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- Introduction

This course material was created for second-year mathematics students. Follow the standard curricu-
lum to help you build a solid understanding of essential logic concepts.

The main goal of this course is to introduce basic topics in logic, which are important for further
studies in mathematics and related fields. By mastering these concepts, complex problems can be
solved via a clear and logical approach.

We begin with propositional logic, where you will learn to break down and create logical statements,
use logical operators, and work with concepts such as logical equivalence, implication, and truth tables.

Next, we move on to Predicate Logic, which expands on the ideas from Propositional Logic. Here,
you will explore quantifiers, predicates, and the relationships between them, as well as how to structure
arguments and translate everyday language into logical form.

The course will then cover types of reasoning, where you will understand the differences between de-
ductive and inductive reasoning. This section also introduces various reasoning techniques commonly
used in mathematical proofs and problem solving.

We will also discuss paradoxes that will challenge your understanding of logical consistency. You
will explore famous paradoxes, such as the liar paradox and Russell's paradox, to think more critically
about the limits of logical systems.

Finally, we introduce set theory, the fundamental language of mathematics. You will learn the basic
operations of sets, such as union, intersection, and complementation, and move on to more complex
topics such as Cartesian products, relations, and functions.

We hope that this material will be a valuable resource that will help you master key concepts in logic
and apply them effectively in your mathematical studies.
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& ETU I Fundamental terms

m Terminology in Mathematics and Logic

11 o

An axiom is a basic statement or proposition that is accepted as true without proof.

Euclidean axioms Euclidean axioms are the fundamental assumption on which Euclidean geome-
try is based and were established by the ancient Greek mathematician Euclid. The most famous
of these include the following:

<¢ Axiom 1: A straight line can be drawn from any point to any other point.

€ Axiom 2: A finite straight line can be extended indefinitely in a straight line.

¢ Axiom 3: A circle can be drawn with any center and radius.

¢ Axiom 4: All right angles are equal to each other.

¢ Axiom 5 (Parallel Postulate): Given a line and a point not on it, there is one line parallel to the
given line that passes through the point.

Peano's Axioms Peano’s axioms are a set of axioms for natural numbers proposed by the Italian
mathematician Giuseppe Peano. These axioms define the arithmetic properties of natural num-
bers:

<¢ Axiom 1: 0 is a natural number.

$¢ Axiom 2: Every natural number has a successor, which is also a natural number.

<¢ Axiom 3: 0 is not the successor of any natural number.

<¢ Axiom 4. Different natural numbers have different successors.

¢ Axiom 5 (Induction Axiom): If a property holds for 0 and if, whenever it holds for a natural
number, it also holds for its successor, then it holds for all natural numbers.

m Proposition

A proposition is a statement that is true or false. In mathematics, a proposition is often a statement
proven to be true on the basis of axioms and previously established theorems.

m Assertion

An assertion is a declarative statement that is claimed to be true. It is similar to a proposition in logic
and mathematics, although it may not always be accompanied by proof.
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<t Every prime number is odd; False proposition.
¢ Every squared number is a positive number; true proposition.

<t Close the door; It is not a proposition.

m Definition

A definition in mathematics is a precise statement that explains the meaning of a term or concept.
Definitions are used to establish the objects of study and the properties that they must have within a
given mathematical framework. Definitions are foundational and must be unambiguous.

m Theorem

A theorem is a statement (proposition) proven to be true through a logical sequence of reasoning on
the basis of axioms, definitions, and previously established theorems. Theorems are the core results of
mathematics.

m Corollary

A corollary is a statement that follows readily from a previously proven theorem. It is often considered
a direct consequence or an additional result that can be easily derived from a theorem.

(RWA Lemma

A lemma is a subsidiary or intermediate theorem that is used to prove a larger or more significant the-
orem. Lemmas are often stepping stones in the proof of theorems.

m Conjecture

Conjecture is a statement or proposition that is suspected to be true on the basis of observations but for
which no proof has yet been found. Conjectures are often the starting points for new areas of research
in mathematics.

m Fermat's Conjecture

Fermat's Conjecture, also known as Fermat’s Last Theorem, is a famous problem in number theory. It
states that there are no three positive integers a, b, and ¢ that satisfy the equation a” + b" = ¢ for any
integer value of n > 2. This conjecture was first proposed by Pierre de Fermat in 1637 and remained
unproven until it was solved by Andrew Wiles in 1994.

m Bertrand’s Conjecture

Bertrand’s Conjecture, proposed by Joseph Bertrand in 1845, states that for every integer n > 1, there is
at least one prime number p such that n < p < 2n. This conjecture was later proven true by Chebyshev
in 1850, and it is now known as Bertrand’s Postulate.
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(o4, F:10) (14 Propositional logic

Logic is the study of reasoning and argumentation. It involves analyzing the structure of statements
and arguments to determine their validity or truthfulness. Logic provides the rules and techniques to
distinguish between valid and invalid reasoning, ensuring that conclusions drawn from premises are log-
ically sound. It is a fundamental branch of philosophy and mathematics and is widely used in computer
science, linguistics, and other fields.

m Proposition

Definition 2.1
A proposition is a statement to which it is possible to assign a true or false value.

Consider the statement

<t "6 is less than 4 " is a false proposition.

< "Algeria is an African country." is a true proposition.

Consider the statement

£ Mohammed has 3 children.

This is also a proposition. The statement is either true or false. You might not know if it is true or
false, but it still has one of those truth values.

m Logical basic operators and truth tables

m Truth table

A truth table is a chart that lists all possible truth values of a statement such as pp, which can
be either true or false. Shows how the truth value of a logical expression involving one or more
statements changes depending on the truth values of those statements.

< "T or 1" stands for "True".

< "F or 0" stands for "False".

Let us examine the different types of truth tables as follows:

1. One proposition "P":

Proposition P

True Tor1

false For0O
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2. Two propositions "P, Q"

OO—l—lﬁ
O 2 o 2|0

3. Three propositions "P, Q, R":

P QR
1111
11110
1101
11010
0|11
0|10
0|01
00,0

m Negation of a proposition

The negation of a proposition P is true if P is false and vice versa. We denote it by P, which is "No P"

If P represents "It is raining", then P represents "It is not raining."

Truth table

—
- o | ol

m Logic connectives

Logic connectives are symbols or words used to connect propositions or statements and form more
complex expressions. These operators define the relationship between the truth values of the con-
nected propositions, determining the truth value of the resulting compound statement. We define 4 as
usual connectives.

1. - Conjunction

The connective logic "and" is denoted by "A"; therefore, the conjunction of two propositions "P A Q"
is true if both P and Q are true.
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Truth table

pPlglpAg
1111 1
110/ o
0|1] o
ojo| o

Example 2.4
P A Q (Itis raining and it is cold) is true only if both "It is raining" and "It is cold" are true.

2. - Disjunction

The logic connective "or" is denoted by "Vv"; then the disjunction of two propositions "P v Q" is true if
at least one of P or Q is true.

Truth table
piqipvag
111 1
110 1
0|1 1
0/0 0

‘ P v Q (ltis raining or it is cold) is true if either "It is raining" or "It is cold" (or both) are true.

3. - Implication

An implication is a logical statement of the form "If P, then Q" and is denoted as P = Q and called
the conditional operator, or implicative operator. In this statement, P is called the antecedent, and Q
is the consequent. The implication is considered false only when P is true and Q is false; in all other
cases, it is true.

