

R s

0

R r

0
E
h

0 l k

��Xn 2
l Xn 3

l

��2
i
dk dr ds

C3E
h

0 l k

��Xn 2
l Xn 3

l

��2
i R t

0

R s

0

R r

0
dk dr ds

C3E
h

0 l k

��Xn 2
l Xn 3

l

��2
i R t

0

R s

0
rdr ds

C3E
h

0 l k

��Xn 2
l Xn 3

l

��2
i R t

0
s2

2
ds

C3T 3

3!
E
h

0 l k

��Xn 2
l Xn 3

l

��2
i
:

10



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

We repeat this method several times, we …nd:

E 0 s T Xn+1
s Xn

s
2

CnTn

n!
E 0 s T X1

s X0
s

2 DCnTn

n!

By applying Chebyshev’s inequality, we have:

P 0 s T Xn+1
s Xn

s
1

2n+1

DCnTn

n!
= 1
2n+1

2 D (4CT )
n!

n
:

It turns out that:

P
n=0 P 0 s T Xn+1

s Xn
s

1
2n+1

P
n=0D

(CT )n

n!
= 1
2n+1

2

D
P

n=0
(4TC)
n!

n
De4TC < :

What the Borel-Cantelli Lemma implies:

P



0 s T
Xn+1

s Xn
s >

n+1
; n N

�
:

What does it mean that:

P



0 s T
Xn+1

s Xn
s n+1

; n N
�

:

That is to say:

0 s T
Xn+1

s Xn
s n+1

; n n0; for certain n0 N:

11



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

With probability equal to . Moving on to the sum we …nd:

0 s T Xm
s Xn

s

Pm n
k=m n 1 0 t T Xk+1

s Xk

P
k=m n 1

1
2k+1

1
2m^n :

For m n n0 w where m n m; k : So the process Xn n=1 is a

Cauchy sequence, therefore convergent. Then there exists a continuous process

Xt t [0;T ]

such as :

0 t T
Xn

t Xt ;

when n ; whith probability equal to :

So, P p:s, Xn converges to a continuous process Xt. It is very easy to check that

Xt is a solution of the SDE in : passing to the limit in the equation progressive

in the system : .

-So moving on to solve the second recurrence equation for Yn.

Let us now prove that the sequence Y n; Zn is a Cauchy sequence in the space of

Banach B2:

By applying the formula d’Itô to e�t Y n+1
t Y n

t
2, we obtain:

d e�t Y n+1
t Y n

t
2 e�t Y n+1

t Y n
t d Y n+1

t Y n
t

�e�t Y n+1
t Y n

t
2

e�td Y n+1
t Y n

t ; Y n+1 Y n
t;

(1.10)

12



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

we have:

Y n+1
t Y n

t g Xn
T ;E Xn

T g Xn 1
T ;E Xn 1

T (1.11)
Z T

t

f s;Xn
s ;E Xn

s ; Y
n
s ;E Y n

s ; Zn
s ;E Zn

s

f s;Xn 1
s ;E Xn 1

s ; Y n 1
s ;E Y n 1

s ; Zn 1
s E Zn 1

s ds
Z T

t

Zn+1
s Zn

s dWs;

and

d Y n+1
t Y n

t f s;Xn
s ;E Xn

s ; Y
n
s ;E Y n

s ; Zn
s ;E Zn

s (1.12)

f s;Xn 1
s ;E Xn 1

s ; Y n 1
s ;E Y n 1

s ; Zn 1
s E Zn 1

s

Zn+1
s Zn

s dWs

By replacing : and : in : we …nd:

d e�t
��Y n+1

t Y n
t

��2 e�t
��Y n+1

t Y n
t

�� f t;Xn
t ;E Xn

t ; Y
n
t ;E Y n

t ; Zn
t ;E Zn

t

f t;Xn 1
t ;E Xn 1

t ; Y n 1
t ;E Y n 1

t ; Zn 1
t E Zn 1

t dt

e�t
��Y n+1

t Y n
t

�� Zn+1
t Zn

t dWt �e�t
��Y n+1

t Y n
t

��2

e�td Y n+1 Y n ; Y n+1 Y n
t:

Passing to the integral between t and T:

R T

t
d e�t

��Y n+1
t Y n

t

��2 R T

t
e�s Y n+1

s Y n
s ; f s; Xn

s ;E Xn
s ; Y

n
s ;E Y n

s ; Zn
s ;E Zn

s

f s;Xn 1
s ;E Xn 1

s ; Y n 1
s ;E Y n 1

s ; Zn 1
s E Zn 1

s ds
R T

t
e�s Y n+1

s Y n
s ; Zn+1

s Zn
s dWs

�
R T

t
e�s Y n+1

s Y n
s

2 ds
R T

t
e�s Zn+1

s Zn
s

2 ds:

13



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

By passing to hope and using the fact that f is Lipshitzian, we have:

E e�t
��Y n+1

t Y n
t

��2 �E
R T

t
e�s Y n+1

s Y n
s
2
ds E

R T

t
e�s Zn+1

s Zn
s

2
ds

kE e�T Xn
T Xn 1

T
2

K:E
R T

t
e�s Y n+1

s Y n
s Xn

s Xn 1
s E Xn

s Xn 1
s Y n

s Y n 1
s

E Y n
s Y n 1

s Zn
s Zn 1

s E Zn
s Zn 1

s :

Which implies (according to Yong’s inequality ab "2a2 1
"2
b2 ) that:

E e�t Y n+1
t Y n

t
2 E

hR T

t
e�s Zn+1

s Zn
s

2 ds
i

k:E e�T
��Xn

T Xn 1
T

��2 K2"2 � E
hR T

t
e�s Y n+1

s Y n
s
2
ds
i

6
"2
E
hR T

t
e�s Xn

s Xn 1
s

2
ds
i

6
"2
E
hR T

t
e�s Y n

s Y n 1
s

2
ds
i

6
"2
E
hR T

t
e�s Zn

s Zn 1
s

2
ds
i

6
"2
E
hR T

t
e�sE Xn

s Xn 1
s

2
ds
i

6
"2
E
hR T

t
e�sE Y n

s Y n 1
s

2
ds
i

6
"2
E
hR T

t
e�sE Zn

s Zn 1
s

2
i
ds;

then according to Fubini’s theorem:

