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Symbols and acronyms

The different abbreviations and ratings used throughout this thesis are explained below:

(Ω,F ,F, P ) Probability space.(
Ω̂, F̂ , F̂, P̂

)
Copy of the probability space (Ω,F ,F, P ) .

Ft Filtration.

FWt Filtration generated by W.

FYt Filtration generated by Y.

SDE Stochastic differential equation.

BSDE Backward stochastic differential equation.

R Real numbers.

N Natural numbers.

ODE Ordinary differential equation.

U The set of the admissible control variables.

H The Hamiltonian function.

L2
(
F ;Rd

)
The Hilbert space.

L2
F (0, T,Rn) The set of all Rn-valued square-integrable Ft-adapted processes.

L2
F(Ω,Rn) The set of all Rn-valued square-integrable FT -measurable random variables.

Q2

(
Rd
)

The space of all probability measures.
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Introduction

Stochastic optimal control is a field of mathematics that deals with the optimization

of control policies for systems that are subject to random disturbances or noise. It

extends the principles of optimal control theory to systems that evolve probabilistically

over time, rather than deterministically. Stochastic optimal control has a wide range of

applications, including: finance, mechanics, biology, electricity, chemistry, economics, etc.

One of the well-known approaches to solving the optimal control problem is the stochastic

maximum principle (SMP).

The stochastic maximum principle for McKean-Vlasov systems without partial observa-

tion has been explored by numerous researchers. For instance, Buckdahn et al. [3] devel-

oped the stochastic maximum principle for general mean-field systems using the method

of second-order derivatives concerning probability measures. Additionally, Carmona and

Delarue [4] introduced a new version of the stochastic maximum principle for nonlinear sto-

chastic dynamical systems of the McKean—Vlasov type and provided suffi cient conditions

for the existence of an optimal control.

However, the aforementioned studies all assume that controllers have access to complete

information, an assumption that is not always realistic. In practice, controllers often have

access only to partial information. Consequently, it is logical to investigate these types

of optimal control problems under conditions of partial observation. There is extensive

literature on the subject of partially observed optimal control problems; see, for example,

[1, 2, 5, 7, 6, 8, 9, 10].
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Introduction

The objective of this thesis is to study the necessary conditions (also referred to as the

stochastic maximum principle) as well as suffi cient conditions of the partially observed

optimal control problem of forward-backward stochastic differential equations (FBSDEs

for short) of McKean-Vlasov type. More precisely, the parameters of the system and the

cost function are influenced by the current state of the solution process as well as of its

probability measures under the assumption that the control domain is necessarily convex.

This study is based on the work of Abba and Lakhdari [1].

We present our work as follows:

• In the first chapter, we introduce some helpful concepts from stochastic analysis and

differential calculus on Wasserstein space.

• In the second chapter, we present the necessary and suffi cient conditions of optimality

for the partially observed optimal control problem of forward-backward stochastic

differential equations of McKean-Vlasov type.

• The last chapter is an application of our theoretical study, which is the partially

observed linear-quadratic control problem.
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Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

Chapter §.1
Stochastic analysis and differntial
calculus on Wasserstein space
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Chapter 1

Stochastic analysis and differntial

calculus on Wasserstein space

In this chapter, we introduce some helpful concepts from stochastic analysis and differ-

ential calculus on Wasserstein space.

1.1 Stochastic processes

Let (Ω,F , P ) be a probability space and T be a nonempty index set. A stochastic process

is a set of random variables {X(t) : t ∈ T} from (Ω,F , P ) to Rn. For any w ∈ Ω the map

t→ X(t, w) is called a sample path.

1.2 Natural fitration

Consider the stochastic process X = (Xt, t ≥ 0) on the probability space (Ω,F , P ). de-

noted by FXt for the natural filtration of X which is defined by FXt = δ(Xs, 0 ≤ s ≤ t).

Also, we called the filtaration generated by X.
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Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

1.3 Brownian motion

A stochastic process (W (t), t ≥ 0) is called a standard Brownian motion if:

• P [W (0) = 0] = 1.

• t→ W (t, w) is continuous. P − p.s.

• ∀s ≤ t,W (t)−W (s)is normally distributed; center with variation (t− s) i.e

W (t)−W (s) ∼ N(0, t− s).

• ∀n,∀0 ≤ t0 ≤ t1 ≤ ... ≤ tn, the variables
(
Wtn −Wtn−1 , .....,Wt1 −Wt0 ,Wt0

)
are inde-

pendents.

1.4 Martingale

Definition 1.4.1 (Martingale):{Xt} is a martingale with respect to fltration {Ft} if for

all t > s we have

i) Xt is Ft−measurable.

ii) E [|Xt|] <∞.

iii) E [Xt/Ft] = Xt

i) and ii) above, and

E [Xt/Ft] ≤ Xt,E [Xt/Ft] ≥ Xt P−a.s.

Proposition 1.4.1 Let Xt be a stochastic process such that for any stopping time T,Xt

is integral and

E [X0] = E [XT ] ,

then Xt is a martingale.

Definition 1.4.2 (Local martingale): An adapted process Xt is a local martingale if

there exists a sequence of stopping times {Tn} such that

5



Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

lim
n→∞

Tn (ω) =∞ P−a.s.

and the stopped process XTn∧t is a martingale for all n.

1.5 Notations and spaces

Let T be a fixed strictly positive real number and (Ω,F ,F, P ) be a complete filtered prob-

ability space equipped with two independent standard one-dimensional Brownian motions

W and Y . Also assume that F = {Ft}t≥0 and Ft := FWt ∨ FYt ∨ N , where N denotes

the totality of P -null set and FWt and FYt denotes the P -completed natural filtration gen-

erated by W and Y respectively. We denote by Rn the n-dimensional Euclidean space,

and by (·, ·) (resp. | · |) the inner product (resp. norm). The set of the admissible control

variables is denoted by U .

Throughout what follows, we will use the following notations.

• L2
F (0, T,Rn) the set of all Rn-valued square-integrable Ft-adapted processes.

• L2
F(Ω,Rn) the set of all Rn-valued square-integrable FT -measurable random vari-

ables.

• L2
(
F ;Rd

)
is the Hilbert space with inner product (x, y)2 = E [x.y] , x, y ∈ L2

(
F ;Rd

)
and the norm ‖x‖2 =

√
(x, x)2.

• Q2

(
Rd
)
the space of all probability measures µ on

(
Rd,B

(
Rd
))
with finite second

moment, i.e,
∫
Rd |x|

2 µ (dx) < ∞, endowed with the following 2-Wasserstein metric:

for µ, ν ∈ Q2

(
Rd
)
,D2(µ1, µ2) = inf


[∫
Rd |x− y|

2 ρ (dx, dy)
] 1

2

: ρ ∈ Q2

(
R2d
)
, ρ
(
·,Rd

)
= µ1, ρ

(
Rd, ·

)
= µ2

 .

•
(

Ω̂, F̂ , F̂, P̂
)
is a copy of the probability space (Ω,F ,F, P ) .

6



Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

•
(
ϑ̂, α̂

)
is an independent copy of the random variable (ϑ, α) defined on

(
Ω̂, F̂ , F̂, P̂

)
,

such that

(ϑ, α) ∈ L2
(
F ;Rd

)
× L2

(
F ;Rd

)
.

•
(

Ω× Ω̂,F ⊗ F̂ ,F⊗ F̂, P⊗P̂
)
is the product probability space, such that

(
ϑ̂, α̂

)
(w, ŵ) = (ϑ (ŵ) , ξ (ŵ)) for any (w, ŵ) ∈ Ω× Ω̂.

Let
(
ût, x̂t, ŷt, ẑt, ̂̄zt) be an independent copy of (ut, xt, yt, zt, z̄t, rt) so that Pxt=P̂x̂t , Pyt=P̂ŷt ,

Pzt=P̂ẑt and Pz̄t=P̂̂̄zt .We denote by Ê [·] the expectation under probability measure P̂ and

PX = P◦X−1 denotes the law of the random variable X.

1.6 Differentiability with respect to probability mea-

sures

In the following, we introduce the basic notations of mean-field theory (the differentiability

with respect to probability measures). The principal idea is to identify a distribution

µ ∈ Q2

(
Rd
)
with a random variables ϑ ∈ L2

(
F ;Rd

)
so that µ = Pϑ. To be more precise,

we assume that probability space (Ω,F ,F, P ) is rich enough in the sense that for every

µ ∈ Q2

(
Rd
)
, there is a random variable ϑ ∈ L2

(
F ;Rd

)
such that µ = Pϑ. It is well-

known that the probability space ([0, 1] ,B [0, 1] , dx), where dx is the Borel measure, has

this property.

Next, for any function f : Q2

(
Rd
)
→ R, we induce a function f̃ : L2

(
F ;Rd

)
→ R such

that f̃ (ϑ) := f (Pϑ) , ϑ ∈ L2
(
F ;Rd

)
. Clearly, the function f̃ called the lift of f in the

literature, depends only on the law of ϑ ∈ L2
(
F ;Rd

)
and is independent of the choice of

the representative ϑ.