Truth table:

p=q

O O =2 A2 |T
o 2 O = |9
o

Example 2.6

- "If it is raining, then the ground is wet" P = Q is true.
- Let P be the statement "A number xx is divisible by 4" and let Q be the statement "The nhumber
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Xx is even."
Implication: "If a number xx is divisible by 4, then xx is even" P = Q. This is true because every
number divisible by 4 is also even.

4. - Equivalent Statement (Biconditional Statement)

An equivalent statement is a logical statement of the form "P if and only if Q" and is denoted as
"P < Q". This statement is true when both P and Q have the same truth value (both true or both
false) and false otherwise.

Truth table
plgq|peq
111 1
110 0
01 0
00 1

Example 2.7

Let P be the statement "A triangle is equilateral" and let Q be the statement "All sides of the
triangle are equal.

Equivalence: "A triangle is equilateral if and only if all sides of the triangle are equal" p < q.
This is true because a triangle is equilateral if and only if all its sides are equal.

I=3" Remark
1. The statement P = Q (implication) is logically equivalent to the statement P v Q.

(P=0Q)=(PVvQ)
~—— ~——

(1) (2)
PIQI(M|PI @2 1)@
111 110 1 1
1771010 |0| O 1
0 1 111 1 1
O[O0 | 1 1 1 1

2. The reciprocal (or converse) of an implication P = Q is the statement Q = P.
3. The contrapositive of an implication P = Q is the statement Q = P.
(P=0)=(Q=>P)

~——— ~———
(1) (2)
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PIQP O (Q|Q)=(2)
1T/1T/0]0] 1 1 1
11001100 1
O[1T|1T]0]1 1 1
O[O0 |1T]|1]1 1 1

4. We have:

(P=Q)e=(P=>0)A(Q=P)
0 1 2

. _

Pla| @M @] O 0)ed)
111 1 1 1 1 1
1/0, 001 0 1
0|1} 0|1 0 0 1
00 1 1 1 1 1

m Basic logical rules

1. P A Pis false.
2. ,§ <P
3. (P A Q) & P v Q. (This is the negation of conjunction).
4. (P v Q) < P A Q. (This is the negation of disjunction).
5].PAP&P,PVP &P
6. P v Pis true.
7.PvQ&e& QVP,PAQS QA P. (Commutative property).
8.[PAQAR)IES[(PAQYAR]L[PV(QOVR)]I<I[(PvVQ)VR]. (Associative Property).
9. [PA(QVR) I [(PAQYV(PAR)][PV(QAR)I e [(PVvQ)A(PVR)]. (Distributive property).
10. (P = Q) < (P A Q). (Negation of implications).
1. [(P = Q) A (P= Q)] = (P = R). (Transitive property of =).
12.[P A (P= Q)] = Qs true.
13.[P=>(Q=>R)]=[(PAQ)=R].
14.[(PVvQ)=>R] <= (P=R) A(Q=R).
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m Propositional Formulas
Definition 2.3

A propositional formula is an atomic proposition; it is composed of other propositions using con-
nectors. (A, v, =, & ...). The propositional calculus language is constructed as follows:

1. Propositions (P, Q, R...).

2. connecteurs (A, V, <, ...)

Example 2.8

- Expression: "2 + 2 = 4 v 3 + 3 = 5" Here, 2+2=4, 3+3=5 are atomic propositions. The formula
is constructed using the logical connectors "or v.

3" Remark
In the logic literature, we use several synonyms for propositional symbols; thus, propositional vari-

ables, atomic propositions, atomic formulas, or even atoms are all synonymous with propositions.

Definition 2.4

Let Fpc be the smallest set containing all the well-formed formulas or expressions in the proposi-
tional calculus where:

1. Every proposition is a formula.

2. If F is a formula, then F is also a formula.

3.If F, G are formulas,then F A G, F v G and F = G are also formulas.

I=3° Remark
The semantics of propositional calculus (also known as propositional logic) involve the interpre-

tation and meaning of propositional formulas. Let us construct a parse tree for a simple proposi-

tional formula: P A (Q vV R)
A
p %
q r
DI LT XM Valuation

Let P = (p, g, r...). A valuation (often denoted as v) is an application v : P = 0, 1 that maps
each propositional variable in a set P to a truth value—either true (1) or false (0).
Formula value:

¢ U(F) = 1iff u(F) = 0.
SUFAG)=1iffu(F)=1andu(G) =1.
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SUu(FvG)=1iffu(F)=1oru(G)=1.

We can rewrite these values as follows:
% U(F) = 1—u(F).

€ U(F A G) = min(u(F), u(G)).

€ U(F v G) = max(u(F), u(G)).

% U(F = G) == max(u(F), u(G)).

U(F=G)=0iffu(F)=1and u(G) =0.

m Formula Models

Definition 2.6

The valuation of a set of propositional variables is denoted as Val(Prop).

Example 2.9

If Prof =p, q,r,...,.then Val(Prop) is presented in the following table:

plajr
111
1(110
1]0/1
1/0/0
011
0/1/|0
001
0/0/o0

Definition 2.7

A model formula of F is a valuation u such as u(F) = 1. We denote the result as mod(F)

Example 2.10

Truth table of F:

Department of Mathematics

Let us consider a proposition F = (p v q) A (p Vv r) and attempt to find its valuation.
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plg|ripvqg|pvr F=(pvag)a(pvr)
0|00 0 1 0
0[0]|1 0 0 0
0O/1]0 1 1 1
011 1 0 0
11010 1 1 1
1101 1 1 1
11110 1 1 1
1111 1 1 1
Therefore, the F model is as follows:
p
0
mod(F) =

—
- o O o =~ |9
. O - o o~

DELNTLWPA R Satisfiability

A formula is satisfiable if there exists at least one model in which the formula is true; in other
words, 3u : U(F) =1, i.e,(mod(F) # D).

Definition 2.9

A formula F is not satisfiable if it does not accept a model, that is, Vu : u(F) = 0.

Definition 2.10

A formula F is a tautology or valid if: For all possible valuations, F is evaluated as true, i.e. if
mod(F) = Val(F), then we denote |= F.

=(PVP)

Definition 2.11

A formula G is a consequence of a set of formulas F if: For every model, F is a model of G.
(mod(F) € mod(G)).

Department of Mathematics
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(FVG)=F
FEFvVG

m Common normal forms

In logic, normal forms refer to standardized ways of representing logical formulas. These forms are
useful for simplifying logical expressions and for various applications in logic.

Definition 2.12

< A literal is an atomic formula or the negation of an atomic formula (p or p).
n
€ A disjunctive clause is a disjunction of literals \/ li=(l1vIlv... vl orthe [ are literals.
i=1

n
$¢ A conjunctive clause is a conjunction of literals /\ li=(1 Al A... Aly)orlare literals.
i=1

DI RN Conjunctive Normal Form (CNF)

A formula is in conjunctive normal form (CNF) if it is a conjunction (AND) of disjunctions (ORs) of
literals. Formally, it can be expressed as:

mj
where each C; is a disjunction (OR) of literals, i.e., C; = \/ Lij, and L;j represents a literal.
J=1

DTN PR ER Disjunctive Normal Form (DNF)

A formula is in disjunctive normal form (DNF) if it is a disjunction (OR) of conjunctions (AND) of
literals. Formally, it can be expressed as:

n

Ve

i=1

m;
where each C; is a conjunction (AND) of literals, that is, C; = /\ Lij, and L;j represents a literal.
=1

(pvagvr)a(gvp)AsisaCNF
(AqgAr)v(gAap)vsisaDNF

I3° Remark
To transform a formula into a conjunctive normal form (CNF) or a disjunctive normal form (DNF),

these steps are generally followed:

<¢ Apply, if possible, the substitution of implications and equivalences with conjunctions and dis-
junctions.
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% Replace implications p — g with =p v q.
% Replace the biconditionals p < g with (p A @) V (—=p A —Q).
€ Move negations inward using De Morgan'’s laws
®(pArq)=(Pva)
®(pvq)=(pAQ)
<t Apply distributivity of conjunction and disjunction.