E e�t
��Y n+1

t Y n
t

��2 E
hR T

t
e�s Zn+1

s Zn
s

2 ds
i

k:E e�T
��Xn

T Xn 1
T

��2 k2"2 � E
R T

t
e�s Y n+1

s Y n
s
2
ds

12
"2
E
hR T

t
e�s Xn

s Xn 1
s

2
ds
i

12
"2
E
hR T

t
e�s Y n

s Y n 1
s

2
ds
i

12
"2
E
hR T

t
e�sE Zn

s Zn 1
s

2
ds
i
:

We choose � and " such that 12
"2

1
12
and k2 � ; so:

E e�t Y n+1
t Y n

t
2 E

R T

t
e�s Zn+1

s Zn
s

2 ds

kE e�T
��Xn

T Xn 1
T

��2 1
12
E
R T

t
e�s Xn

s Xn 1
s

2

Y n
s Y n 1

s
2 Zn

s Zn 1
s

2 ds :

14



The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

So for t , …nd:

E 0 t T e
�t Y n+1

t Y n
t

2 E
R T

0
e�s Zn+1

s Zn
s

2 ds

kE e�T Xn
T Xn 1

T
2 C

12
E 0 t T e

�t Xn
t Xn 1

t
2

E 0 t T e
�t Y n

t Y n 1
t

2 E
R T

0
e�t Zn

s Zn 1
s

2 ds :

(1.13)

We repeat the same method, applying the formula d’Itô to e�t Y n
t Y n 1

t , to get

:

E
h

0 t T e
�t
��Y n

t Y n 1
t

��2
i

E
hR T

0
e�s Zn

s Zn 1
s

2 ds
i

k E
h
e�T

��Xn 1
T Xn 2

T

��2
i

C0

12
E
h

0 t T e
�t
��Xn 1

t Xn 2
t

��2
i

E
h

0 t T e
�t
��Y n 1

t Y n 2
t

��2
i

E
hR T

0
e�s Zn 1

s Zn 2
s

2
ds
i
:

(1.14)

By replacing : in : we have:

E 0 t T e
�t
��Y n+1

t Y n
t

��2 E
R T

0
e�s Zn+1

s Zn
s

2
ds

k:E e�T
��Xn

T Xn 1
T

��2 k :E e�T
��Xn 1

T Xn 2
T

��2

C
12
E
h

0 t T e
�t
��Xn

t Xn 1
t

��2
i

C0

12
E
h

0 t T e
�t
��Xn 1

t Xn 2
t

��2
i

C0

122

�
E
h

0 t T e
�t
��Y n 1

t Y n 2
t

��2
i

E
hR T

0
e�s Zn 1

s Zn 2
s

2 ds
i�
:

We repeat this method several times, we …nd:

E 0 t T e
�t Y n+1

t Y n
t

2 E
R T

0
e�s Zn+1

s Zn
s

2 ds

C E e�T
��Xn

T Xn 1
T

��2 E e�T
��Xn 1

T Xn 2
T

��2 :::

::: E e�t X1
T X0

T
2

C E 0 t T e
�t
��Xn

t Xn 1
t

��2

E 0 t T e
�t
��Xn 1

t Xn 2
t

��2 ::: E 0 t T e
�t X1

t X0
t
2

C00

12n
E 0 t T e

�t
��Y n

t Y n 1
t

��2 E 0 t T e
�t
��Y n 1

t Y n 2
t

��2

::: E 0 t T e
�t Y 1

t Y 0
t
2 E

R T

0
e�s Zn

s Zn 1
s

2
ds

E
hR T

0
e�s Zn 1

s Zn 2
s

2
ds
i

:::: E
hR T

0
e�s Z1s Z0s

2
ds
i
;
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The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

so:

E
0 t T

e�t Y n+1
t Y n

t
2 E

Z T

0

e�s Zn+1
s Zn

s
2 ds

D
n

as n :

Consequently, Xn; Y n; Zn
n N is a Cauchy sequence, therefore convergent. So, there

is a triple of a stochastic process Xt; Yt; Zt B2, such as:

n +
E



0 t T
Xn

t Xt
2

�
;

n +
E



0 t T
Y n
t Yt

2

�

and

n +
E

Z T

0

Zn+1
s Zn

s
2 dt

�
;

with probability equal to . That’s to say :

n +
Xn X;

n +
Y n Y;

n +
Zn Z:

It is easy to verify that X; Y; Z is a solution of FBSDE : just do a passage to

the limit in the mean …eld type FBSDE : .

2 Uniqueness: Suppose that X; Y; Z and X; Y; Z are two solutions of : for

all t ; T : Since a b 2 a2 b2, then

E
h
Xt Xt

2
i

E

"����

Z t

0

�
b s;Xs;E Xs b s;Xs;E Xs

�
ds

����

2
#

E

"����

Z t

0

�
� s;Xs;E Xs � s;Xs;E Xs

�
dWs

����

2
#

:
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The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

According to the inequality of Cauchy Schwarz and by the isometry of d’itô we have:

E

���Xt Xt

���
2
�

T:K2
R t

0
E

���Xs Xs

���
2
�
ds K2

R t

0
E

���Xs Xs

���
2
�
ds

T:K2 K2
R t

0
E Xs Xs

2 ds

C
R t

0
E Xs Xs

2 ds;

(1.15)

where C T:K2 K2 ; either:

� t E Xt Xs
2 ; � t C

Z t

0

� s ds ; t ; T :

Using Granwall’s lemma, with C0 implies � , we …nd:

E
h
Xs Xs

2
i

:

By applying the formula d’Itô to Yt Yt
2, we …nd:

d Yt Yt
2 Yt Yt d Yt Yt d Y Y; Y Y t:

By passing to the integral from t to T and expectation, we have:

E
h
Yt Yt

2
i

E

Z T

t

Zs Zs
2 ds

�

E

���g XT ;E XT g XT ;E XT

���
2
�

E

Z T

t

D
Ys Ys; f s;Xs;E Xs ; Ys;E Ys ; Zs;E Zs

f s;Xs;E Xs ; Ys;E Ys ; Zs;E Zs

Ei
:
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The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

So:

E
h
Yt Yt

2
i

E
hR T

t
Zs Zs

2 ds
i

k2E
h
XT XT

i
K:E

hR T

t
Ys Ys Xs Xs

E Xs Xs Ys Ys E Ys Ys

Zs Zs E Zs Zs

i
:

By the Yong’s inequality we have:

E
h
Yt Yt

2
i

E
hR T

t
Zs Zs

2 ds
i

K2E
h
XT XT

2
i

K2"2:E
hR T

t
Ys Ys

2 ds
i

6
"2
E
hR T

t
Xs Xs

2 ds
i

6
"2
E
hR T

t
Ys Ys

2 ds
i

6
"2
E
hR T

t
Zs Zs

2 ds
i
:

We pose 6
"2

1
2
; then :

E
h
Yt Yt

2
i

1
2
E
hR T

t
Zs Zs

2 ds
i

k2E
h
XT XT

2
i

K2 1
2
E
hR T

t
Ys Ys

2 ds
i

1
2
E
hR T

t
Xs Xs

2 ds
i
:

By inequality : we have:

E
h
Xs Xs

2
i

:

Then Xs Xs and XT XT ; so:

E
h
Yt Yt

2
i

1
2
E
hR T

t
Zs Zs

2 ds
i

CE
hR T

t
Yt Yt

2 ds
i
;

with C K2 1
2
:
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The existence and uniqueness of solution for nonlinear mean-…eld FBSDE

We can extract two inequalities:

E



0 t T
Yt Yt

2

�
CE


Z T

t

Ys Ys
2 ds

�
; (1.16)

and

E

Z T

t

Zs Zs
2 ds

�
CE


Z T

t

Ys Ys
2 ds

�
: (1.17)

According to Granwall’s lemma at : , (we have b ), so:

E



0 t T
Yt Yt

2

�
: (1.18)

Replacing : in : a gives us :

E

Z T

t

Zs Zs
2 ds

�
:

Therefore Yt Yt; Zs Zs: which proves uniqueness.
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Chapter 2

Necessary optimality conditions

for relaxed control problems for

nonlinear MF-FBSDE

In this section, we establish necessary optimality conditions for relaxed control prob-

lems driven by systems of nonlinear MF-FBSDEs. This chapter is inspired from [2],

[4] and [5].

2.1 Necessary optimality conditions for relaxed

control problems

2.1.1 Relaxed control

Let V be the set of Radon measure on ; T U whose projection on ; T coincides

with the Lebesgue measure dt, equipped with the topology of the stable convergence

of the measure. The space V is equipped with its Borelian tribe, which is the smallest

tribe such that the map q
Z
f s; a q ds; da is measurable for any measurable

20



Necessary optimality conditions for relaxed control problems for nonlinear
MF-FBSDE

function f , bounded and continuous in a .

A relaxed control q is a random variable q w; dt; da with value in V such that

for each t; [0;t]q is t-measurable ( t � Bs; s t ). Any relaxed control

can be integrated into q w; dt; da dtq w t da where q t; da is a progressively

measurable process with values in the space of probability measures.

De…nition 2.1.1 A relaxed control q is a random variable q w; dt da with value in

V such that for each t; [0;t]q is t-measurable.

We denote by all the relaxed controls.

Remark 2.1.1 Let P U denote the space of probability measures on B U equipped

with the topology of weak convergence, where U is a nonempty Borel compact subset

of Rk. In a relaxed control problem, the U -valued process vt is replaced by an P U -

valued process qt. Moreover, if qt du �vt du is a Dirac measure charging a strict

control vt for each t, then we get that the strict control problem is a particular case

of the relaxed one.

To establish necessary optimality conditions for relaxed control, let us consider a

relaxed control problem governed by the following MF-FBSDE:

8
>>>>>>><

>>>>>>>:

dX�
t

R
U
b t;X�

t ;E X
�
t ; u 
t du dt

R
U
� t;X�

t ;E X
�
t ; u 
t du dWt

dY �
t

R
U
f t;X�

t ;E X
�
t ; Y

�
t ;E Y

�
t ; Z�

t ;E Z
�
t ; u 
t du dt

Z�
t dWt

X�
0 x; Y �

T h X�
T ;E X

�
T ; t ; T ;

(2.1)

and the functional cost to be minimized over the set of relaxed controls , is given
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Necessary optimality conditions for relaxed control problems for nonlinear
MF-FBSDE

by:

J 
: E � X�
T ;E X

�
T � Y �

0 ;E Y
�
0 (2.2)

Z T

0

Z

U

l t;X�
t ;E X

�
t ; Y

�
t ;E Y

�
t ; Z�

t ;E Z
�
t ; u 
t du dt :

We say that a relaxed control q: is an optimal control if:

J q:
�:

J 
: : (2.3)

According to the fact that the set of relaxed controls is convex, then to establish

necessary optimality condition we use the convex perturbation method. Let q be

an optimal relaxed control with associated trajectories Xq
t ; Y

q
t ; Z

q
t solution of the

MF-FBSDEs : . Then, we can de…ne a perturbed relaxed control by:

q"t qt " 
t qt ;

where " > is su¢ciently small and 
: is an arbitrary element of . Denote by

X"
t ; Y

"
t ; Z

"
t the solution of the system : corresponding to the perturbed relaxed

control q": .