Definition 1.6.1
(
Differentiable function in Q2

(
Rd
))
A function f : Q2

(
Rd
)
→ R is

7



Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

said to be differentiable at µ0 ∈ Q2

(
Rd
)
if there exists ϑ0 ∈ L2

(
F ;Rd

)
with µ0 = Pϑ0

such that its lift f̃ is Fréchet differentiable at ϑ0. More precisely, there exists a continuous

linear functional Df̃ (ϑ0) : L2
(
F ;Rd

)
→ R such that

f̃ (ϑ0 + α)− f̃ (ϑ0) =
〈
Df̃ (ϑ0) , α

〉
+O (‖α‖2) = Dαf (µ0) +O (‖α‖2) , (1.1)

where 〈·, ·〉 is the dual product on L2
(
F ;Rd

)
, and we will refer to Dαf (µ0) as the Fréchet

derivative of f at µ0 in the direction α. In this case, we have

Dαf (µ0) =
〈
Df̃ (ϑ0) , α

〉
=

d

dt
f̃ (ϑ0 + tα)

∣∣∣∣
t=0

, with µ0 = Pϑ0 .

Note that by Riesz’s representation theorem, there is a unique random variable Λ0 ∈

L2
(
F ;Rd

)
such that

〈
Df̃ (ϑ0) , α

〉
= (Λ0, α)2 = E [(Λ0, α)2] , where α ∈ L2

(
F ;Rd

)
.

Then there exists a Boral function h [µ0] : Rd → Rd, depending only on the law µ0 = Pϑ0

but not on the particular choice of the representative ϑ0 such that Λ0 = h [µ0] (ϑ0) .

So, we can write equation (1.1) as

f (Pϑ)− f (Pϑ0) = (h [µ0] (ϑ0) , ϑ− ϑ0)2 +O (‖ϑ− ϑ0‖2) , ∀ϑ ∈ L2
(
F ;Rd

)
.

We shall denote ∂µf (Pϑ0 , x) = h [µ0] (x) , x ∈ Rd. Moreover, we have the following identi-

ties:

Df̃ (ϑ0) = Λ0 = h [µ0] (ϑ0) = ∂µf (Pϑ0 , ϑ0) ,

Dαf (Pϑ0) = 〈∂µf (Pϑ0 , ϑ0) , α〉 ,

where α = ϑ − ϑ0, and for each µ ∈ Q2

(
Rd
)
, ∂µf (Pϑ, ·) = h [Pϑ] (·) is only defined in a

Pϑ (dx)− a.e sense, where µ = Pϑ.

Definition 1.6.2 We say that the function f ∈ C1,1
b

(
Q2

(
Rd
))
if for all ϑ ∈ L2

(
F ;Rd

)
,

8



Chapter 1. Stochastic analysis and differntial calculus on Wasserstein space

there exists a Pϑ-modification of ∂µf (Pϑ, ·) such that ∂µf : Q2

(
Rd
)
×Rd → Rd is bounded

and Lipchitz continuous. That is for some C > 0, it holds that

1. |∂µf (µ, x)| ≤ C, ∀µ ∈ Q2

(
Rd
)
,∀x ∈ Rd;

2. |∂µf (µ, x)− ∂µf (µ́, x́)| ≤ C (D2(µ, µ́) + |x− x́|) ,∀µ, µ́ ∈ Q2

(
Rd
)
,∀x, x́ ∈ Rd.

Remark 1.6.1 If f ∈ C1,1
b

(
Q2

(
Rd
))
, the derivative ∂µf (Pϑ, ·) , ϑ ∈ L2

(
F ;Rd

)
indicated

in the Definition 2.2 is unique.

Definition 1.6.3 Let U be a nonempty convex subset of Rk. A control v : Ω× [0, T ]→ U

is called admissible if it is FYt -adapted and satisfies sup
0≤t≤T

E |vt|2 <∞.

9
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Chapter §.2
Necessary and suffi cient condition of

optimality
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Chapter 2

Necessary and suffi cient conditions of

optimality

In this chapter, we study the necessary and suffi cient conditions of optimality for our

system of McKean—Vlasov type, satisfied by a partially observed optimal control, assuming

that the solution exists. The proof is based on convex perturbation and on some estimates

of the state processes of the system and observed process.

We consider the following stochastic control system with general McKean—Vlasov FBSDEs


dxvt = b

(
t, xvt , Pxvt , vt

)
dt+ g

(
t, xvt , Pxvt , vt

)
dWt + σ

(
t, xvt , Pxvt , vt

)
dW̃ v

t

−dyvt = f
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v
t , Pz̄vt , vt

)
dt− zvt dWt − z̄vt dYt,

xv0 = x0, yvT = ϕ
(
xvT , PxvT

)
,

(2.1)

where Pxt , Pyt , Pzt and Pz̄t denotes the law of the random variable x, y, z and z̄ respectively.

The coeffi cients of the controlled system (2.1) are defined as follows

b : [0, T ]× R×Q2 (R)× U → R, g, σ : [0, T ]× R×Q2 (R)× U → R,

ϕ : R×Q2 (R)→ R,

f : [0, T ]× R×Q2 (R)× R×Q2 (R)× R×Q2 (R)× R×Q2 (R)× U → R.

11



Chapter 2. Necessary and suffi cient conditions of optimality

It is worth noting that the above forward-backward stochastic differential equation (2.1)

of type McKean—Vlasov is very general, in that the dependence of the coeffi cients on the

probability law of the solution Pxvt , Pyvt , Pzvt and Pz̄vt could be genuinely nonlinear as an

element of the space of probability measures.

We assume that the state processes (xv, yv, zv, z̄v) cannot be observed directly, but the

controllers can observe a related noisy process Y , which is the solution of the following

equation  dYt = ξ
(
t, xvt , Pxvt

)
dt+ dW̃ v

t ,

Y0 = 0,
(2.2)

where ξ : [0, T ]×R×Q2 (R)→ R and W̃ v
t is stochastic processes depending on the control

v.

Inserting (2.2) into (2.1), we have



dxvt =
[
b
(
t, xvt , Pxvt , vt

)
dt− σ

(
t, xvt , Pxvt , vt

)
ξ
(
t, xvt , Pxvt

)]
dt

+g
(
t, xvt , Pxvt , vt

)
dWt + σ

(
t, xvt , Pxvt , vt

)
dYt,

−dyvt = f
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v
t , Pz̄vt , vt

)
dt− zvt dWt − z̄vt dYt,

xv0 = x0, yvT = ϕ
(
xvT , PxvT

)
.

(2.3)

Define dP v = Zv
t dP with

Zv
t = exp

{∫ t

0

ξ
(
s, xvs , Pxvs

)
dYs −

1

2

∫ t

0

∣∣ξ (s, xvs , Pxvs)∣∣2 ds} ,
where Zv is the unique FYt -adapted solution of the SDE of McKean—Vlasov type dZv

t = Zv
t ξ
(
t, xvt , Pxvt

)
dYt,

Zv
0 = 1.

(2.4)

12



Chapter 2. Necessary and suffi cient conditions of optimality

The associated cost functional is also of McKean—Vlasov type, defined as

J (v) = Ev
[∫ T

0

l
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v
t , Pz̄vt , r

v
t , Prvt , vt

)
dt

]
+ Ev

[
M
(
xvT , PxvT

)
+ h

(
yv0 , Pyv0

)]
, (2.5)

where Ev denotes the expectation with respect to the probability space (Ω,F ,F, P v) and

M : R×Q2 (R)→ R, h : R×Q2 (R)→ R,

l : [0, T ]× R×Q2 (R)× R×Q2 (R)× R×Q2 (R)× R×Q2 (R)× R×Q2 (R)× U → R.

Our partially observed optimal control problem of general McKean—Vlasov FBSDE is to

minimize the cost functional (2.5) over v ∈ U subject to (2.1) and (2.2) , i.e.,

min
v∈U

J (v) .

If an admissible control u attains the minimum, we call u an optimal control and (x, y, z, z̄)

an optimal state, respectively. Obviously, cost functional (2.5) can be rewritten as

J (v) = E
[∫ T

0

Zv
t l
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v
t , Pz̄vt , vt

)
dt

]
+ E

[
Zv
TM

(
xvT , PxvT

)
+ h

(
yv0 , Pyv0

)]
. (2.6)

Then the original problem (2.5) is equivalent to minimize (2.6) over v ∈ U subject to (2.1)

and (2.4).

Let us impose some assumptions on the coeffi cients of the state and the performance cost

functional.

13



Chapter 2. Necessary and suffi cient conditions of optimality

2.1 Assumptions

Assumption (A1)

1. For any t ∈ [0, T ], the functions b, g and σ are continuously differentiable in (x, v) and

they are bounded by C(1 + |x|+ |v|). The function ξ is continuously differentiable in x.

2. The functions f and l are continuously differentiable in (x, y, z, z̄, v), and they are

bounded byC(1+|x|+|y|+|z|+|z̄|+|v|) andC
(
1 + |x|2 + |y|2 + |z|2 + |z̄|2 + |v|2

)
respectively.

The derivatives of f and l with respect to (x, y, z, z̄, v) are uniformly bounded.

3. The functions ϕ and M are continuously differentiable in x, and the function h is

continuously differentiable in y. The derivatives Mx, hy are bounded by C(1 + |x|) and

C(1 + |y|) respectively.