# Use distribution to ensure that the formula is a conjunction of disjunctions. This step involves
applying the distributive law:

pA(@vr)=(Aq)V(pATr)

<t Simplification of the obtained formula:

#% Clauses containing two opposite literals are valid and can be removed from the CNF. [ EX:
pPAGArAql
#% Repetitions of a literal within the same clause can be removed. [0 A g AT A ]
€ If in a clausal formula, a clause C; is included in a clause Cj, then C; can be removed from the
set of clauses representing the CNF. (C; |= C;, i.e,, C; is a logical consequence).

When C;isincludedin Cj, all the literals in C; are also presentin C;. In such a case, C; is redundant
because C; alone is sufficient to satisfy the formula. (Ex: C;=pvqgvrandCj=pvsvtvqgvr)

Example 2.14

Letushave F=p A[g=(rvs)l]A(p vV q);find FNC.

F=(@vIgv(rvs)DA(pvaq)
=(Pviga(ras)DA(pva)
=(vligaras)a(pva)
=(pvag)a(pvr)a(Pvs)a(pva)

Remplacement theorem

We can see with the help of atruth table that p = p is a tautology; if we substitute the formula(rvs) =t
into the variable p, we obtain
(rvs)=t=>(rvs)=>t

which is also a tautology. This means that if we replace all occurrences of a propositional variable in a
tautology with any propositional formula, the resulting propositional formula is also a tautology.

Let F be a propositional formula containing the variables p1,..., pn, andlet Fi, i = 1.., n be any
propositional formula. If F is a tautology, then the formula G obtained by replacing the occurrences
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of the variables p;, i = 1.., n with F;in F is also a tautology.

Proof. If F is atautology, by definition, F is true for all possible truth values of its variables p;, i = 1..., n.
In other words, no matter what truth values the variables p;, i = 1..., n take, FF is always true.

Now, consider substituting each variable p; in F with a propositional formula F;. Let us denote the
resulting formula by G. The key idea is that since F is true regardless of the truth values of p;, i = 1..., n,
it will remain true even when each p; is replaced by the corresponding F;.

Since G is just F with these substitutions and F is true for all truth assignmentsto p;, i = 1..., n, the
formula G will also be true for all truth assignments to the components of the F; formulas.

Therefore, G is also a tautology. [ |

IS Remark about the symbol |=
Note that the symbol is used in different situations; there is always a formula associated with this

symbol.

< p |= F, where p is a model of F.
€ G |= F, all the models of Gare models of F; F is a logical consequence of G.

< |= F, where F is a tautology.
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o4 :101 (-1 @] Predicate Logic

Definition 3.1

Let E be a set. We say that a propositional form of a variable, defined in E, contains a variable X,
which becomes a proposition for all given values of x in E.

Let E =N and P(x): x is the prime number.

€ for x = 2, P(2) is a prime number True.
< for x = 4, P(4) is a prime number False.

Every propositional form has a variable called a predicate. For predicate logic, we need to introduce
two symbols: the universal quantifier and the existential quantifier.

m Quantifiers:

Let P(x) be a propositional form defined in E and let E, = {x € E, P(x) True}.

< Universal Quantifier (V): Indicates that a statement applies to all the elements in a domain. For
example, Vx P(x) means "For all x € E, P(x) is true."

Vx€E:P(x) istrues<=>Ep,=E

< Existential quantifier (3): Indicates that there is at least one element in the domain for which the
statement is true. For example, 3x P(x) means "There exists an x € E such that P(x) is true."

dx € E:P(x) istrue ®E, # 3

These quantifiers extend propositional logic to predicate logic, allowing for more expressive statements
about properties and relationships involving variables.

To express the proposition P such as "for all real number X, there exists an integer n such that n
is greater than x."

P:VxeR,AneN:n>x

=5 Remark
¢ The order in which quantifiers appear significantly impacts the meaning of a statement. Chang-

ing the order can change the truth value of the statement.
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Example 3.3

1
# Vx € R*, Ay e R* : x.y = 1. (True, for any x € R*, you can choose y = —, which is
X

also a nonzero real number. Thus, X.y = x.— = 1.).
X

# dy € R*,Vx € R* : x.y = 1, (False, No single nonzero real number y can satisfy
x.y = 1 for every x € R*. The value of y depends on x and cannot be a fixed number
for all x).

¢ Negating a universal quantifier turns it into an existential quantifier, and vice versa. This is a key
principle in logical operations.

Example 3.4

The negationof "'P=VxeR,AneN,n>x"isp=3Ix€R,VneN,n < x.

Theorem 3.1

QR (VX€eEE:P(X))A(VXEE: : QX)) = (VXxeE:P(x)AQX))
®(IX€E:P(xX))v(AXe€eE: : QX)) = (IxeE: P(x) Vv Q(x))
€ (VxeE:P(xX)) v(VXeE:Q(x))=(VxeE:P(x)V QX))
(AXeEE:PX)AQX))=>Oxe€E:P(X)) A(IX€E:0(x))

Proof. ¢ (=) Direction:

% Assume that Vx € E : P(x) and Vx € E : Q(x) are true.

#% This means that for every x € E, P(x) is true and Q(x) is true.
% Therefore, for every x € E, P(x) A Q(x) is true.

% Hence, Vx € E : P(x) A Q(X) is true.

(<) Direction:

% Assume that Vx € E : P(x) A Q(x) is true.

#% This means that for every x € E, both P(x) and Q(x) are true.
% Therefore, Vx € E : P(x) is true, and Vx € E : Q(x) is true.

% Hence, (Vx € E: P(x)) A (VX € E: Q(x)) is true.

Since both directions hold, we have proven that:
(VX€eE:P(X))A(VX€EE: QX)) = (VXxeE:P(X)A QX))

< (=) Direction:
% Assume that Ax € E : P(x) or 3x € E : Q(x) is true.

% If Ax € E : P(x) is true, then there exist some xg € E such that P(xg) is true.
% If Ax € E : Q(X) is true, then there exist some X1 € E such that Q(x1) is true.
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% In either case, P(xg) vV Q(xp) or P(x1) v Q(x1) is true.

% Hence, Ix € E : P(x) v Q(x) is true.

(<) Direction:

% Assume that dx € E : P(x) v Q(x) is true.

% This means that there exist some xg € E such that P(xg) or Q(xg) is true.
% If P(Xo) is true, then Ix € E : P(x) is true.

% If Q(xo) is true, then Ix € E : Q(x) is true.

% Hence, (Ax € E: P(x)) v (Ix € E : Q(x)) is true.

Since both directions hold, we have proven that:
(AxeE:PX)Vv(AXeE: QX)) = (3xeE:P(x)V QX))

€ % Assume that Vx € E: P(x) or Vx € E : Q(x) is true.

% Case 1. If Vx € E : P(x) is true, then for every x € E, P(x) is true.

% Since P(x) is true for all x € E, P(x) v Q(x) is also true for all x € E.
% Case 2: If Vx € E : Q(x) is true, then for every x € E, Q(x) is true.

% Since Q(x) istrue forall x € E, P(x) v Q(x) is also true for all x € E.