We shall consider in this section the following assumptions.

(H1) (Regularity conditions)

22



Necessary optimality conditions for relaxed control problems for nonlinear
MF-FBSDE

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

i the mappings b; h; �; � are bounded and continuously di¤erentiable with

respect to x; x
0
; and the functions f and � are bounded and continuously

di¤erentiable with respect to X;X
0
; Y; Y

0
; Z; Z

0
and X;X

0
, respectively,

ii the derivatives of b; h; �; f with respect to the above arguments are

continuous and bounded

iii the derivatives of l are bounded by C X X
0

Y Y
0

Z Z
0
;

i
 the derivatives of � and � are bounded by C X X
0
and

C Y Y
0
respectively,

for some positive constant C.

2.1.2 T he variational in equality

Using the optimality of q:, the variational inequality will be derived from the following

inequality

J q" J q :

For this end, we need some results.

P rop osition 2.1.1 Under assumptions (H1), we have:

" 0
E



0 t T
X"

t Xq
t

2

�
; (2.4)

" 0
E



0 t T
Y "
t Y q

t
2

�
; (2.5)

" 0
E

Z T

0

Z"
t Zq

t
2 dt

�
; (2.6)
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P roof: We calculate E X"
t Xq

t
2 and using the de…nition of q"t to get:

E X"
t Xq

t
2 CE

hR t

0

R
U
b s;X"

s ;E X"
s ; u qs du

R
U
b s;Xq

s ;E Xq
s ; u qs du

2 ds
�

C:"2E
hR t

0

��R
U
b s;X"

s ;E X"
s ; u 
s du qs du

��2 ds
i

CE
R t

0

R
U
� s;X"

s ;E X"
s ; u qs du

R
U
� s;Xq

s ;E Xq
s ; u qs du

2 ds
�

C:"2E
hR t

0

��R
U
� s;X"

s ;E X"
s ; u 
s du qs du

��2 ds
i
:

Since b and � are uniformly Lipschitz and bounded, we can show

E X"
t Xq

t
2 CE


Z t

0

X"
s Xq

s
2 ds

�
C"2:

Applying Granwall’s lemma and Burkholder-Davis-Gundy inequality, we get : .

On the other hand, applying Itô’s formula to Y "
t Y q

t
2, taking expectation and

applying Young’s inequality, to obtain

E
h
Y "
t Y q

t
2
i

E
hR T

t
Z"
s Zq

s
2 ds

i

E
h
h X"

T ;E X"
T h Xq

T ;E X
q
T

2
i

1
�
E
hR T

t
Y "
s Y q

s
2 ds

i

�E
hR T

t

��R
U
f s; X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u q
"
s du

R
U
f s;Xq

s ;E Xq
s ; Y

q
s ;E Y q

s ; Z
q
s ;E Zq

s ; u qs du
��2 ds

i
:
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Then,

E Y "
t Y q

t
2 E

R T

t
Z"
s Zq

s
2 ds

E
h
h X"

T ;E X"
T h Xq

T ;E X
q
T

2
i

1
�
E
hR T

t
Y "
s Y q

s
2 ds

i

C�E
hR T

t

��R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u q
"
s du

R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u qs du
��2 ds

i

C�E
hR T

t

��R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u qs du
R
U
f s;Xq

s ;E Xq
s ; Y

q
s ;E Y q

s ; Z
q
s ;E Zq

s ; u qs du
��2 ds

i
:

Using the de…nition of q"t , we obtain:

E Y "
t Y q

t
2 E

hR T

t
Z"
s Zq

s
2 ds

i

E h X"
T ;E X"

T h Xq
T ;E X

q
T

2

1
�
E
hR T

t
Y "
s Y q

s
2 ds

i

C�"2E
hR T

t

��R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u 
s du
R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u qs du
��2 ds

i

C�E
hR T

t

��R
U
f s;X"

s ;E X"
s ; Y

"
s ;E Y "

s ; Z
"
s ;E Z"

s ; u qs du
R
U
f s;Xq

s ;E Xq
s ; Y

q
s ;E Y q

s ; Z
q
s ;E Zq

s ; u qs du
��2 ds

i
:

Since f and h are uniformly Lipschitz with respect to their arguments, we have:

E Y "
t Y q

t
2 E

hR T

t
Z"
s Zq

s
2 ds

i

1
�

C� E
hR T

t
Y "
s Y q

s
2 ds

i

C�E
hR T

t
Z"
s Zq

s
2 ds

i
�"t ;

(2.7)

where:

�"t E X"
T Xq

T
2 C�E


Z T

t

X"
s Xq

s
2 ds

�
C�"2:
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From : we can show that

" 0
�"t : (2.8)

Choose � 1
2C

> ; then the inequality : becomes

E Y "
t Y q

t
2 1

2
E
hR T

t
Z"
s Zq

s
2 ds

i

C 1
2
E
hR T

t
Y "
s Y q

s
2 ds

i
�"t ;

we derive from this inequality, two inequalities

E Y "
t Y q

t
2 C E


Z T

t

Y "
s Y q

s
2 ds

�
�"t ; (2.9)

and

E

Z T

t

Z"
s Zq

s
2 ds

�
C E


Z T

t

Y "
s Y q

s
2 ds

�
�"t : (2.10)

Applying Granwall’s lemma and Burkholder-Davis-Gundy inequality in : and

using : and : to get : . Finally : derived from : , : and : :
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2.1.3 V ariational equation s

P rop osition 2.1.2 Let Xt; Yt; Zt , be the solution of the following variational equa-

tions of MF-FBSDE :