4. The derivatives bx, bv, gx, gv, σx, σv, ξx are continuous and uniformly bounded.

Assumption (A2)

1. The functions b, g, σ, f, l, ξ,M, h, ϕ ∈ C1,1
b (Q2 (R)) .

2. The derivatives ∂Pxµ b, ∂Pxµ g, ∂Pxµ σ, ∂Pxµ ξ,
(
∂Pxµ , ∂

Py
µ , ∂Pzµ , ∂

Pz̄
µ

)
(f, l) are bounded and Lip-

chitz continuous, such that, for some C > 0, it holds that

(i) For ρ = b, g, σ, ξ, and ∀µ, µ′ ∈ Q2 (R) , ∀x, x′ ∈ R,

∣∣∂Pxµ ρ (t, x, µ)
∣∣ ≤ C,∣∣∂Pxµ ρ (t, x, µ)− ∂Pxµ ρ (t, x′, µ′)

∣∣ ≤ C (D2 (µ, µ′) + |x− x′|) ,

(ii) For ρ = M,ϕ, and ∀µ, µ′ ∈ Q2 (R) , ∀x, x′ ∈ R,

∣∣∂Pxµ ρ (x, µ)
∣∣ ≤ C,∣∣∂Pxµ ρ (x, µ)− ∂Pxµ ρ (x′, µ′)

∣∣ ≤ C (D2 (µ, µ′) + |x− x′|) ;

(iii) For ρ = f, l, and ∀µ1, µ
′
1, µ2, µ

′
2, µ3, µ

′
3, µ4, µ

′
4 ∈ Q2 (R) and ∀x, x′, y, y′, z, z′, z̄, z̄′ ∈ R,
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Chapter 2. Necessary and suffi cient conditions of optimality

∣∣∣(∂Pxµ , ∂
Py
µ , ∂Pzµ , ∂

Pz̄
µ

)
ρ (t, x, µ1, y, µ2, z, µ3, z̄, µ4)

∣∣∣ ≤ C,∣∣∣(∂Pxµ , ∂
Py
µ , ∂Pzµ , ∂

Pz̄
µ

)
ρ (t, x, µ1, y, µ2, z, µ3, z̄, µ4)

−
(
∂Pxµ , ∂

Py
µ , ∂Pzµ , ∂

Pz̄
µ

)
ρ (t, x′, µ′1, y

′, µ′2, z
′, µ′3, z̄

′, µ′4
′)
∣∣∣

≤ C (|x− x′|+ |y − y′|+ |z − z′|+ |z̄ − z̄′|+ D2 (µ1, µ
′
1)

+ D2 (µ2, µ
′
2) + D2 (µ3, µ

′
3) + D2 (µ4, µ

′
4)) .

Clearly, under assumptions (A1) and (A2), for each v ∈ U , there is a unique solution

(x, y, z, z̄) ∈ L2
F (0, T,R)× L2

F (0, T,R)× L2
F (0, T,R)× L2

F (0, T,R) which solves



xvt = x0 +

∫ t

0

[
b
(
s, xvs , Pxvs , vs

)
− σ

(
s, xvs , Pxvs , vs

)
ξ
(
s, xvs , Pxvs

)]
ds

+

∫ t

0

g
(
s, xvs , Pxvs , vs

)
dWs +

∫ t

0

σ
(
s, xvs , Pxvs , vs

)
dYs,

yvt = yvT −
∫ T

t

f
(
s, xvs , Pxvs , y

v
s , Pyvs , z

v
s , Pzvs , r

v
s , Prvs , vs

)
dt

+

∫ T

t

zvsdWs +

∫ T

t

z̄vsdYs,

To simplify our notations, we denote for ξ, c and ψ = b, g, σ

ξ(t) = ξ (t, xt, Pxt) , ψ(t) = ψ (t, xt, Pxt , ut) ,

ξx(t) = ξx (t, xt, Pxt) , ψρ(t) = ψρ (t, xt, Pxt , ut) ,

and the derivative processes

∂Pxµ ξ (t) = ∂Pxµ ξ (t, x̂t, Pxt ;xt) , ∂Pxµ ψ (t) = ∂Pxµ ψ (t, x̂t, Pxt , ût;xt) ,

∂Pxµ ξ (t, x̂t) = ∂Pxµ ξ (t, xt, Pxt ; x̂t) , ∂Pxµ ψ (t, x̂t) = ∂Pxµ ψ (t, xt, Pxt , ut; x̂t) ,

Similarly, we denote for Ψ = f, l and ρ = x, y, z, z̄, v

Ψ(t) = Ψ (t, xt, Pxt , yt, Pyt , zt, Pzt , z̄t, Pz̄t , ut) ,

Ψρ(t) = Ψρ (t, xt, Pxt , yt, Pyt , zt, Pzt , z̄t, Pz̄t , ut) .
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Chapter 2. Necessary and suffi cient conditions of optimality

Finally, we denote for ζ = x, y, z, z̄

∂
Pζ
µ Ψ (t) = ∂

Pζ
µ Ψ

(
t, x̂t, Pxt , ŷt, Pyt , ẑt, Pzt , ̂̄zt, P̂̄zt , ût; ζ) ,

∂
Pζ
µ Ψ

(
t, ζ̂t

)
= ∂

Pζ
µ Ψ

(
t, xt, Pxt , yt, Pyt , zt, Pzt , z̄t, Pz̄t , ut; ζ̂t

)
.

Now, we introduce the following variational equations which is a linear FBSDEs



dx1
t = [(bx (t)− σx (t) ξ (t)− σ (t) ξx (t))x1

t + [bv (t)− σv (t) ξ (t)] vt

+ Ê
[
∂Pxµ b (t, x̂t) x̂

1
t

]
− Ê

[
∂Pxµ σ (t, x̂t) x̂

1
t

]
ξ (t)− σ (t) Ê

[
∂Pxµ ξ (t, x̂t) x̂

1
t

]]
dt

+
[
gx (t)x1

t + Ê
[
∂Pxµ g (t, x̂t) x̂

1
t

]
+ gv (t) vt

]
dWt

+
[
σx (t)x1

t + Ê
[
∂Pxµ σ (t, x̂t) x̂

1
t

]
+ σv (t) vt

]
dYt

−dy1
t =

[
fx (t)x1

t + Ê
[
∂Pxµ f (t, x̂t) x̂

1
t

]
+ fy (t) y1

t + Ê
[
∂
Py
µ f (t, ŷt) ŷ

1
t

]
+ fz (t) z1

t + Ê
[
∂Pzµ f (t, ẑt) ẑ

1
t

]
+ fz̄ (t) z̄1

t + Ê
[
∂Pz̄µ f

(
t, ̂̄zt) ̂̄z1

t

]
+ fv (t) vt] dt− z1

t dWt − z̄1
t dYt,

x1
0 = 0, y1

T = ϕx (xT , PxT )x1
T + Ê

[
∂Pxµ ϕ (xT , PxT , x̂t) x̂

1
T

]
,

(2.7)

and a linear SDE dZ1
t =

[
Z1
t ξ (t) + Ztξx (t)x1

t + ZtÊ
[
∂Pxµ ξ (t, x̂t) x̂

1
t

]]
dYt,

Z1
0 = 0.

(2.8)

Set ϑ = Z−1Z1, using Itô’s formula, we have

 dϑt =
[
ξx (t)x1

t + Ê
[
∂Pxµ ξ (t, x̂t) x̂

1
t

]]
dW̃t,

ϑ0 = 0.
(2.9)

16



Chapter 2. Necessary and suffi cient conditions of optimality

Next, we introduce the following adjoint equations of McKean—Vlasov type



−dpt =
[
bx(t)pt + Ê

[
∂Pxµ b (t) p̂t

]
− σ (t) ξx (t) pt − σ (t) Ê

[
∂Pxµ ξ (t) p̂t

]
−σx (t) ξ (t) pt − ξ (t) Ê

[
∂Pxµ σ (t) p̂t

]
+ gx(t)kt + Ê

[
∂Pxµ g (t) k̂t

]
+σx(t)k̄t + Ê

[
∂Pxµ σ (t) ̂̄kt]+ ξx (t)Qt + Ê

[
∂Pxµ ξ (t) Q̂t

]
− fx(t)qt

− Ê
[
∂Pxµ f (t) q̂t

]
+ lx(t) + Ê

[
∂Pxµ l (t)

]]
dt− ktdWt − k̄tdW̃t,

dqt =
[
fy(t)qt + Ê

[
∂
Py
µ f (t) q̂t

]
− ly (t)− Ê

[
∂
Py
µ l (t)

]]
dt

+
[
fz (t) qt + Ê

[
∂Pzµ f (t) q̂t

]
− lz (t)− Ê

[
∂Pzµ l (t)

]]
dWt

+
[
fz̄ (t) qt + Ê

[
∂Pz̄µ f (t) q̂t

]
− ξ (t) qt − lz̄ (t)− Ê

[
∂Pz̄µ l (t)

]]
dW̃t,

pT = Mx (xT , PxT ) + Ê
[
∂Pxµ M (x̂T , PxT , xT )

]
−ϕx (xT , PxT ) qt − Ê

[
∂Pxµ ϕ (x̂T , PxT , xT ) q̂t

]
,

q0 = −hy(y0, Py0)− Ê
[
∂
Py
µ h(ŷ0, Py0 , y0)

]
.

(2.10)

It is clear that, under assumptions (A1) and (A2), there exists a unique
(
p, k, k̄, q

)
∈

L2
F (0, T,R) × L2

F (0, T,R) × L2
F (0, T,R) × L2

F (0, T,R) satisfying the FBSDE (2.10) of

McKean—Vlasov type.

Remark 2.1.1 Note that the mean-field nature of FBSDE (2.10) comes from the terms

involving Fréchet derivatives ∂Pxµ b (t) , ∂Pxµ g (t) , ∂Pxµ σ (t) , ∂Pxµ ξ (t) and
(
∂Pxµ , ∂

Py
µ , ∂Pzµ , ∂

Pz̄
µ

)
(f, l),

which will reduce to a standard BSDE if the coeffi cients do not explicitly depend on law of

the solution.