% In either case, Vx € E : P(x) v Q(x) is true. Thus, we have proven the following:
(VX€eE:P(X))Vv(VXeE:Q(X))=(VxeE:P(x)Vv Q(x))

#% the reciprocal of Statement 3 is false. Let us have an example: E = N, such that P(x) : x is even
and Q(x): x is odd; then,
VxeN: (x isevenv
x isodd); True.However,[VxeN: (x iseven; False] v [Vx eN:x isodd; False]
€ % Assume that Ix € E : P(x) A Q(x) is true.
% This means that there exist some xg € E such that both P(xo) and Q(xg) are true.
% Since P(Xxp) is true, dx € E : P(x) is true.
% Since Q(Xxp) is true, Ix € E : Q(x) is true.
% Hence, (Ax € E : P(X)) A (AXx € E : Q(x)) is true.

#% the reciprocal of Statement 4 is false. Let us have an example: E = R and let P(x) = x > 2
and Q(x) = x < 2. Therefore, 3x € R,x > 2 True A dx € R, x < 2 True. However,
Ax eR,((x=2) A(x <?2)) False.

u
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o E:To) 1 -4 Reasoning types

m Mathematical Proof

There is no mathematical truth except within the framework of a given theory. For example, the asser-
tion: "Every number has a strictly smaller number." an be analyzed differently depending on the context
of the number set (real numbers, natural numbers, or complex numbers). Here is an explanation for
each:

Real numbers: The assertion is true. For any real number X, there exists another real number y such
that y < x. For example, if x = 5, you can always find a number such as 4.9 or even 4.999999.

Natural numbers: The assertion is false. The natural numbers typically start at 1 (or 0 in some
definitions). For the smallest natural number (which is 1 in the usual definition), there is no strictly
smaller natural number.

Complex numbers: Not Applicable: The concept of "strictly smaller” does not apply in the same way
to complex numbers.

m Proving H = C

In a given mathematical theory, solving a problem means demonstrating a proposition of the type (H =
C). That is, proving C under the hypothesis H. To do this, one relies on the hypothesis H and the
propositions of the relevant theory.

One establishes a sequence Qq, Q1,..., Qn suchthat Qg is derived from the truth value of H, and
the truth value of Q; is deduced from the truth value of Q;_1.

(H= 0
<(/"//\Ql)=>Qz

\(H/\QlA.../\Qn)ic

Example 4.1

Let x be an integer (x € Z2). If x is an even integer, then x“ is even.
Proof: Assume that x is an even integer. By definition, x can be written as:

2

X =2k
where Kk is an integer. Square both sides of the equation:
x? = (2k)? = 4k?

Factorize the right-hand side:
x? =2(2k?)
Since 2k? is an integer (as k is an integer), let m = 2k?. Thus, we can write:

2

X“=2m

where m is an integer. Therefore, x? is of the form 2m, which is the definition of an even number.
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m Proof of : VX € E: P(X)

€ To prove a statement of the form Vx € E : P(x), where E is a set and P(x) is a predicate (a statement
involving x), a universal proof technique is typically needed. Let x be an arbitrary element of E. This
means that x is any element you might choose from the set E, and we need to prove that P(x).
Suppose that x € E. Since Xx is arbitrary, the proof shows that P(x) holds for all x in E. Thus, you
can conclude that Vx € E : P(x) is true.

% To prove that [Vx € E : P(x)] is false. It is sufficient to verify that [Ax € E : P(x)] is true. This
means that find an arbitrary element xg € E, which does not verify the property.

m Direct Proof

€t To directly prove an assertion of type P = Q, we suppose that we have P and that we prove that Q is
true by using propositions of the theory concerned.

<¢ To directly prove an assertion of type P A Q, we prove P, and we prove Q.

<t To directly prove an assertion of type P v Q, we can prove that one of the two assertions is true P or
Q. Additionally, we can prove that one of them is false and that the other is true.

Example 4.2

% Suppose that x is an integer; prove that (x is odd and that v x? is even) is true.
We suppose that (x is odd) is false; then, x is even, and using the result of the previous
example, we prove that x? is even.

% (Vx € R, x? < x) is false. We have a counterexample: x = 2 than x> =4 > x = 2.

m Indirect Proof

m Reasoning by contrapositivity

Instead of proving the statement P = Q directly, you prove its contrapositive: Q = P. Since a statement
and its contrapositive are logically equivalent, proving one proves the other. Therefore, we suppose that
Q is true and that we prove that P.

Example 4.3

proving that if x? is odd, then x is odd. Proving by Contrapositive, i.e., we need to prove that x is
even and that x? is even.

m Reasoning by excellence

Proof by contradiction (also known as reasoning by absurdity) is based on the following statement:
[(P=>0)=(P=>0Q)] =P

This indicates that the entire expression on the left side (P = Q) = (P = Q) is logically equivalent to
the proposition P. Therefore, to prove that P is true, we need to confirm that the other proposition is true
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because a certain assertion is true. Therefore, we assume that P is true (P is false). This assumption
leads you to simultaneously conclude that Q is true and that Q is false (which is a contradiction); then,
the original assumption must be incorrect. Consequently, P must be true.

The statement sums up how proof by contradiction works. This shows that assuming that P (not P)
leads to something impossible. (where Q and Q are both true), then P must be true.

Example 4.4

Prove that the set of prime numbers is infinite.
Let us use reasoning by contradiction: Suppose that the set P = p1, p2 ... pn of prime numbers
is finite and that we prove until we find a contradiction. Let us define a number

m=pi1.p2...pn+1

By construction, m is not divisible by any of the primes p1, p2 ... pn. (i.e., m/p;leaves aremainder
of 1). Therefore, m must either be:

€ A prime number itself (if it is greater than 1).

<2 Or, a composite nhumber with prime factors not in our list.

In either case, m contradicts our original assumption that p1, p2 ... pn are all prime numbers.

Since assuming that the set of prime numbers is finite leads to a contradiction, our assumption
must be false.

=5~ Remark
< in this example, the Q assertion is the prime number p1, p> ... pn.

<t This example proves that the analysis of a problem is not always obvious

m Proof by disjunction of Cases

We have:
[(Q=>P)A(Q=>P)] =P

To prove that a given assertion P is true, it is sufficient to find the assertion Q such that (Q = P)
and (Q = P) are true. In general, we mention that the assertion Q comes naturally from the problem
analysis. In the proof, we write:

¢ 1°¢ case: Assume we have Q and verify P.

¢ 2"9 case: Assume that we have Q and verify P.

Example 4.5

Suppose A < 0, proving:

Y(x, y) € R? : max(Ax, Ay) = Amin(x, y)
Solution: Suppose that x and y are two real numbers.

€ 15 case: Let X < y then Ax > Ay and max(Ax, Ay) = Ax = Amin(x, y).
¢ 2"9 case: Let x > y then Ax < Ay and max(Ax, Ay) = Ay = Amin(x, y)

This is the result.
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I3 Remark
< In the above example, the assertion Q = x < y comes naturally in the evaluation of min(x, y).

¢ The method presented can be generalized easily to the study of more than two cases.

m Proof by induction

This type of demonstration applies to propositions of the form X = Vn € N, P(n). It is often more
effective to use a proof by induction rather than a classical proof. The property of induction is presented
here as a consequence of the construction of N.

They rely on the following arithmetic theorem.