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

dXt

R
U
bX t;Xq

t ;E X
q
t ; u qt du Xtdt E

R
U
bX0 t;Xq

t ;E X
q
t ; u qt du E Xt dt

R
U
�X t; Xq

t ;E X
q
t ; u Xt E �X0 t;Xq

t ;E X
q
t ; u E Xt qt du dWt

R
U
b t;Xq

t ;E X
q
t ; u qt du

R
U
b t;Xq

t ;E X
q
t ; u 
t du dt

R
U
� t;Xq

t ;E X
q
t ; u qt du

R
U
� t;Xq

t ;E X
q
t ; u 
t du dWt

dYt
R
U
fX t; �q

t ; u qt du Xt E
R
U
fX0 t; �q

t ; u qt du E Xt

R
U
fY t; �q

t ; u qt du Yt E
R
U
fY 0 t; �q

t ; u qt du E Yt
R
U
fZ t; �q

t ; u qt du Zt E
R
U
fZ0 t; �

q
t ; u qt du E Zt

R
U
f t; �q

t ; u qt du
R
U
f t; �q

t ; u 
t du dt ZtdWt;

X0 ; YT hX Xq
T ;E X

q
T XT E hX 0 Xq

T ;E X
q
T E XT ;

(2.11)

where t; �q
t ; u t;Xq

t ;E X
q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u :

We have the following estimates:

" 0
E



0 t T "
X"

t Xq
t Xt

2

�
; (2.12)

" 0
E



0 t T "
Y "
t Y q

t Yt
2

�
; (2.13)

" 0
E

Z T

0 "
Z"
t Zq

t Zt
2 dt

�
: (2.14)

P roof. For simplicity, denote by:

X"
t "

X"
t Xq

t Xt; Y"
t "

Y "
t Y q

t Yt; Z"
t "

Z"
t Zq

t Zt: (2.15)
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i) Let us prove : . From : , : and notations : , we have:

X"
t "

Z t

0


Z

U

b s;X"
s ;E X"

s ; u q
"
s du

Z

U

b s;Xq
s ;E Xq

s ; u q
"
s du

�
ds (2.16)

"

Z t

0


Z

U

b s;Xq
s ;E Xq

s ; u q
"
s du

Z

U

b s; Xq
s ;E Xq

s ; u qs du

�
ds

"

Z t

0


Z

U

� s;X"
s ;E X"

s ; u q
"
s du

Z

U

� s;Xq
s ;E Xq

s ; u q
"
s du

�
dWs

"

Z t

0


Z

U

� s;Xq
s ;E Xq

s ; u q
"
s du

Z

U

� s;Xq
s ;E Xq

s ; u qs du

�
dWs

Z t

0

Z

U

bX s;Xq
s ;E Xq

s ; u qs du Xsds

Z t

0

E

Z

U

bX0 s;Xq
s ;E Xq

s ; u qs du E Xs

�
ds

Z t

0

Z

U

�X s;Xq
s ;E Xq

s ; u qs du XsdWs

Z t

0

E

Z

U

�X0 s;Xq
s ;E Xq

s ; u qs du E Xs

�
dWs

Z t

0

�Z

U

b s;Xq
s ;E Xq

s ; u qs du

Z

U

b s;Xq
s ;E Xq

s ; u 
s du

	
ds

Z t

0

�Z

U

� s;Xq
s ;E Xq

s ; u qs du

Z

U

� s;Xq
s ;E Xq

s ; u 
s du

	
dWs:

We have: X"
t

1
"
X"

t Xq
t Xt , so: X"

t Xt
1
"
X"

t Xq
t ; and using the de…nition

of q"s :

"

Z t

0


Z

U

b s;X"
s ;E X"

s ; u q
"
s du

Z

U

b s;Xq
s ;E Xq

s ; u q
"
s du

�
ds

"

Z t

0

Z

U

� s;X"
s ;E X"

s ; u q
"
s du

Z

U

� s;Xq
s ;E Xq

s ; u q
"
s du dWs

"

Z t

0

Z

U

b s;X"
s ;E X"

s ; u b s; Xq
s ;E Xq

s ; u qs " 
s qs du ds

"

Z t

0

Z

U

� s;X"
s ;E X"

s ; u � s; Xq
s ;E Xq

s ; u qs " 
s qs du dWs:
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According to the development, we have:

�
"

Z t

0

�Z

U

b s;X"
s ;E X"

s ; u b s; Xq
s ;E Xq

s ; u qs " 
s qs du

	
ds

(2.17)

"

Z t

0

Z

U

� s;X"
s ;E X"

s ; u � s;Xq
s ;E Xq

s ; u qs " 
s qs du dWs

"

Z t

0

Z 1

0

�Z

U

bX X" 	 X" Xq X" Xq qs " 
s qs du

	
ds

"

Z t

0

Z 1

0

�Z

U

E bX 0 X" 	 X" Xq E X" Xq qs " 
s qs du

	
ds

"

Z t

0

Z 1

0

�Z

U

�X X" 	 X" Xq X" Xq qs " 
s qs du

	
dWs

"

Z t

0

Z 1

0

�Z

U

E �X 0 X" 	 X" Xq E X" Xq qs " 
s qs du

	
dWs

"

Z t

0

Z 1

0

�Z

U

bX X" 	" X"
t Xt " X"

t Xt qs " 
s qs du

	
ds

"

Z t

0

Z 1

0

Z

U

E
h
bX0 X" 	" X"

t Xt "E
h
X"

t Xt

i
qs " 
s qs du ds

"

Z t

0

Z 1

0

�Z

U

�X X" 	" X"
t Xt " X"

t Xt qs " 
s qs du

	
dWs

"

Z t

0

Z 1

0

�Z

U

E
h
�X0 X" 	" X"

t Xt "E
h
X"

t Xt

i
qs " 
s qs du

i	
dWs

Using publishing and compensation : in : and taking expectation, we ob-

tain:

E X"
t CE

hR t

0

R 1
0

R
U

bX s; "
s; u X"

t
2 qs du d	ds

i

CE
hR t

0

R 1
0

R
U
E bX0 s; "

s; u E X
"
t

2
qs du d	ds

i

CE
hR t

0

R 1
0

R
U
�X s; "

s; u X"
t
2 qs du d	dWs

i

CE
hR t

0

R 1
0

R
U
E �X 0 s; "

s; u E X
"
t

2
qs du d	dWs

i
CE "

t
2 ;

where s; "
s; u s; Xq

s 	" X"
s Xs ;E Xq

s 	" X"
s Xs ; u ;
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and

"
t

Z t

0

Z 1

0

Z

U

bX s; "
s; u X"

s Xq
s 
s du d	ds

Z t

0

Z 1

0

Z

U

E bX0 s; "
s; u E X"

s Xq
s 
s du d	ds

Z t

0

Z 1

0

Z

U

bX s; "
s; u X"

s Xq
s qs du d	ds

Z t

0

Z 1

0

Z

U

E bX0 s; "
s; u E X"

s Xq
s qs du d	ds

Z t

0

Z 1

0

Z

U

bX s; "
s; u Xs E bX0 s; "

s; u E Xs qs du d	ds

Z t

0

Z 1

0

Z

U

�X s; "
s; u X"

s Xq
s 
s du d	dWs

Z t

0

Z 1

0

Z

U

E �X 0 s; "
s; u E X"

s Xq
s 
s du d	dWs

Z t

0

Z 1

0

Z

U

�X s; "
s; u X"

s Xq
s qs du d	dWs

Z t

0

Z 1

0

Z

U

E �X0 s; "
s; u E X"

s Xq
s qs du d	dWs

Z t

0

Z 1

0

Z

U

�X s; "
s; u Xs E �X0 s; "

s; u E Xs qs du d	dWs

Z t

0

Z

U

bX s;Xq
s ;E Xq

s ; u Xsqs du ds

Z t

0

Z

U

E bX0 s;Xq
s ;E Xq

s ; u E Xs qs du ds

Z t

0

Z

U

�X s; Xq
s ;E Xq

s ; u Xsqs du dWs

Z t

0

Z

U

E �X0 s;Xq
s ;E Xq

s ; u E Xs qs du dWs

since bX ; bX0 ; �X ; �X 0 are continuous and bounded we have:

E X"
t
2 CE


Z t

0

X"
t
2 ds

�
CE "

t
2 ; (2.18)
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and

" 0
E "

t
2 : (2.19)

By using : , Granwall’s lemma and Burkholder-Davis-Gundy inequality in : ,

one can show : .

ii) By the same method as in : , we can prove : and : .

Proposition 2.1.3 (Variational inequality). Let (H1), holds. Let q: be an optimal

relaxed control with associated trajectories Xq:
t ; Y

q:
t ; Z

q:
t . Then, for any element 
:

of , we have:

E �X Xq
T ;E X

q
T XT E �X0 Xq

T ;E X
q
T E XT (2.20)

E �Y Y q
0 ;E Y

q
0 Y0 E �Y 0 Y q

0 ;E Y
q
0 E Y0

E
Z T

0

Z

U

lX t; �q
t ; u Xt E lX0 t; �q

t ; u E Xt

lY t; �q
t ; u Yt E lY 0 t; �q

t ; u E Yt

lZ t; �q
t ; u Zt E lZ0 t; �

q
t ; u E Zt qt du dt

E
Z T

0

Z

U

l t; Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u 
t du

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u qt du dt :
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Proof. From the optimality of q: we have:

E � X"
T ;E X"

T � Xq
T ;E X

q
T

E � Y "
0 ;E Y "

0 � Y q
0 ;E Y

q
0

E
Z T

0

Z

U

l t; X"
t ;E X"

t ; Y
"
t ;E Y "

t ; Z
"
t ;E Z"

t ; u q
"
t du

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u q

"
t du dt

E
Z T

0

Z

U

l t; Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u q

"
t du

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u qt du dt :

Let us divide this inequality by " and using the de…nition of q"t and from the notation

: , we have:

E
Z 1

0

�X
"
T XT E �X

0 "
T E XT d	 (2.21)

E
Z 1

0

�Y Y q
0 	" Y"

0 Y0 ;E Y q
0 	" Y"

0 Ys Y0

E �Y 0 Y q
0 	" Y"

0 Y0 ;E Y q
0 	" Y"

0 Ys E Y0 d	

E
Z T

0

Z 1

0

Z

U

lX t; "
t ; u Xt E lX0 t; "

t ; u E Xt

lY t; "
t ; u Yt E lY 0 t; "

t ; u E Yt

lZ t; "
t ; u Zt E lZ0 t;

"
t ; u E Zt qt du d	dt

E
Z T

0

Z

U

l t; Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u 
t du

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u qt du dt "

t ;
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where "
t is given by:

"
t E

Z 1

0

�X
"
T X"

T E �X0 "
T E X"

T d	

E
Z 1

0

�Y Y q
0 	" Y"

0 Y0 ;E Y q
0 	" Y"

0 Ys Y"
0

E �Y 0 Y q
0 	" Y"

0 Y0 ;E Y q
0 	" Y"

0 Ys E Y "
0 d	

E
Z T

0

Z 1

0

Z

U

lX t; "
t ; u X"

t Xq
t E lX0 t; "

t ; u E X"
t Xq

t

lY t; "
t ; u Y "

t Y q
t E lY 0 t; "

t ; u E Y "
t Y q

t

lZ t; "
t ; u Z"

t Zq
t E lZ0 t;

"
t ; u E Z"

t Zq
t 
t du d	dt

E
Z T

0

Z 1

0

Z

U

lX t; "
t ; u X"

t Xq
t E lX0 t; "

t ; u E X"
t Xq

t

lY t; "
t ; u Y "

t Y q
t E lY 0 t; "

t ; u E Y "
t Y q

t

lZ t; "
t ; u Z"

t Zq
t E lZ0 t;

"
t ; u E Z"

t Zq
t qt du d	dt

E
Z T

0

Z 1

0

Z

U

lX t; "
t ; u X"

t E lX0 t; "
t ; u E X"

t

lY t; "
t ; u Y"

t E lY 0 t; "
t ; u E Y"

t

lZ t; "
t ; u Z"

t E lZ0 t;
"
t ; u E Z"

t qt du d	dt

Since the derivatives �X ; �X
0 ; �Y ; �Y 0 ; lX ; lX0 ; lY ; lY 0 ; lZ ; lZ0 are continuous and bounded,

then by using; : , : ; : ; : ; : ; : and the Cauchy-Schwartz in-

equality we show that

" 0
E "

t
2 :

Then let " go to in : , we get the variational inequality.
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2.1.4 Necessary optimality conditions for relaxed control.