Now, we introduce the following BSDE involved in the stochastic maximum principle


−dPt = l (t, xt, Pxt , yt, Pyt , zt, Pzt , z̄t, Pz̄t , ut) dt

−Q̄tdWt −QtdW̃t,

PT = M(xT , PxT ).

(2.11)
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Chapter 2. Necessary and suffi cient conditions of optimality

Under assumptions (A1) and (A2), it is easy to prove that BSDE (2.11) admits a unique

strong solution, given by

Pt = M(xT , PxT )−
∫ T

t

l (s, xs, Pxs , ys, Pys , zs, Pzs , z̄s, Pz̄s , vs) ds

+

∫ T

t

Q̄sdWs +

∫ T

t

QsdW̃s.

Let us now, define the Hamiltonian H associated with the McKean—Vlasov stochastic

control problem (2.1)-(2.6) by

H(t, x, Px, y, Py, z, Pz, z̄, Pz̄, v, p, q, k, k̄, Q)

= p (b (t, x, Px, v)− σ (t, x, Px, v) ξ (t, x, Px))

−qf (t, x, Px, y, Py, z, Pz, z̄, Pz̄, v) +Qξ (t, x, Px)

+kg (t, x, Px, v) + k̄σ (t, x, Px, v)

+l (t, x, Px, y, Py, z, Pz, z̄, Pz̄, v) .

(2.12)

The main result of this paper is stated in the following section.

2.2 Necessary conditions of optimality and some es-

timates

Suppose that u is an optimal control with the optimal trajectory (x, y, z, z̄) of FBSDE

(2.1). For any 0 ≤ θ ≤ 1 and v + u ∈ U , we define a perturbed control uθt = ut + θvt.

Our first result below, is related to the estimate of tajectory (x, y, z, z̄) and the observation

Zt.
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Chapter 2. Necessary and suffi cient conditions of optimality

Lemma 2.2.1 Let assumptions (A1) and (A2) hold. Then, we have

lim
θ→0

E
[

sup
0≤t≤T

∣∣xθt − xt∣∣2] = 0, (2.13)

lim
θ→0

E
[

sup
0≤t≤T

∣∣yθt − yt∣∣2 +

∫ T

0

(∣∣zθt − zt∣∣2 +
∣∣z̄θt − z̄t∣∣2) ds] = 0, (2.14)

lim
θ→0

E
[

sup
0≤t≤T

∣∣Zθ
t − Zt

∣∣2] = 0. (2.15)

Proof. We first prove (2.13). From standard estimates and by using the Burkholder-

Davis-Gundy (BDG) inequality, we get

E
[

sup
0≤s≤t

∣∣xθs − xs∣∣2] ≤ E∫ t

0

∣∣bθ(s)− b(s)∣∣2 ds+ E
∫ t

0

∣∣σθ(s)ξθ (s)− σ(s)ξ (s)
∣∣2 ds

+ E
∫ t

0

∣∣gθ(s)− g(s)
∣∣2 ds+ E

∫ t

0

∣∣σθ(s)− σ(s)
∣∣2 ds,

where

ψ
(
s, xθs, Pxθs , u

θ
s

)
= ψθ (s) , for ψ = b, g, σ.

Then,

E
[

sup
0≤s≤t

∣∣xθs − xs∣∣2] ≤ E∫ t

0

∣∣bθ(s)− b(s)∣∣2 ds+ E
∫ t

0

∣∣σθ(s) (ξθ (s)− ξ (s)
)∣∣2 ds

+ E
∫ t

0

∣∣ξ (s)
(
σθ (s)− σ (s)

)∣∣2 ds+ E
∫ t

0

∣∣gθ(s)− g(s)
∣∣2 ds

+ E
∫ t

0

∣∣σθ(s)− σ(s)
∣∣2 ds.

From assumptions (A1) and (A2), we have

E
[

sup
0≤t≤T

∣∣xθt − xt∣∣2] ≤ CTE
∫ t

0

[∣∣xθs − xs∣∣2 +
∣∣D2

(
Pxθs , Pxs

)∣∣2] ds
+ CT θ

2E
∫ t

0

|vs|2 ds. (2.16)
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Chapter 2. Necessary and suffi cient conditions of optimality

Recall that for the 2-Wasserstein metric D2 (·, ·), we obtain

D2

(
Pxθs , Pxs

)
= inf

{[
E
∣∣x̃θs − x̃s∣∣2] 1

2
, for all x̃ε, x̃ ∈ L2 (F ;R) ,

with Pxθs = Px̃θs and Pxs = Px̃s
}
,

≤
[
E
∣∣xθs − xs∣∣2] 1

2
. (2.17)

From (2.16), (2.17), and Definition 1.6.1, we get

E
[

sup
0≤t≤T

∣∣xθt − xt∣∣2] ≤ CTE
∫ t

0

sup
r∈[0,s]

∣∣xθr − xr∣∣2 ds+M2
T θ

2.

Then, from Gronwall’s Lemma, the result follows immediately by letting ε go to zero.

Next, we prove (2.14). By applying Itô’s formula to
∣∣yθt − yt∣∣2 and taking expectation, we

get

E
∣∣yθt − yt∣∣2 + E

∫ T

t

∣∣zθs − zs∣∣2 ds+ E
∫ T

t

∣∣z̄θs − z̄s∣∣2 ds
= E

∣∣∣ϕ(xθT , PxθT)− ϕ (xT , PxT )
∣∣∣2 + 2E

∫ T

t

(
yθs − ys

) [
f θ (s)− f (s)

]
ds,

where

f
(
s, xθs, Pxθs , y

θ
s , Pyθs , z

θ
s , Pzθs , z̄

θ
s , Pz̄θs , u

θ
s

)
= f θ(s).

For each ε > 0, and from Young’s inequality, we have

E
∣∣yθt − yt∣∣2 + E

∫ T

t

∣∣zθs − zs∣∣2 ds+ E
∫ T

t

∣∣z̄θs − z̄s∣∣2 ds
≤ E

∣∣∣ϕ(xθT , PxθT)− ϕ (xT , PxT )
∣∣∣2 +

1

ε
E
∫ T

t

∣∣yθs − ys∣∣2 ds+ εE
∫ T

t

∣∣f θ (s)− f (s)
∣∣2 ds.

By applying the Lipschitz conditions on the coeffi cients ϕ, f with respect to x, y, z, µ and
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v, we obtain

E
∣∣yθt − yt∣∣2 + E

∫ T

t

∣∣zθs − zs∣∣2 ds+ E
∫ T

t

∣∣z̄θs − z̄s∣∣2 ds
≤ 1

ε
E
∫ T

t

∣∣yθs − ys∣∣2 ds+ CεE
∫ T

t

[∣∣yθs − ys∣∣2 +
∣∣D2

(
Pyθs , Pys

)∣∣2] ds
+ CεE

∫ T

t

[∣∣zθs − zs∣∣2 +
∣∣D2

(
Pzθs , Pzs

)∣∣2] ds
+ CεE

∫ T

t

[∣∣z̄θs − z̄s∣∣2 +
∣∣D2

(
Pz̄θs , Pz̄s

)∣∣2] ds+ αθt . (2.18)

Here αθt is given by

αθt = E
∣∣∣ϕ(xθT , PxθT)− ϕ (xT , PxT )

∣∣∣2 + CεE
[∫ T

t

∣∣xθs − xs∣∣2 +
∣∣D2

(
Pxθs , Pxs

)∣∣2] ds+ Cεθ2.

Recall that for the 2-Wasserstein metric D2(·, ·), and by invoking (2.13) and sending θ to

0, we get lim
θ→0

αθt = 0. Now, we take ε = 1
2C
and replacing in (2.18), we obtain

E
∣∣yθt − yt∣∣2 +

1

2
E
∫ T

t

∣∣zθs − zs∣∣2 ds+
1

2
E
∫ T

t

∣∣z̄θs − z̄s∣∣2 ds
≤ 2CE

∫ T

t

∣∣yθs − ys∣∣2 ds+
1

2
E
∫ T

t

∣∣yθs − ys∣∣2 ds+ αθt .

Finally, applying Gronwall’s lemma and letting θ goes to 0, we obtain the estimate (2.14).

Now, we proceed to estimate (2.15). Applying Itô’s formula to
∣∣Zθ

t − Zt
∣∣2 and taking

expectation, we get

E
∣∣Zθ

t − Zt
∣∣2 ≤ C

∫ t

0

∣∣Zθ
s − Zs

∣∣2 ds+ Cβθt , (2.19)

where βθt is given by

βθt = Eu
∫ t

0

∣∣ξ (s, xθs, Pxθs)− ξ (s, xs, Pxs)
∣∣2 ds.
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Also, from assumptions (A1) and (A2), we have lim
θ→0

βθt = 0.

The proof of (2.15) follows directly by using Gronwall’s lemma and sending θ to 0. �

Lemma 2.2.2 Under the assumptions (A1) and (A2), the following estimations holds

lim
θ→0

E
[

sup
0≤t≤T

∣∣x̃θt ∣∣2] = 0, (2.20)

lim
θ→0

E
[

sup
0≤t≤T

∣∣ỹθt ∣∣2 +

∫ T

0

(∣∣z̃θt ∣∣2 +
∣∣∣˜̄zθt ∣∣∣2) dt] = 0, (2.21)

E
∫ T

0

∣∣∣Z̃θ
t

∣∣∣2 dt = 0. (2.22)

Proof. We start by proving the first limit. For notational ease, we introduce the following

notations.