Every subset of N that satisfies the following conditions:

e 0eX.
Vxe N;(x+1)eX

is identical to Nl and can be expressed in the following form.
Induction property Let P be a statement (or assertion) about the integer variable n € N. We have
the following proposition:

P(0) A (VkeN: P(k) = P(k+1))=(VneN,P(n))

Proof. Let X = n € N/P(n) and suppose that we have P(0) A (Vk € N : P(k) = P(k + 1)); then,

f20eX
SVkeN:keX=>k+1eX

on the basis of the arithmetic theorem X = N. Therefore, Vn € N, P(n). [ |

The principle of mathematical induction is often taken as an axiom in the construction of natural
numbers, but we can understand its validity through a logical argument.

1. Initialization: Let us assume that P(0) (or P(1)) is true.
2. Inductive Hypothesis: Assume thatP(k) is true for some arbitrary k € N.

3. Inductive Step: Using the induction hypothesis, you must show that P(k + 1) is true. This step
connects the truth of P(k) to the truth of P(k + 1).

I=3° Remark
Let us highlight two commonly encountered variants, which are consequences of the property of

recurrence:

€t Incomplete Recurrence Property:
P(no) A (Vk = ng : P(k) = P(k + 1)) = (Vn = ngP(n))
¢ finite Recurrence Property:

P(no) A (Vk € {ng, ..., m—1}:P(k)=P(k+1))= (Vne {ng, ..., m}P(n))
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o) ET Y Paradox

Definition 5.1

A paradox begins with true statements and uses correct logic, but ends with contradictory or im-
possible conclusions. These contradictions arise from the way the statements are linked together.
In real life, paradoxes such as these do not actually occur and cannot be fully understood or re-
solved. They often involve statements that refer to themselves, such as "This sentence is false." If
the sentence is true, then it is false, but if it is false, then it has to be true.

Origin of the word "paradox” The word "paradox” comes from the Greek word "paradoxon,” which
means something surprising or contrary to what we expect. It comes from:

"Para-" means "beside" or "beyond" "Doxon" means "opinion" or "belief".

Thus, "paradoxon” means "beyond belief," showing that it is something that goes against what we
normally think.

m Paradox of the business card

Imagine a business card with two sides:

<¢ Side 1: "The statement on the other side is false."
< Side 2: "The statement on the other side is true."
Reasoning:

< If the statement on Side 1 is true, then Side 2’s statement ("The statement on the other side is true")
is false. However, if Side 2's statement is false, Side 1's statement is also false, which creates a
contradiction.

< If the statement on Side 1 is false, then Side 2's statement is true. However, if Side 2's statement is
true, then Side 1's statement should be true, again creating a contradiction.

Therefore, both statements contradict each other regardless of which side you start with.

m Paradox of the Mouse and the Rabbit

Imagine a situation where:

¢ The Mouse says: "The rabbit is lying."
<¢ The rabbit says, "The mouse is telling the truth."

Reasoning:

< If the Mouse is telling the truth (i.e., the Rabbit is lying), then the Rabbit’'s statement ("The mouse is
telling the truth") is false. This means that the mouse is not telling the truth, which creates a contra-
diction.

< If the mouse is lying (i.e., the Rabbit is not lying), then the Rabbit’s statement ("The mouse is telling
the truth") is true. However, if the Rabbit’s statement is true, then the mouse must be telling the truth,
again creating a contradiction.
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m Russell's Paradox

Russell's paradox arises in set theory, which is a branch of mathematical logic that addresses collections
of objects, called sets. The paradox was discovered by the philosopher and logician Bertrand Russell
in 1901. It highlights a fundamental problem with naive set theory, which allows for the creation of any
set defined by a property.

Paradox Statement: Consider the set of all sets that do not contain themselves as a member. Let
us call this set A.

Definition of A: A is the set of all sets that do not contain themselves as a member.

Reasoning:

< If A contains itself as a member, then it should not contain itself. This creates a contradiction because
A cannot both contain and not contain itself simultaneously.

<t If A does not contain itself as a member, then it should contain itself. This also creates a contradiction
because A cannot both contain and contain itself simultaneously.

Logical Formulation:
Define A as follows:
A= {X|Xisasetand x € X}

Ask whether RR is a member of itself:

< If A € A: By the definition of A, A should not be a member of itself. This is a contradiction.
< If A ¢ A: By the definition of A, A should be a member of itself. This is also a contradiction.

m Barber Paradox

Situation: In a village, there is a barber who shaves exactly those people who do not shave themselves.
Does the barber shave himself?
Reasoning:

¢ Assume the barber does shave himself: According to the rule, the barber only shaves those who do
not shave themselves. If the barber shaves himself, then he must be someone who shaves himself,
which means that, according to the rule, he should not shave himself. This creates a contradiction
because if he shaves himself, he should not be shaving himself.

¢ Assume that the barber does not shave himself: According to the rule, the barber shaves those who
do not shave themselves. If the barber does not shave himself, then he should be shaved by the barber
because he fits the condition of "not shaving himself." This creates another contradiction, because if
he does not shave himself, he must be shaved by himself, which contradicts the assumption.

m Liar Paradox

The liar paradox is a classic example of a self-referential paradox. It arises when someone makes a
statement that refers to itself in a way that creates a contradiction. For example, a person says "l am a
liar." Reasoning

< If the statement "| am a liar" is true:
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If someone is telling the truth about being a liar, then they must always lie. However, if they always
lie, then the statement "l am a liar" must be false, because they would be lying when they said it. This
creates a contradiction because if the statement is true, it must be false.

< If the statement "l am a liar" is false:
If the person lies about being a liar, then they must be telling the truth. However, if they are telling the
truth, then the statement "l am a liar" should be true, which again creates a contradiction.

m Grelling—Nelson Paradox

The Grelling—Nelson paradox is a self-referential paradox that arises in the context of linguistics, specifi-
cally dealing with the classification of adjectives. It was formulated by the German logician Kurt Grelling
and philosopher Leonard Nelson in 1908. The paradox revolves around two types of adjectives:

<¢ Autological Adjectives: These are adjectives that describe themselves. For example, the word "short"
is short, so it is autological. Similarly, "English" is an English word, so it is autological.

<¢ Heterological Adjectives: These are adjectives that do not describe themselves. For example, "long"
is not a long word, so it is heterological. Likewise, "French" is not a French word, so it is heterological.

The paradox arises when one tries to classify the word "heterological” itself.
Reasoning:

¢ Assume "heterological” is heterological: If "heterological" is heterological, then it means that it does
not describe itself. However, if "heterological” does not describe itself, then it must be true that "het-
erological” is heterological. This leads to a contradiction because the word is supposed to describe
something it does not describe.

€t Assume that "heterological is not heterological (i.e., it is autological): If "heterological” is autological,
then it describes itself. However, if it describes itself, it should be heterological, because it describes
words that do not describe themselves. This, again, leads to a contradiction.
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(o4, F:101 (1Y Set theory

A set is a collection of objects that can be enumerated or defined by a property. A set is often denoted
by an uppercase letter (e.g., A, B), and its elements are denoted by lowercase letters (e.g., X, y, 2).

¢ Some sets have special notations, such as C for complex numbers, N for natural numbers, and R for
real numbers.

¥¢ When we enumerate the elements of a set, we say that the set is defined by extension. For example,
E={a,b,c}.

¢ When we define a set by a property, we say that the set is defined by comprehension. For example,
E={xeA|P(x)}.

€ The set that contains no elements is called the empty set, denoted by @.

$¢ A set that contains only one element is called a singleton.

Example 6.1

€ A={1,3,5,7,9} (defined by extension).
e B={2°2122  .}y={2{|ieN} (also defined by extension).

When the number of elements in a set becomes too large or when there is an infinite number of
elements, we can define it by comprehension:

[2,15]={x€R|2<x <15} (defined by comprehension).