Let us introduce the adjoint equations of the MF-FBSDE : and then gives the

maximum principle.

De…ne the Hamiltonian H from:

; T Rn Rn Rm Rm Rm d Rm d U Rm Rn;

to R by

H t;X;X
0
; Y; Y

0
; Z; Z

0
; 
; ; ; (2.22)

Z

U

b t;X;X
0
; u 
 du

Z

U

� t;X;X
0
; u 
 du

Z

U

f t;X;X
0
; Y; Y

0
; Z; Z

0
; u 
 du

Z

U

l t; t; X;X
0
; Y; Y

0
; Z; Z

0
; u 
 du :

Theorem 4.4. (Necessary optimality conditions for relaxed control)

Assume that H1 , holds. Let q: an optimal relaxed control. Let Xq; Y q; Zq

be the associated solution of MF-FBSDE : . Then there exists a unique solution

q; q; q of the following adjoint equations of MF-FBSDE : :

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

d q
t HX t; �qt ; qt; �

q
t E HX0 t; �qt ; qt; �

q
t dt q

tdWt;

d q
t HY t; �qt ; qt; �

q
t E HY 0 t; �qt ; qt; �

q
t dt

HZ t; �qt ; qt; �
q
t E HZ0 t; �

q
t ; qt; �

q
t dWt;

q
0 �Y Y q

0 ;E Y
q
0 E kX 0 Y q

0 ;E Y
q
0 ;

q
T �X Xq

T ;E X
q
T E �X 0 Xq

T ;E X
q
T hX Xq

T ;E X
q
T

q
T

E hX 0 Xq
T ;E X

q
T E q

T ;

(2.23)
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such that:

H t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; qt;

q
t ;

q
t ;

q
t (2.24)

H t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; 
t;

q
t ;

q
t ;

q
t ;

a.e.t, P a:s, 
 P U ; where

t; �qt ; qt; �
q
t t;Xq

t ;E X
q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; qt;

q
t ;

q
t ;

q
t :

Proof. From : , the inequality variational : becomes

E q
T ;XT E hX Xq

T ;E X
q
T

q
T (2.25)

E hX0 Xq
T ;E X

q
T E q

T E q
0; Y0

E
Z T

0

Z

U

lX t; �q
t ; u Xt E lX0 t; �q

t ; u E Xt

lY t; �q
t ; u Yt E lY 0 t; �q

t ; u E Yt

lZ t; �q
t ; u Zt E lZ0 t; �

q
t ; u E Zt qt du dt

E
Z T

0

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u 
t du

Z

U

l t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; u qt du dt :

Now applying Itô’s formula to compute q
t ; Xt and

q
t ; Yt and taking the expect-
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ations we derive:

d q
t ; Xt

q
tdXt Xtd

q
t d ;X t

q
t

�Z

U

bX t;Xq
t ;E X

q
t ; u qt du Xtdt

E

Z

U

bX0 t;Xq
t ;E X

q
t ; u qt du E Xt

�
dt

Z

U

�X t;Xq
t ;E X

q
t ; u qt du XtdWt

E

Z

U

�X0 t;Xq
t ;E X

q
t ; u qt du E Xt

�
dWt

Z

U

b t;Xq
t ;E X

q
t ; u qt du 
t du dt

Z

U

� t;Xq
t ;E X

q
t ; u qt du 
t du dWt

Xt HX t; �qt ; qt; �
q
t E HX

0 t; �qt ; qt; �
q
t dt

q
tdWt

q
t

�Z

U

�X t; Xq
t ;E X

q
t ; u Xt

E �X0 t;Xq
t ;E X

q
t ; u E Xt qt du dWt

Z

U

� t;Xq
t ;E X

q
t ; u qt du 
t du dWt

	
:

Integring between to T; taking expectation and using the fact that X0 , we

…nd:
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E q
T ; XT E


Z T

0

q
t

�Z

U

bX t;Xq
t ;E X

q
t ; u qt du Xt

E

Z

U

bX0 t;Xq
t ;E X

q
t ; u qt du E Xt

�

Z

U

b t;Xq
t ;E X

q
t ; u qt du 
t du

	
dt

�

E

Z T

0

Xt HX t; �qt ; qt; �
q
t E HX

0 t; �qt ; qt; �
q
t dt

�

E

Z T

0

q
t

�Z

U

�X t;Xq
t ;E X

q
t ; u qt du Xt

E

Z

U

�X0 t;Xq
t ;E X

q
t ; u qt du E Xt

�

Z

U

� t;Xq
t ;E X

q
t ; u qt du 
t du

	
dWt

�
;