For t ∈ [0, T ] , θ > 0, we set

x̃θt = θ−1
(
xθt − xt

)
− x1

t , ỹθt = θ−1
(
yθt − yt

)
− y1

t ,

z̃θt = θ−1
(
zθt − zt

)
− z1

t , ˜̄zθt = θ−1
(
z̄θt − z̄t

)
− z̄1

t ,

Z̃θ
t = θ−1

(
Zθ
t − Zt

)
− Z1

t .

We denote by

x̃λ,θt = xt + λθ
(
x̃θt + x1

t

)
, z̃λ,θt = zt + λθ

(
z̃θt + z1

t

)
,

ỹλ,θt = yt + λθ
(
ỹθt + y1

t

)
, ˜̄zλ,θt = z̄t + λθ

(˜̄zθt + z̄1
t

)
,

γλ,θt =
(
x̃λ,θt , Px̃λ,θt

, uθt

)
.

First, we have


dx̃θt =

(
[bxt − σxt ξt − σtξxt ] x̃θt + [bµ,xt − σtξµ,xt − ξtσµ,xt ] + αθ1

)
dt+

(
gxt x̃

θ
tdt+ gµ,xt + αθ2

)
dWt

+
(
σxt x̃

θ
tdt+ σµ,xt + αθ3

)
dYt,

x̃θ0 = 0,

(2.23)
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where

bxt =

∫ 1

0

bx

(
t, γλ,θt

)
dλ, bµ,xt =

∫ 1

0

Ê
[
∂Pxµ b

(
t, γλ,θt ,

̂̃
xλ,θt

) ̂̃xθt] dλ,
σxt =

∫ 1

0

σx

(
t, γλ,θt

)
dλ, σµ,xt =

∫ 1

0

Ê
[
∂Pxµ σ

(
t, γλ,θt ,

̂̃
xλ,θt

) ̂̃xθt] dλ,
ξxt =

∫ 1

0

ξx

(
t, γλ,θt

)
dλ, ξµ,xt =

∫ 1

0

Ê
[
∂Pxµ ξ

(
t, γλ,θt ,

̂̃
xλ,θt

) ̂̃xθt] dλ,
gxt =

∫ 1

0

gx

(
t, γλ,θt

)
dλ, gµ,xt =

∫ 1

0

Ê
[
∂Pxµ g

(
t, γλ,θt ,

̂̃
xλ,θt

) ̂̃xθt] dλ,
and

αθ1 =

∫ 1

0

[
bx

(
t, γλ,θt

)
− bx (t)

]
dλx1

t

− ξt
∫ 1

0

[
σx

(
t, γλ,θt

)
− σx(t)

]
dλx1

t − σt
∫ 1

0

[
ξx

(
t, γλ,θt

)
− ξx(t)

]
dλx1

t

+

∫ 1

0

[
bv

(
t, γλ,θt

)
− bv (t)

]
dλvt − ξt

∫ 1

0

[
σv

(
t, γλ,θt

)
− σv(t)

]
dλvt

+

∫ 1

0

Ê
[(
∂Pxµ b

(
t, γλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ b

(
t, ̂̃xt)) x̂1

t

]
dλ

− ξt
∫ 1

0

Ê
[(
∂Pxµ σ

(
t, γλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ σ

(
t, ̂̃xt)) x̂1

t

]
dλ

− σt
∫ 1

0

Ê
[(
∂Pxµ ξ

(
t, γλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ ξ

(
t, ̂̃xt)) x̂1

t

]
dλ,

αθ2 =

∫ 1

0

[
gx

(
t, γλ,θt

)
− gx (t)

]
dλx1

t +

∫ 1

0

[
gv

(
t, γλ,θt

)
− gv (t)

]
dλvt

+

∫ 1

0

Ê
[(
∂Pxµ g

(
t, γλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ g

(
t, ̂̃xt)) x̂1

t

]
dλ,

αθ3 =

∫ 1

0

[
σx

(
t, γλ,θt

)
− σx (t)

]
dλx1

t +

∫ 1

0

[
σv

(
t, γλ,θt

)
− σv (t)

]
dλvt

+

∫ 1

0

Ê
[(
∂Pxµ σ

(
t, γλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ σ

(
t, ̂̃xt)) x̂1

t

]
dλ.

Noting that under assumptions (A1) and (A2), we get

lim
θ→0

E
[∣∣αθ1∣∣2 +

∣∣αθ2∣∣2 +
∣∣αθ3∣∣2] = 0.
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Applying Itô’s formula to
∣∣x̃θt ∣∣2, we have

E
∣∣x̃θt ∣∣2 = 2E

∫ T

0

x̃θt
(
[bxt − σxt ξt − σtξxt ] x̃θt + [bµ,xt − σtξµ,xt − ξtσµ,xt ] + αθ1

)
dt

+ E
∫ T

0

∣∣gxt x̃θt + gµ,xt + αθ2
∣∣2 dt+ E

∫ T

0

∣∣σxt x̃θt + σµ,xt + αθ3
∣∣2 dt

≤ CE
∫ T

0

∣∣x̃θt ∣∣2 dt+

∫ T

0

E
[∣∣αθ1∣∣2 +

∣∣αθ2∣∣2 +
∣∣αθ3∣∣2] dt.

Finally, estimate (2.20) now follows easily from the Gronwall inequality.

Let
(
ỹθt , z̃

θ
t , ˜̄zθt) be the solution of the following BSDE


dỹθt =

[
fxt x̃

θ
t + fµ,xt + f yt ỹ

θ
t + fµ,yt + f zt z̃

θ
t + fµ,zt + f z̄t ˜̄zθt + fµ,z̄t + Υθ

t

]
dt

+z̃θt dWt + ˜̄zθtdYt,
ỹθT = θ−1

[
ϕ
(
xθT , PxθT

)
− ϕ (xT , PxT )

]
− ϕx (xT , PxT )x1

T − Ê
[
∂Pxµ ϕ (xT , PxT , x̂T ) x̂1

T

]
,

where x̃θt satisfies SDE (2.23), and

fρt = −
∫ 1

0

fρ

(
t, χλ,θt

)
dλ, for ρ = x, y, z, z̄,

χλ,θt =
(
x̃λ,θt , Px̃λ,θt

, ỹλ,θt , Pỹλ,θt
, z̃λ,θt , Pz̃λ,θt

, ˜̄zλ,θt , P˜̄zλ,θt , uλ,θt

)
,

fµ,ρt = −
∫ 1

0

Ê
[
∂
Pρ
µ f

(
t, χλ,θt ,

̂̃
ρλ,θt

) ̂̃ρθt] dλ, for ρ = x, y, z, z̄,
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and Υθ
t is given by

Υθ
t =

∫ 1

0

[
fx

(
t, χλ,θt

)
− fx (t)

]
dλx1

t +

∫ 1

0

Ê
[(
∂Pxµ f

(
t, χλ,θt ,

̂̃
xλ,θt

)
− ∂Pxµ f

(
t, χt, ̂̃xt)) x̂1

t

]
dλ

+

∫ 1

0

[
fy

(
t, χλ,θt

)
− fy (t)

]
dλy1

t +

∫ 1

0

Ê
[(
∂Pyµ f

(
t, χλ,θt ,

̂̃
yλ,θt

)
− ∂Pyµ f

(
t, χt, ̂̃yt)) ŷ1

t

]
dλ

+

∫ 1

0

[
fz

(
t, χλ,θt

)
− fz (t)

]
dλz1

t +

∫ 1

0

Ê
[(
∂Pzµ f

(
t, χλ,θt ,

̂̃
zλ,θt

)
− ∂Pzµ f

(
t, χt, ̂̃zt)) ẑ1

t

]
dλ

+

∫ 1

0

[
fz̄

(
t, χλ,θt

)
− fz̄ (t)

]
dλz̄1

t +

∫ 1

0

Ê
[(
∂Pz̄µ f

(
t, χλ,θt ,

̂̄̃
z
λ,θ

t

)
− ∂Pxµ f

(
t, χt,

̂̄̃zt))̂̄z1

t

]
dλ

+

∫ 1

0

[
fv

(
t, χλ,θt

)
− fv (t)

]
dλvt.

Due the fact that fxt , f
µ,x
t , f yt , f

µ,y
t , f zt , f

µ,z
t , f z̄t and f

µ,z̄
t are continuous, we have

lim
θ→0

E
∣∣Υθ

t

∣∣2 = 0. (2.24)

Appying Itô’s formula to
∣∣ỹθt ∣∣2, we have

E
∣∣ỹθt ∣∣2 + E

∫ T

t

∣∣z̃θs ∣∣2 ds+ E
∫ T

t

∣∣∣˜̄zθs∣∣∣2 ds
= E

∣∣ỹθT ∣∣2 + 2E
∫ T

t

ỹθs

(
fxs x̃

θ
s + fµ,xs + f ys ỹ

θ
s + fµ,ys + f zs z̃

θ
s + fµ,zs + f z̄s ˜̄zθs + fµ,z̄s + Υθ

s

)
ds.