2N={neN|3k eN:n =2k}

m Membership, Inclusion
DISIONTCIE NI Membership (Appartenance)

Let E be a nonempty set.

€« Membership refers to the relationship between an element and a set. If X € E means that "x is

an element of E". Equivalent expressions are "x is a member of E", "x belongs to E", and "x is in
E".
<

Example 6.2

If A= {1, 2,3} thenl € A (1is amember of the set A), but 4 € A (4 is not a member of set A).
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DI Inclusion
Inclusion refers to the relationship between two sets. A set F is said to be a subset of set E if every
element of F is also an element of E. Thisisdenotedas FC E < Vx eF,x € E.
< If Fis a subset of E but F is not equal to E, we say that F is a proper subset of E and write F C E.
SCfE=F&SFCEAECF
S P(E)={F|IFCE}
xXecAUB=(xeA)A(xeB)
xeAnNBe (xeA) v (xeB)
SxcAXxEA
&®ANB=AUB
®#AUB=ANB
AN(BUC)=(AnB)U(ANCQC)
AUBNC)=(AuB)N(AuQ)

I=3" Remark
A negation denotes the complement, union by v, and intersection by A. We can prove these rules

easily via the truth table:

AnNB A

B|AuUB
0

—

A
0
0
L
L

- O = o | O

O O = al)>

B N
1 0
0 1
1 1
0 1

o O o =

Example 6.3
If F={1,2}and E = {1, 2,3}, then F C E (Fis a subset of E). However, E £ A because not all
the elements of E arein F.

m Cartesian product
Definition 6.3

The Cartesian product of two sets E # @ and F # &, denoted as E x F, is the set of all ordered
pairs (X, y), where x € E and y € F. Formally, it is defined as:

ExF={(x,y)|x€Eandy € F}

For example, if A =1, 2 and B = X, y, then the Cartesian product A x B is:

AxB={(1,x),(1,y)(2,x),(2,y)}
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Let A, B, C be three sets

Ax(BUuC)=(AxB)U(AxC(C)
Ax(BNC)=(AxB)n(AxC)

I3° Remark
Let A, E; be nonempty sets.

n

'kl_[El: {(x1, X2, ..., Xp)|xi € ENi=1,n}
i=1

AT=Ax.. xA

Definition 6.4

Given two sets E and F, a graph of a function (or functional graph) is a subset X C E x F that
satisfies the following condition:

V(a, b) € Xand(a’,b’)e X, a=a’=>b=">b’

m Binary Relation

Definition 6.5

Let E and F be two sets. A binary relation R from E to F is a subset of the Cartesian product E x F.
That is,

RCExF

This means that a binary relation R consists of ordered pairs (a, b), where a is an element of E
and b is an element of F.

I=3° Remark
If (a, b) € R, we say that a is related to b by R, and we often write this as:

aRb

Example 6.4

1. Equality Relation: Let E = F = R (the set of real numbers). The relation R = {(x, y) | x =y}
defines the equality relation on R.

2. Less Than Relation: Let E = F = R. The relation R = {(X, y) | X < y} defines the "less than"
relation on R.

3. Divisibility Relation: Let E = F = Z (the set of integers). Therelation R = {(a, b) | a divides b}
defines the divisibility relation on Z.

IS Remark Properties of Binary Relations
Binary relations can have various properties depending on the specific sets E and F and the nature
of the relation R. Some important properties include the following:

< Reflexivity: R is reflexive if Va € E, (a, a) € R.
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¢ Symmetry: R is symmetric if V(a, b) € R, (b, a) € R.
¢ Antisymmetry: R is antisymmetric if V(a, b) € R and (b, a) € R, then a = b.
< Transitivity: R is transitive if V(a, b) € R and (b, ¢) € R, then (q, ¢) € R.

m Application

Definition 6.6

An application is a special type of binary relation between two sets, where every element in the
first set (called the domain) is associated with exactly one element in the second set (called the
codomain).

Formally, an application f from a set E to a set F is a relation such that:

f:E—>F

This means that for each a € E, there exists a unique b € F such that f(a) = b.

Example 6.5

LetE={1,2,3}and F={a, b, c}. Afunction f : E — F can be defined as:

fM)=a, f(2)=b, f(3)=c

m Image of a Function

The image of an application f, also known as the range, is the set of all values that f takes as its output.
In other words, it is the set of all the elements in the codomain F that are mapped to by at least one
element of the domain E.

Formally, if f : E — F, the image of f, denoted by f(E) or Im(f), is:

Im(f) = {f(a) |a € E}

Example 6.6
Using the previous example where f(1) = a, f(2) = b, and f(3) = ¢, the image of f is as follows:

Im(f) = {a, b, c}

m Direct Image of a Subset

The direct image (or forward image) of a subset A C E under an application f : E — F is the set
of all the elements in F that are images of the elements of A.
Formally, for A C E, the direct image f(A) is:

f(A)=A{f(a)|acA}
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Example 6.7

Let A= {1, 2}. The direct image of A under the function f is as follows:

f(A)=1f(1).f(2)} = {a, b}

m Inverse Image of a Subset
Definition 6.8

The inverse image (or preimage) of a subset B C F under a function f : E — F is the set of all the
elements in E that map to the elements of B under f.
Formally, for B C F, the inverse image f~1(B) is:

f~Y(B)={ae€E|f(a) B}

Example 6.8

Let B = {b, c}. The inverse image of B under the function f is as follows:

f71(B)={acE|f(a)e{b,c}}

If f(2) = b and f(3) = ¢, then:
f71(B)=1{2,3}

Proposition 6.2

Letf : E — F be an application

& VA BCcF f Y (AnB)=f"1(A)nf1(B)
@ (AuB)=f"1(A)uf'(B)

% f(AnB) c f(A)NF(B), f(AuB)=f(A)Uf(B)
@ f(f1(B)cB

A cfH(f(A)
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(o) ET0 (-1l Exercises

A flan contains 9% sugar. What is the percentage of sugar in 6 flans?

< 54%
£ 9%
e 50%

A snail tries to reach the top of a 12-meter pole. It climbs 3 meters each day but slips down 2
meters each night. How long will it take to reach the top of the pole?

12
11
€10
9

Using Newton'’s Binomial, compute:

100
k~—k —~k
;E%O—l) 27kck

0

& 2—100
o 2100
€ 100

Let

A={(x,y)eR?:2x—y=1}
B={(t+1,2t+1):teR}

What can we say about A and B?

%A B
@B A
eA#B
$A=8
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Rewrite the following formulas using only the connectors (—, A):
ep=>(Qvr)

fpvagvr,

p=>(ger).

Given that p represents the proposition "X esteems Y" and that g represents the proposition "Y
esteems X', formalize the following sentences in propositional calculus:

€ X does not estimate Y

¢ X esteems Y and Y esteems X

¢ X estimates Y but Y does not estimate X
¢ X esteems Y or Y esteems X

< If X estimate Y, then Y estimate X

Are the following assertions true or false? Provide their negations.