by the de…nition of the Hamiltonian H, we get

E q
T ; XT E


Z T

0

q
t

�Z

U

fX t; �q
t ; u qt du Xt

E

Z

U

fX 0 t; �q
t ; u qt du E Xt

�	
dt

E

Z T

0

Z

U

lX t; �q
t ; u Xt E lX 0 t; �q

t ; u E Xt dt

�

E

Z T

0

q
t

Z

U

b t;Xq
t ;E X

q
t ; u qt du 
t du dt

�

E

Z T

0

q
t

Z

U

� t;Xq
t ;E X

q
t ; u qt du 
t du dWt

�
;
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and

d q
t ; Yt

q
tdYt Ytd

q
t d ; Y t

q
t

�Z

U

fX t; �q
t ; u qt du Xt

E

Z

U

fX 0 t; �q
t ; u qt du E Xt

�

Z

U

fY t; �q
t ; u qt du Yt

E

Z

U

fY 0 t; �q
t ; u qt du E Yt

�

Z

U

fZ t; �q
t ; u qt du Zt

E

Z

U

fZ0 t; �
q
t ; u qt du E Zt

�

Z

U

f t; �q
t ; u qt du 
t du

	
dt q

tZtdWt

Yt HY t; �qt ; qt; �
q
t E HY

0 t; �qt ; qt; �
q
t dt

HZ t; �qt ; qt; �
q
t E HZ0 t; �

q
t ; qt; �

q
t dWt

HZ t; �qt ; qt; �
q
t E HZ0 t; �

q
t ; qt; �

q
t Ztdt

Integring between to T; taking expectation and using the de…nition of the Hamilto-
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nian H, we …nd:

E q
0; Y0 E q

T ; YT

E

Z T

0

�
q
t ;

Z

U

fX t; �q
t ; u qt du Xt

Z

U

E
h
fX 0 t; �q

t ; u E Xt

i
qt du dt

E

Z T

0

�Z

U

lY t; �q
t ; u qt du Yt

E
Z

U

lY 0 t; �q
t ; u qt du E

h
Yt

i	
dt

�

E

Z T

0

�Z

U

lZ t; �q
t ; u qt du Zt

E
Z

U

lZ0 t; �
q
t ; u qt du E

h
Zt

i	
dt

�

E
Z T

0

q
t

Z

U

f t; �q
t ; u qt du 
t du dt:

Substitute the above equalities in inequality : to get, for every 
 , we get

E
Z T

0

H t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; qt;

q
t ;

q
t ;

q
t dt

E
Z T

0

H t;Xq
t ;E X

q
t ; Y

q
t ;E Y

q
t ; Z

q
t ;E Z

q
t ; 
t;

q
t ;

q
t ;

q
t dt ;

a.e.t, P a:s, 
 P U : Therefore inequality : follows by a standard argu-

ments.
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Conclusion

We have established in this memory the necessary conditions of optimality for a re-

laxed control problem, for systems governed by nonlinear forward-backward stochastic

di¤erential equations of mean …eld type (MF-FBSDE). Here the coe¢cients of the

system depend on the state processes as well as their distribution via the expectation

of state processes. In addition, the cost functional is also of mean …eld type.

The relaxed control problem is a generalization of the strict control problem. Indeed,

if qt da �ut da is a Dirac measure concentrated at a single point which is the

strict control ut U , then we obtain that the strict control problem is a particular

case of the relaxed control problem. If the coe¢cients of the system depend on the

state processes as well as their distribution, in this case the system is called forward-

backward stochastic di¤erential equations of Mckean–Vlasov type (MV-FBSDE).
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Annexe A:

Lemma 2.1.1 (Granwall’s Lemma):

Let g ; T R be a continuous function verifying:

t ; T ; g t � t �

Z t

0

g s ds:

For a constant � and for a function � ; T R integrable with respect to the

Lebesgue measure, we then have:

t ; T ; g T �e�t;

and if � ; we have g :

Chebyshev’s inequality

�
P X E X K

V ar X

K2



:

Doop’s inequality:

8
>>>><

>>>>:

P 0 t T Bt C P 0 t T 	Bt 	C

E[exp(�BT )]
exp(�C)

1
2
	2T 	C

9
>>>>=

>>>>;

:
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Annexe A:

Picard’s inequality:

T x t T y t

Z t

a

f s; x s ds

Z t

a

f s; y s ds

Z t

a

f s; x s

Z t

a

f s; y s ds

Z t

a

L x s y s ds

t a L x y :
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Annexe B: Abreviations et

Notations

Les di¤érentes abréviations et notations utilisées tout au long de ce mémoire sont

expliquées ci-dessous:

E : Expectation:

FBSDE Forward and backward stochastic di¤erential equation.

MF FBSDE
Forward and backward stochastic di¤erential equation

of mean-…eld type


 relaxed Control

q optimal relaxed control

P p:s Almost certainly for the probability measure P

limit

J : The cost function to be minimized

H The Hamiltonian
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 Dans ce travail, nous étudions les conditions  nécessaires d'optimalité des 
contrôles relaxé pour les équations différentielles stochastique progressives et 
rétrogrades (EDSPR) non linéaires de type champ moyen. Dans le premier 
chapitre, nous démontrons un théorème d'existence et d'unicité de solution des 
EDSPR non linéaires de type champ moyen. Dans le deuxième chapitre nous  
établirons les conditions nécessaires d'optimalités  sous forme d'un principe de 
maximum stochastique pour le contrôle relaxé des systèmes des EDSPR non 
linéaires de type champ moyen. 

 

In this work we study the necessary optimality  conditions of relaxed controls 
for nonlinear forward-backward stochastic differential equations (FBSDEs) of 
mean-field type. In the first chapter, we demonstrate a theorem of existence and 
uniqueness of the solutions of nonlinear FBSDEs of mean-field type. In the 
second chapter, we establish the necessary optimality  conditions in the form of 
a stochastic maximum principle for relaxed controls for system of nonlinear 
FBSDEs of mean-field-type. 

 ملخصال

للمعادلات التفاضلية  خيالمر للتحكم لازمةالعمل نقوم بدراسة الشروط ال في هذا
، وفي الفصل غير الخطية من نوع المجال المتوسط التراجعيةالتقدمية العشوائية الزمنية 

وجود ووحدانية الحل للمعادلات التفاضلية العشوائية الزمنية ببرهان نظرية الأول نقوم 
ندرس الشروط الفصل الثاني  التقدمية التراجعية غير الخطية من نوع المجال المتوسط.

 . خيلنظام متوسط المجال في شكل مبدأ أقصى عشوائي لعناصر التحكم المر لازمةال

 
 