By Young’s inequality, for each ε > 0, we get

E
∣∣ỹθt ∣∣2 + E

∫ T

t

∣∣z̃θs ∣∣2 ds+ E
∫ T

t

∣∣∣˜̄zθs∣∣∣2 ds
≤ E

∣∣ỹθT ∣∣2 +
1

ε
E
∫ T

t

∣∣ỹθs ∣∣2 ds
+ εE

∫ T

t

∣∣∣(fxs x̃θs + fµ,xs + f ys ỹ
θ
s + fµ,ys + f zs z̃

θ
s + fµ,zs + f z̄s ˜̄zθs + fµ,z̄s + Υθ

s

)∣∣∣2 ds
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≤ E
∣∣ỹθT ∣∣2 +

1

ε
E
∫ T

t

∣∣ỹθs ∣∣2 ds+ CεE
∫ T

t

∣∣fxs x̃θs∣∣2 ds+ CεE
∫ T

t

|fµ,xs |
2 ds

+ CεE
∫ T

t

∣∣f ys ỹθs ∣∣2 ds+ CεE
∫ T

t

|fµ,ys |
2 ds+ CεE

∫ T

t

∣∣f zs z̃θs ∣∣2 ds+ CεE
∫ T

t

|fµ,zs |
2 ds

+ CεE
∫ T

t

∣∣∣f z̄s ˜̄zθs∣∣∣2 ds+ CεE
∫ T

t

|fµ,z̄s |
2
ds.

By the boundedness of fxt , f
µ,x
t , f yt , f

µ,y
t , f zt , f

µ,z
t , f z̄t and f

µ,z̄
t , we obtain

E
∣∣ỹθt ∣∣2 + E

∫ T

t

∣∣z̃θs ∣∣2 ds+ E
∫ T

t

∣∣∣˜̄zθs∣∣∣2 ds
≤
(

1

ε
+ Cε

)
E
∫ T

t

∣∣ỹθs ∣∣2 ds+ CεE
∫ T

t

∣∣z̃θs ∣∣2 ds+ CεE
∫ T

t

∣∣∣˜̄zθs∣∣∣2 ds
+ E

∣∣ỹθT ∣∣2 + CεE
∫ T

t

∣∣fxs x̃θs∣∣2 ds+ CεE
∫ T

t

∣∣Υθ
s

∣∣2 ds.
Hence, in view of (2.20), (2.24), the fact that fxt , f

µ,x
t are continuous and bounded, by

Gronwall’s inequality, we obtain (2.21).

Now, we proceed to prove (2.22). It is plain to check that Z̃θ
t satisfies the following equality

dZ̃θ
t =

[
Z̃θ
t ξ
(
t, xθt , Pxθt

)
+ Ῡθ

t

]
dYt + Zt

[
ξxt x̃

θ
t + ξµ,xt

]
dYt,

where

ξxt =

∫ 1

0

ξx

(
t, x̃λ,θt , Px̃λ,θt

)
dλ,

ξµ,xt =

∫ 1

0

Ê
[
∂Pxµ ξ

(
t, x̃λ,θt , Px̃λ,θt

,
̂̃
xλ,θt

) ̂̃xθt] dλ,
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and Ῡθ
t is given by

Ῡθ
t = Zt

∫ 1

0

[
ξx

(
t, x̃λ,θt , Px̃λ,θt

)
− ξx (t)

]
dλx1

t

+ Zt

∫ 1

0

Ê
[(
∂Pxµ ξ

(
t, x̃λ,θt , Px̃λ,θt

,
̂̃
xλ,θt

)
− ∂Pxµ ξ

(
t, x̃t, Px̃t ,

̂̃xt)) x̂1
t

]
dλ

+ Z1
t

[
ξ
(
t, xθt , Pxθt

)
− ξ (t)

]
.

Taking into account the fact that ξxt and ξ
µ,x
t are continuous, we deduce

lim
θ→0

E
∣∣Ῡθ

t

∣∣2 = 0. (2.25)

Then, applying Itô’s formula to
∣∣∣Z̃θ

t

∣∣∣2 and taking expectation, we have
E
∣∣∣Z̃θ

t

∣∣∣2 ≤ CE
∫ T

0

∣∣∣Z̃θ
t

∣∣∣2 dt+ CE
∫ T

0

∣∣x̃θt ∣∣2 dt+ CE
∫ T

0

|ξµ,xt |
2 dt+ CE

∫ T

0

∣∣Ῡθ
t

∣∣2 dt.
Finally, by Gronwall’s inequality, estimates (2.20) and recall to the Wasserstein metric,

the above convergence result (2.22) holds.

�

Since u is an optimal control, then, we have the following lemma.

Lemma 2.2.3 Let assumptions (A1) and (A2) hold. Then, we have the following varia-

tional inequality

0 ≤ E
[
ZTMx (xT , PxT )x1

T + ZT Ê
[
∂Pxµ M (xT , PxT , x̂T ) x̂1

T

]]
+ E

[
Z1
TM (xT , PxT ) + hy (y0, Py0) y1

0 + Ê
[
∂Pyµ h(y0, Py0 , ŷ0)ŷ1

0

]]
(2.26)

+ E
∫ T

0

[
Z1
t l(t) + Zt

(
lx(t)x

1
t + Ê

[
∂Pxµ l (t, x̂t) x̂

1
t

])
+ Zt

(
ly(t)y

1
t + Ê

[
∂Pyµ l (t, ŷt) ŷ

1
t

])
+ Zt

(
lz(t)z

1
t + Ê

[
∂Pzµ l (t, ẑt) ẑ

1
t

])
+ Zt

(
lz̄(t)z̄

1
t + Ê

[
∂Pz̄µ l

(
t, ̂̄zt) ̂̄z1

t

])
+ Ztlv(t)vt] dt.
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Proof. Using Lemmas 3.2 and Taylor expansion, we have

0 ≤ 1

θ

[
J
(
uθt
)
− J (ut)

]
=

1

θ
E
[
Zθ
TM

(
xθT , PxθT

)
− ZTM (xT , PxT )

]
+

1

θ
E
[
h
(
yθ0
)
− h (y0)

]
+

1

θ
E
∫ T

0

[
Zθ
t l
θ (t)− Ztl (t)

]
dt

= I1 + I2 + I3,

where lθ (t) = l
(
t, xθt , Pxθt , y

θ
t , Pyθt , z

θ
t , Pzθt , z̄

θ
t , Pz̄θt , u

θ
t

)
.

Then, from the results of (2.20), (2.21) and (2.22), we derive

I1 =
1

θ
E
[
Zθ
TM

(
xθT , PxθT

)
− ZTM (xT , PxT )

]
=

1

θ
E
[(
Zθ
T − ZT

)
M
(
xθT , PxθT

)]
+

1

θ
E
[
ZT

∫ 1

0

Mx

(
xT + λ

(
xθT − xT

)
, PxT+λ(x̂θT−x̂T )

) (
xθT − xT

)
dλ

]
+

1

θ
E
[
ZT

∫ 1

0

Ê
[
∂Pxµ M

(
xT + λ

(
x̂θT − x̂T

)
, PxT+λ(x̂θT−x̂T ), x̂T

) (
x̂θT − x̂T

)]
dλ

]
−→ Eu [ϑTM (xT , PxT )] + Eu

[
(Mx (xT , PxT ))x1

T + Ê
[
∂Pxµ M (xT , PxT , x̂T ) x̂1

T

]]
.

Similarly, we have

I2 =
1

θ
E
[
h
(
yθ0, Pyθ0

)
− h (y0, Py0)

]
=

1

θ
E
[∫ 1

0

hy

(
y0 + λ

(
yθ0 − y0

)
, Py0+λ(ŷθ0−ŷ0)

) (
yθ0 − y0

)
dλ

]
+

1

θ
E
[∫ 1

0

Ê
[
∂Pyµ h

(
y0 + λ

(
ŷθ0 − ŷ0

)
, Py0+λ(ŷθ0−ŷ0), ŷ0

) (
ŷθ0 − ŷ0

)]
dλ

]
−→ Eu

[
(hy (y0, Py0)) y1

0 + Ê
[
∂Pyµ h(y0, Py0 , ŷ0)ŷ1

0

]]
,
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and

I3 =
1

θ
E
[∫ T

0

(
Zθ
t l
θ (t)− Ztl (t)

)
dt

]
−→ Eu

∫ T

0

[
ϑtl(t) + lx(t)x

1
t + Ê

[
∂Pxµ l (t, x̂t) x̂

1
t

]
+ ly(t)y

1
t + Ê

[
∂Pyµ l (t, ŷt) ŷ

1
t

]
+ lz(t)z

1
t + Ê

[
∂Pzµ l (t, ẑt) ẑ

1
t

]
+ lz̄(t)z̄

1
t + Ê

[
∂Pzµ l

(
t, ̂̄zt) ̂̄z1

t

]
+ lv(t)vt

]
dt.

Then, the variational inequality (2.26) can be rewritten as

0 ≤ Eu
[
Mx (xT , PxT )x1 (T ) + Ê

[
∂Pxµ M (xT , PxT , x̂T ) x̂1

T

]]
+ Eu

[
ϑTM (xT , PxT ) + hy (y0, Py0) y1 (0) + Ê

[
∂Pyµ h(y0, Py0 , ŷ0)ŷ1

0

]]
(2.27)

+ Eu
∫ T

0

[
ϑtl(t) + lx(t)x

1
t + Ê

[
∂Pxµ l (t, x̂t) x̂

1
t

]
+ ly(t)y

1
t + Ê

[
∂Pyµ l (t, ŷt) ŷ

1
t

]
+ lz(t)z

1
t + Ê

[
∂Pzµ l (t, ẑt) ẑ

1
t

]
+ lz̄(t)z̄

1
t + Ê

[
∂Pz̄µ l

(
t, ̂̄zt) ̂̄z1

t

]
+ lv(t)vt

]
dt.