€IxeR VyeRx+y>0
VxeRIyeR x+y>0

®IxeR VyeR y? > x

Ve eR*, JaeR* x| <a=|x%| <€

We introduce the connector | (Sheffer’s stroke), whose truth table is given by

P1Q

ol = |O0O| =0
Y

<t Express the connector | in terms of A
< Is the connector | commutative (P | Q = Q | P)? Is it associative (P | Q) |R=P | (Q | R))?
€t Provide truth tables for the formulas P |P, (P | Q) | (P| Q),(P|P) | (Q | Q),P| (O] Q)

¢ Express the following formulas P | P, (P | Q) | (P| Q),(P|P) | (Q | Q),P| (O] Q) in terms of
the connectors A, v, =, ...
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Consider the following two proposition formulas:

(pv(@Aan)a(@vr) (7.7)

((@g=p)Vv-(pe=g))A(lrA-p) (7.2)

< Construct the truth table for the two formulas

<¢ Given that p and g are true and that r is false, find the truth values of the two propositional
formulas (1) and (2)

Exercise 7.10

Complete the sentences exclusively with the words BECAUSE, IF, THEN, AS, and THEREFORE:

¢ The number aislessthan 5 .... ais less than 3;

<¢ | am Algerian ....... | am not European;

@y’=9..y=3

€ ..... two lines are perpendicular to the same line, .... they are parallel;
... I'is the midpoint of [AB], we have Al = IB.

Exercise 7.11

In R2, we define the sets:

Fi={(xy)eR’|y <0}
F={(x,y)eR?|xy>1 x>0}
Let M1 M5 denote the usual distance between two points M1 and M5 in R2. Evaluate the following
propositions:
& Ve>0,idM; € F1,AM> € F> suchthat M{M> < ¢
¢ dM, € F1,dM; € F, such that Ve > 0 we have M{M> < ¢
€ de>0,VM; € F1,VM;, € F, we have M{M> < ¢
& VM, € F1,VM> € F5,3€ > 0 suchthat MM, < ¢

When they are false, provide their negations.

Exercise 7.12

< Give a sufficient but not necessary condition for an integer to be strictly greater than 10;

<t Give a necessary but not sufficient condition for an integer to be divisible by 6;

€ Give a necessary and sufficient condition (CNS) for an integer n to be divisible by 3.
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Exercise 7.13

where the error is as follows:

%
—20=—-20 = 16—-36=25—-45 = 42— 4x9=5°—-5x9 (7.3)
9 9

=>42_ZX4XE=52_2>(5X§ (7.4)

" 9 81 9 81

= 4 —2%x4x —+—=5—2x5%x —+ —

2 4 2 4
(7.5)

= (4—=)>=(5—-2>) 7.6
( 2) ( 2) (7.6)
9 9

D

|

|

Il

|

|
—
~
~
~

D
Il
ul
—
~
(0]
~

% We have i = —1; thus,

—1x—-1=1= ’xi’=1 (7.9)
= (%)’ =1 (7.10)
= °=1 I (7.11)

Exercise 7.14

Three people, (A), (B), and (C), each have a different profession: pharmacist, dentist, or surgeon.
Given that the following implications are true, their professions should be determined:

€ Ais a surgeon = B is a dentist

¢ A is a dentist = B is a pharmacist

€ B is not a surgeon = C is a dentist

Exercise 7.15

We define the connector denoted by & as follows: p @ q is true if and only if exactly one of the
propositions p and q is true.

<¢ Express the truth table for &

% Showthatpe® g=(pAq) Vv (P AQ)

€ Showthatpeg=p =g

€ Determine if the connector ® is commutative (o ® g = q @ p) and if it is associative ([(p ® q) &
rlI=lpe(gen)l)?

Exercise 7.16

Let f be a function from R to R. The following statements are expressed via quantifiers, and their
negation is then provided.
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< f is the zero function.

¢ The equation f(x) = 0 has a solution.

€t The equation f(x) = 0 has exactly one solution.
< f is the identity function on R.

¢ The graph of f intersects line y = x.

< f is increasing on R.

Exercise 7.17

Let the following propositions:

P:VxeR,(f(x)=0Ag(x)=0)

Q:(VxeR, f(x)=0)A (VxeR, g(x)=0)

R:VxeR, (f(x)=0vg(x)=0)

S:(VxeR, f(x)=0) v (VxeR, g(x)=0)

T:(VXeR, f(X).gx)=0)=[(VXER, f(x)=0) A (VXeR, g(x)=0)]

€ Are P and Q equivalent?
¢t Are R and S equivalent?

< Translate the proposition T into everyday language.

¢ Show with an example that the proposition T is false.

Exercise 7.18

Let a and b be two nonzero natural numbers. Show that

(dkeN|b=kaan3IleN|a=Ilb)=>a=b

Exercise 7.19

Let n > 1 be a natural number. Consider n + 1 real numbers Xg, X1, ..., X5 satisfying 0 < xg <
We want to prove by contradiction the property: There are two of these reals that are at a distance

of less than —.
n

<€ Write using quantifiers and the values x; — X;—1 a logical formula equivalent to the property.
<¢ Write the negation of this logical formula.
<¢ Write a proof by contradiction of the property (you can show that x, — xg > 1).

Exercise 7.20

Let the proposition
If the integer n® — 1 is not divisible by 8, then the integer n is even.

<t Write the contrapositive of the previous proposition.
<¢ Show that any odd integer n can be written in the formn =4k + rwithk e Nandr € {1, 3}.

<t Prove the contrapositive.
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¢ Have we proven the property of the statement?

Exercise 7.21

Prove by induction that:

1 1 3n
€VneN-{0,1},1+—-+...+ —=>
2 n2 2n+1

1 1
¢ If x is a real number such that (x + —) € Z,thenforalln > 1, (x" + —n) e’
X X

Exercise 7.22

For n € N, define two properties:

P, : 3 divides (4" — 1) and Qp, : 3 divides (4" + 1)

< Prove thatforalln €N, P, = Pp+1 and Qp = Qpy1.
< Show that P, is true for all n € N.
€ What do you think about the assertion: 3ng e N,Vn e N, n > ng = Qp?

Exercise 7.23

Prove by induction that:

n n(n+1
*Zk=¥,\1ne|\|*
k=1 2
n nin+1)2n+1
%> k2= ( X ),Vnel\l*
k=1 6

Exercise 7.24

Let f be a function from R to R. The following statements are expressed via quantifiers, and their
negation is then provided.

< f is the zero function.

¢ The equation f(x) = 0 has a solution.

¢ The equation f(x) = 0 has exactly one solution.
< f is the identity function on R.

$¢ The graph of f intersects line y = x.

< f is increasing on R.

< f is bounded.

< f never vanishes.

< f is periodic.

< f is not the zero function.

< f takes on all values in N.
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Exercise 7.25

Show that
Ve>0,dng e Nsuchthatn>ng=>2—¢<

2n+1
<2+¢€

n+2

Exercise 7.26

LetP={neN|nbeeven} PR={neN|nisprime } Div(x, y) = x divides y
<t Express the following sentences via quantifiers:

% There exists an integer that is less than or equal to all others.

# There does not exist an integer greater than or equal to all others, but for every integer, there
exists one that is strictly greater.

% Every even integer is equal to the sum of two prime integers.

# The set of prime integers is unbounded.

€t Explain in words the meaning of each of the following formulas and state whether they are
verified:

®VY(X, y)eN?, (x,y)eP?’=> (x+y)eP
# V(x,y) eN?,3zeN: (Div(x, z) A Div(z, y))

<¢ For each of the following predicates, provide an equivalent formula that uses only the constant
symbols 0 and 1, the functions + and x, and the equality relation =:

®X€EP
# Div(x, y)
# X € PR (You may use Div(x, y))

Exercise 7.27

Is A a logical consequence of B?

#B=(pAq)v(par)andA=(qVvr)
#B=(p=>q)v(p=>r)andA=p

Exercise 7.28

We introduce the connector A whose truth table is given by:

P g pAg
11 0
10 0
01 0
00 1

€ Give a conjunctive normal form and a disjunctive normal form of the formula p A q.