�

Theorem 2.2.1 (Partial necessary conditions of optimality) Let assumptions (A1) and

(A2) hold. Let (x, y, z, z̄, u) be an optimal solution of our partially observed optimal control

problem. Then, there are (p, q, k, k̄) and (P, Q̄,Q) of F−adapted processes that satisfy

(2.10), (2.11) respectively, and that for all v ∈ U , we have

Eu
[
Hv (t) (vt − ut) /FYt

]
≥ 0, a.e, a.s, (2.28)

where the Hamiltonian function

H (t) = H
(
t, xt, Pxt , yt, Pyt , zt, Pzt , z̄t, Pz̄t , ut, pt, qt, kt, k̄t, Qt

)
,

is defined by (2.12).
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Proof. Applying Itô’s formula to ptx1
t and qty

1
t such that,

q0 = −hy(y0, Py0)− Ê
[
∂
Py
µ h(ŷ0, Py0 , y0)

]
,

pT = Mx (xT , PxT ) + Ê
[
∂Pxµ M (x̂T , PxT , xT )

]
−ϕx (xT , PxT ) qT − Ê

[
∂Pxµ ϕ (x̂T , PxT , xT ) q̂T

]
,

and using Fubini’s theorem, we get

Eu
[
pTx

1
T

]
= Eu

∫ T

0

[
pt (bv (t)− σv(t)ξ(t)) vt + k̄tσv (t) vt + ktgv (t) vt

]
dt

+ Eu
∫ T

0

x1
t

[
fx(t)qt + Ê

[
∂Pxµ f (t) q̂t

]
− lx(t)− Ê

[
∂Pxµ l (t)

]]
dt (2.29)

− Eu
∫ T

0

x1
t

[
ξx (t)Qt + Ê

[
∂Pxµ ξ (t) Q̂t

]]
dt,

and

Eu
[
qTy

1
T

]
+ Eu

[
hy(y0, Py0) + Ê

[
∂Pyµ h(ŷ0, Py0 , y0)

]]
= −Eu

∫ T

0

qt

[
fv (t) vt + fx (t)x1

t + Ê
[
∂Pxµ f (t, x̂t) x̂

1
t

]]
dt

− Eu
∫ T

0

y1
t

[
ly (t) + Ê

[
∂Pyµ l (t)

]]
dt− Eu

∫ T

0

z1
t

[
lz (t) + Ê

[
∂Pzµ l (t)

]]
dt (2.30)

− Eu
∫ T

0

z̄1
t

[
lz̄ (t) + Ê

[
∂Pz̄µ l (t)

]]
dt.

Now, applying Itô’s formula to ϑtPt and using also Fubini’s theorem, we have

Eu [ϑTM(xT )] = −Eu
∫ T

0

ϑtl (t) dt

+ Eu
∫ T

0

Qt

[
ξx (t)x1

t + Ê
[
∂Pxµ ξ (t, x̂t) x̂

1
t

]]
dt. (2.31)
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From Eqs. (2.29), (2.30), and (2.31), we obtain

Eu
[
Mx (xT , PxT ) + Ê

[
∂Pxµ M (xT , PxT )

]]
+ Eu

[
hy(y0, Py0) + Ê

[
∂Pyµ h(ŷ0, Py0 , y0)

]
+ ϑTM(xT )

]
= Eu

∫ T

0

[
pt [bv (t)− σvξ(t)] vt + k̄tσv (t) vt + ktgv (t) vt +

∫
Θ

nt (e) cv (t, e) vt − qtfv (t) vt

]
dt

− Eu
∫ T

0

ϑtl (t) dt− Eu
∫ T

0

x1
t

[
lx(t) + Ê

[
∂Pxµ l (t)

]]
dt (2.32)

− Eu
∫ T

0

y1
t

[
ly (t) + Ê

[
∂Pyµ l (t)

]]
dt− Eu

∫ T

0

z1
t

[
lz (t) + Ê

[
∂Pzµ l (t)

]]
dt

− Eu
∫ T

0

z̄1
t

[
lz̄ (t) + Ê

[
∂Pz̄µ l (t)

]]
dt,

thus

Eu
[
Mx (xT , PxT ) + Ê

[
∂Pxµ M (xT , PxT )

]]
+ Eu

[
hy(y0, Py0) + Ê

[
∂Pyµ h(ŷ0, Py0 , y0)

]
+ ϑTM(xT )

]
= Eu

∫ T

0

Hv (t) vt − Eu
∫ T

0

lv(t)vtdt− Eu
∫ T

0

ϑtl (t) dt− Eu
∫ T

0

x1
t

[
lx(t) + Ê

[
∂Pxµ l (t)

]]
dt

− Eu
∫ T

0

y1
t

[
ly (t) + Ê

[
∂Pyµ l (t)

]]
dt− Eu

∫ T

0

z1
t

[
lz (t) + Ê

[
∂Pzµ l (t)

]]
dt

− Eu
∫ T

0

z̄1
t

[
lz̄ (t) + Ê

[
∂Pz̄µ l (t)

]]
dt.

This together with the variational inequality (2.27) imply (2.28), the proof is then com-

pleted. �

2.3 Suffi cient conditions of optimality

In what follows, we will study that, under some additional convexity conditions, the above

necessary condition of partially observed optimal control in Theorem 3.4 is also suffi cient.
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Chapter 2. Necessary and suffi cient conditions of optimality

A function φ : R×Q2 (R)→ R is convex if, for every (xu, P u
x ) , (xv, P v

x ) ∈ R×Q2 (R) ,

φ (xv, P v
x )− φ (xu, P u

x ) ≥ φx (xu, P u
x ) (xv − xu) + Ê

[
∂Pxµ φ (xu, P u

x ) (xv − xu)
]
.

For this, we need an additional assumption condition (A3) as follows:

Assumption (A3)

1. The functions M,h are convex in (x, Px) and (y, Py) respectively.

2. H
(
t, ·, ·, ·, ·, ·, ·, ·, ·, ·, put , qut , kut , k̄ut , Qu

t

)
is convex in (xu, P u

x , y
u, Pyu , z

u, Pzu , z̄
u, Pz̄u , u)

for a.e. t ∈ [0, T ] , P − a.s.

Hv (t)−Hu (t) ≥ Hu
x (t) (xv − xu) + Ê

[
∂Pxµ Hu (t) (x̂v − x̂u)

]
+Hu

y (t) (yv − yu) + Ê
[
∂Pyµ Hu (t) (ŷv − ŷu)

]
+Hu

z (t) (zv − zu) + Ê
[
∂Pzµ H

u (t) (ẑv − ẑu)
]

+Hu
z̄ (t) (z̄v − z̄u) + Ê

[
∂Pz̄µ H

u (t)
(̂̄zv − ̂̄zu)] ,

where

Hv (t) = H
(
t, xv, P v

x , y
v, Pyv , z

v, Pzv , z̄
v, Pz̄v , v, p

u, qu, ku, k̄u, Qu
)
,

Hu (t) = H
(
t, xu, P u

x , y
u, Pyu , z

u, Pzu , z̄
u, Pz̄u , u, p

u, qu, ku, k̄u, Qu
)
.

Now, we can prove the suffi cient conditions of optimality for our control problem of

McKean—Vlasov FBSDEs with jumps, which is the third main result of this paper.

Theorem 2.3.1 (Partial suffi cient conditions of optimality) Suppose (A1),(A2) and (A3)

hold. Let Zv be FYt -adapted, u ∈ U be an admissible control, and (x, y, z, z̄) be the corre-

sponding trajectories. Let
(
p, k, k̄, q

)
and

(
P,Q, Q̄

)
satisfy (2.10) and (2.11), respectively.
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Moreover, the Hamiltonian H is convex in (x, Px, y, Py, , z, Pz, z̄, Pz̄, v), and

Eu
[
Hv (t) (vt − ut) /FYt

]
≥ 0, a.e, a.s, .

Then u is a partial observed optimal control for the problem (2.1)− (2.6) subject to (2.4).

Proof. For any v ∈ U , we have

J(v)− J(u) = E
[
Zv
TM

(
xvT , PxvT

)
− Zu

TM
(
xuT , PxuT

)]
+ E

[
h
(
yv0 , Pyv0

)
− h

(
yu0 , Pyu0

)]
+ E

∫ T

0

(Zv
t l
v (t)− Zu

t l
u (t)) dt,

where

lv (t) = l
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v, Pz̄v , vt
)
,

lu (t) = l
(
t, xut , Pxut , y

u
t , Pyut , z

u
t , Pzut , z̄

u, Pz̄u , ut
)
.

By the convexity property of M and h, we get

E
[
Zv
TM

(
xvT , PxvT

)
− Zu

TM
(
xuT , PxuT

)]
≥ E[(Zv

T − Zu
T )M

(
xuT , PxuT

)
]

+ Eu[Mx

(
xuT , PxuT

)
(xvT − xuT )] (2.33)

+ Eu[Ê
[
∂Pxµ M

(
xuT , PxuT

)]
(xvT − xuT )].

Similarly,

E
[
h
(
yv0 , Pyv0

)
− h

(
yu0 , Pyu0

)]
≥ E

[
hy
(
yu0 , Pyu0

)
(yv0 − yu0 ))

]
+ E

[
Ê
[
∂Pyµ h

(
yu0 , Pyu0

)]
(yv0 − yu0 )

]
, (2.34)
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Chapter 2. Necessary and suffi cient conditions of optimality

and

E
∫ T

0

(Zv
t l
v (t)− Zu

t l
u (t)) dt = E

∫ T

0

Zv
t (lv (t)− lu (t)) dt+ E

∫ T

0

(Zv
t − Zu

t ) lu (t) dt.

(2.35)

From (2.33), (2.34) and (2.35), we can write

J(v)− J(u) ≥ Eu[Mx

(
xuT , PxuT

)
(xvT − xuT )] + Eu[Ê

[
∂Pxµ M

(
xuT , PxuT , x̂

u
T

)]
(xvT − xuT )]

+ E
[
hy
(
yu0 , Pyu0

)
(yv0 − yu0 ))

]
+ E

[
Ê
[
∂Pyµ h

(
yu0 , Pyu0 , ŷ

u
0

)]
(yv0 − yu0 ))

]
+ E

∫ T

0

Zv
t (lv (t)− lu (t)) dt+ E

∫ T

0

(Zv
t − Zu

t ) lu (t) dt

+ E
[
(Zv

T − Zu
T )

(∫ T

0

lu (t) dt+M
(
xuT , PxuT

))]
.

Noting that

q0 = −hy(y0, Py0)− Ê
[
∂
Py
µ h(ŷ0, Py0 , y0)

]
,

pT = Mx (xT , PxT ) + Ê
[
∂Pxµ M (x̂T , PxT , xT )

]
−ϕx (xT , PxT ) qT − Ê

[
∂Pxµ ϕ (x̂T , PxT , xT ) q̂T

]
,

we have

J(v)− J(u) ≥ Eu[puT (xvT − xuT )] + Eu [ϕx (xT , PxT ) qT (xvT − xuT )]

+ EuÊ
[
∂Pxµ ϕ (x̂T , PxT , xT ) q̂T (xvT − xuT )

]
− E [qu0 (yv0 − yu0 )]

+ Eu
∫ T

0

(lv (t)− lu (t)) dt+ E
[
(Zv

T − Zu
T )

(∫ T

0

lu (t) dt+M
(
xuT , PxuT

))]
.

Then, we can write

J(v)− J(u) ≥ Eu[puT (xvT − xuT )] + Eu[quT (yvT − yuT )]

− E [qu0 (yv0 − yu0 )] + Eu
∫ T

0

[lv (t)− lu (t)] dt

+ E
[
(Zv

T − Zu
T )

(∫ T

0

lu (t) dt+M
(
xuT , PxuT

))]
.
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Now, appliyng Ito’s formula respectively to put (xvt − xut ) , qut (yvt − yut ) and P u
t (Zv

t − Zu
t ),

and by taking expectations, we get

J(v)− J(u) ≥ Eu
∫ T

0

(Hv (t)−Hu (t)) dt

− Eu
∫ T

0

Hu
x (t) (xvt − xut ) dt− Eu

∫ T

0

Ê
[
∂Pxµ Hu (t)

]
(xvt − xut ) dt

− Eu
∫ T

0

Hu
y (t) (yvt − yut ) dt− Eu

∫ T

0

Ê
[
∂Pyµ Hu (t)

]
(yvt − yut ) dt

− Eu
∫ T

0

Hu
z (t) (zvt − zut ) dt− Eu

∫ T

0

Ê
[
∂Pzµ H

u (t)
]

(zvt − zut ) dt

− Eu
∫ T

0

Hu
z̄ (t) (z̄vt − z̄ut ) dt− Eu

∫ T

0

Ê
[
∂Pz̄µ H

u (t)
]

(z̄vt − z̄ut ) dt

− Eu
∫ T

0

Hu
v (t) (vt − ut) dt

By the convexity of the functional H in (x, Px, y, Py, z, Pz, z̄, Pz̄, v), we have

J(v)− J(u) ≥ Eu
∫ T

0

Hv (t) (vt − ut) dt

= E
∫ T

0

Zu
t E
[
Hv (t) (vt − ut) /FYt

]
dt.

Since Zu
t ≥ 0, and using condition (2.28), we have

J(v)− J(u) ≥ 0,

i.e., u is a partial observed optimal control. �
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Chapter §.3
Partially observed Linear-Quadratic

control problem
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Chapter 3

Partially observed Linear—Quadratic

control problem

In this chapter, we examine a linear-quadratic control problem under partial observation.

By leveraging the findings from Chapter 2, we derive an explicit formula for the optimal

control.

Examine a one-dimensional linear quadratic control problem under partial observation:

Minimize the expected quadratic cost function

J (v (·)) = Eu
∫ T

0

[
L1
tx

2
t + L2

t (E [xt])
2 + L3

ty
2
t + L4

t (E [yt])
2 + L5

tv
2
t

]
dt

+ Eu
[
M1x

2
T +M2 (E [xT ])2 + hty

2
0

]
, (3.1)

subject to  dYt = γtdt+ dW̃t

Y0 = 0,
(3.2)
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and the state

dxt = (A1
txt + A2

tE [xt] + A3
tvt −B2

t γt) dt+B1
t dWt +B2

t dYt,

−dyt = (D1
t xt +D2

tE [xt] +D3
t yt +D4

tE [yt] +D5
t zt +D6

tE [zt] +D7
t zt +D8

tE [zt]

+ D9
t rt +D10

t E [rt] +D11
t vt) dt− ztdWt − zdYt,

x (0) = x0, yT = φ1xT + φ2E [xT ] ,

(3.3)

where

A1
txt + A2

tE [xt] + A3
tvt = b

(
t, xvt , Pxvt , vt

)
,

B1
t = g

(
t, xvt , Pxvt , vt

)
,

B2
t = σ

(
t, xvt , Pxvt , vt

)
,

γt = ξ
(
t, xvt , Pxvt

)
,

and

f
(
t, xvt , Pxvt , y

v
t , Pyvt , z

v
t , Pzvt , z̄

v
t , Pz̄vt , vt

)
= D1

t xt +D2
tE [xt] +D3

t yt +D4
tE [yt]

+D5
t zt +D6

tE [zt] +D7
t zt +D8

tE [zt] +D9
t vt.

Here, all the coeffi cients A1 (·) , A2 (·) , A3 (·) , B1 (·) , B2 (·) , γ (·) , Di (·) are bounded and

deterministic functions for i = 1, · · · , 9, Lj (·) is positive function and bounded for j =

1, 2, 3, 4, 5 and M1 (·) ,M2 (·) , h (·) are positive constants. Then for any v ∈ U , Eqs. (3.3)

and (3.2) have unique solutions, respectively. Now, we introduce

Zt = exp

{∫ t

0

γsdYs −
1

2

∫ t

0

|γs|2 ds
}
,

which is the unique FYt -adapted solution of the SDE: dZt = ZtγtdYt,

Z0 = 1,
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and we define the probability measure P v by dP v = Zv
t dP .

In this setting, the Hamiltonian function is defined as

H(t, x, y, z, z̄, r, v, p, q, k, k̄, n,Q)

= p (A1
txt + A2

tE [xt] + A3
tvt −B2

t γt)− q (D1
t xt +D2

tE [xt] +D3
t yt +D4

tE [yt] +D5
t zt

+ D6
tE [zt] +D7

t zt +D8
tE [zt] +D9

t vt) + kB1
t + k̄B2

t

+Qγt + L1
tx

2
t + L2

t (E [xt])
2 + L3

ty
2
t + L4

t (E [yt])
2 + L5

tv
2
t .

(3.4)

Further due to Eqs. (2.10) and (2.11), the corresponding adjoint equations will be given

by 
−dPt =

(
L1
tx

2
t + L2

t (E [xt])
2 + L3

ty
2
t + L4

t (E [yt])
2 + L5

tv
2
t

)
dt

−Q̄tdWt −QtdW̃t,

PT = M(xT , PxT ),

(3.5)

and 

−dpt = [A1
tpt + A2

tE [pt]−D1
t qt −D2

tE [qt] + 2L1
txt + 2L2

tE [xt]] dt

−ktdWt − k̄tdW̃t,

dqt = (D3
t qt +D4

tE [qt]− 2L3
tyt − 2L4

tE [yt]) dt+ (D5
t qt +D6

tE [qt]) dWt

+ [D7
t qt +D8

tE [qt]] dW̃t

pT = 2M1xT + 2M2E [xT ]

−φ1xT − φ2E [xT ] ,

q0 = −2hty0.

(3.6)

According to Theorem 2.2.1, the necessary condition for optimality (2.28) will be

Eu
[
ptA

3
t − qtD9

t + 2L5
tut/FYt

]
= 0. a.s.a.e.
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If u (·) is partial observed optimal control, then

ut = − 1

2L5
t

(
A3
tEu

[
pt/FYt

]
−D11

t Eu
[
qt/FYt

])
. (3.7)

Finally, for the suffi cient conditions, let u ∈ U be a candidate to be optimal control.

We suppose that
(
x̃, ỹ, z̃, ˜̄z) is the solution to the FBSDE (3.3) corresponding to u, and(

P, Q̄,Q
)
, (p, q, k, k̄) are the solution corresponding to Eqs. (3.5) and (3.6) respectively.

It’s easy to verify that the functional H is convex in (x, y, z, z̄). So, if u satisfies (3.7) and

the condition (2.28). Then by applying Theorem 2.2.2, we can check that u is an optimal

control of our partially observed linear-quadratic control problem of McKean—Vlasov type.
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Conclusion

In this thesis, we have studied the optimal control problem of McKean—Vlasov For-

ward Backward Stochastic Differential Equations (FBSDEs) under partial observation.

By using the derivatives with respect to the probability law and integrating Girsanov’s

theorem with the classical convex variation technique, we derived both necessary and suffi -

cient conditions for optimality. In order to illustrate these conclusions, we used a partially

observed linear-quadratic control problem to apply the theoretical results.
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