€ Determine if the connector A is commutative (p A g = g A p) and if it is associative ([ (p A
QArl=[pA(gAn).
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variables p and q.

S Write[p A (g Ar)]interms of p, g, r,and A.

< Give formulas equivalentto p, (o A q), (p Vv q), (p = q) using only the connector A and the

Exercise 7.29

e((pvagvnr)=r,
ep=>((qgvr)=s)
e(pe=g)A(p=>qgvag=>p).

Convert the following formulas into conjunctive and disjunctive normal forms:

Exercise 7.30

Let the formula F be:
(bvag)Aa(rvs),

and the system S be:
x=7)(y—2)=0A(x-=5)(y—3)=0,
€ Express F in disjunctive normal form (DNF);

$¢ Use the DNF form to solve the system S.

Exercise 7.31

Each of the following propositional formulas is used:

(ova)v(paaq),

(p=>(@=>r))=p=q9)=>(p=r)),
<¢ Construct its truth table;
< Indicate whether it is satisfiable, a tautology, or a contradiction.

Exercise 7.32

Let the propositional formula F be:

(b=>(@=>r))=>(rvp)

<¢ Construct its truth table;

¢t Does the formula F have a model? If so, find mod(F);

€ Indicate whether it is satisfiable, valid (a tautology), or unsatisfiable (a contradiction);

¢ Provide the conjunctive normal form (CNF) and disjunctive normal form (DNF) of the formula F.

Exercise 7.33

¢ What can be said about mod(F) when F is contingent?
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< Let F and G be two propositional formulas. What do you think about the following statements:

#% If F is contingent, then Fis also contingent;

#% If F and G are contingent, then F v G and F A G are contingent;
% If F v G is unsatisfiable, then F and G are unsatisfiable;

# If F v G is a tautology, then F and G are tautologies;

% If F v G is a tautology, then either F is a tautology or G is a tautology.

Exercise 7.34

Let Pg, P1; P>, ..., P2k+1 be propositions and let the propositional formula F be:

Po/\P_l/\Pz /\P_3A..../\P2/<+1

< |s F satisfiable?

€ Dowehave FE[(P1 = P2) & (P4 Vv Ps)]?

& Dowehave FE[(Pg AP1)V (P2 AP3)V (P4 APs) V...V (Pak A Paks1)]?
e Dowehave FE[(PoVP1)A(P2VP3)A... A(P2k V P2k+1)]?

Exercise 7.35

€ % Show that (A= B) < [B < (A V B)]

% Deduces that if |= (A = B), then B & (A v B); in this case, we say that A is a redundant
element in the propositional form A v B

¢ Let the formulabe F=(PAQAR)V(PAQ)V (PAR)V (Q AR)

% Construct the truth table for F.
% Deduces the redundant elements of F.

% Provide a simplified form of F.

Exercise 7.36

We introduce the Sheffer stroke | (NAND) with the truth table given by:

P q plg

0
7o 1
IR
00 1

<¢ Provide a conjunctive normal form and a disjunctive normal form of the formula p|q.
€ Is the Sheffer stroke commutative (p|g = q|p)? and is it associative ([ (p|q)|r] = [pl(q|r)])?
<t Provide the truth tables for the formulas (p|p), ((plp)|p), and [(plp)|(plP)]

< Provide formulas equivalentto p, (p A @), (P Vv q), (p = q) that use only the Sheffer stroke and
the variables p and q.
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< Let the function Shef be defined as follows:

Shef (p) =p

Shef(p) = (Shef(p))|(Shef(p))

Shef(p A q) = ((Shef(p))I(Shef(a)I((Shef(p))I(Shef(q))

Shef(p v q) = ((Shef(p))I(Shef(p))I((Shef(q))I(Shef(q))

Shef(p = q) = Shef(p)I(Shef(q))I(Shef(q))

Find the result of Shef[p v (g v r)]

Exercise 7.37

< Let p and g be two logical propositions. Show that

1.[(p=>q)Aq]FDP
2.[(pb=>9)Aql p

<t Are the following arguments logically correct?

# If | am guilty, | must be punished; | must not be punished. Therefore, | am not guilty.

#% If | am guilty, | must be punished; | must be punished. Therefore, | am guilty.

Exercise 7.38

In my painter’s kit, | have paint tubes in the following colors: red, blue, yellow, orange, gray, and
black. Let R be the proposition "l have a Red paint tube", B for Blue, J for Yellow, O for Orange, G
for Gray, and N for Black.

Write the following propositional formulas using the propositions defined above:

$¢ F1:1do not have Yellow.

< F>: If | have Red, then | have neither Black nor Gray.

€ F3: Of the three colors, blue, yellow, and red, | have at least two.
$¢ F4: Of the two colors Gray and Orange, | have exactly one.

Suppose that [F1 A F2 A F3 A F4] is satisfiable. Is it possible to deduce the contents of my kit?
If so, provide the contents; if not, explain why.
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Exercise 7.39

Three colleagues, Ahmed, Brahim, and Cherif, have lunch together every day. The following state-
ments are true:

< If Ahmed orders a dessert, Brahim orders one as well.

<t Every day, Brahim or Cherif, but not both, order a dessert.

¢ Ahmed or Cherif, or both, order a dessert every day.

< If Cherif orders a dessert, Ahmed does the same.

¢ Express the problem data as propositional formulas.
¢ What can we infer about who orders a dessert?

€t Could we reach the same conclusion by removing one of the four statements?

Exercise 7.40

You are walking in a maze and suddenly find yourself in front of three possible paths: the left path
is paved with gold, the path in front of you is paved with marble, and the right path is made of small
stones. Each path is guarded by a guardian. You speak to the guardians, and here is what they say:

F1: Guardian of the gold path: “This path will lead you directly to the center. Moreover, if
the stones lead you to the center, then the marble also leads to the center.”

F2: Guardian of the marble path: “Neither the gold nor the stones will lead you to the center.”

F3: Guardian of the stone path: “Follow the gold and you will reach the center, follow the marble
and you will be lost.”

¢ Formalize these 3 statements via the propositional variables defined below:
G: the gold path leads to the center
M: the marble path leads to the center
S: the stone path leading to the center

€ Given that all the guardians are liars, can you choose a path with certainty that it will lead you to
the center of the maze?

¢ If so, which path would you choose?

Exercise 7.41

Brown, Jones, and Smith are accused of tax fraud. They swear the following:

BROWN: Jones is guilty and Smith is innocent. (I)
JONES: If Brown is guilty, then Smith is also guilty. (1)
SMITH: | am innocent, but at least one of the other two is guilty. (Ill)

Let B, J, and S represent the statements: B: Brown is innocent, J: Jones is innocent, and S: Smith
is innocent.

¢ Express each suspect’s testimony in logical symbolism.

$¢ Calculate the truth values of the three obtained formulas.

¢ Are the testimonies of the three suspects compatible (simultaneously satisfiable)?
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¢ Does the testimony of one suspect follow from the testimony of another? Which two testimonies
are involved?

$¢ Assuming that all are innocent, which one would have committed perjury?

Exercise 7.42

You are presented with three boxes, each carrying a label with an inscription. We denote by

C1:"The goldis in box 1"
C2:"The gold is in box 2"
C3: “The gold is in box 3"

€t Using propositions C1, C2, and C3, formalize the following statements:

#% Label 1 on box 1: "The gold is not here”
Label 2 on box 2: "The gold is not here”
Label 3 on box 3: "The gold is in box 2"

% F1: "Exactly one box contains the gold”

% F2: “Exactly one label’s inscription is true; the others are false”

< If statements F1 and F2 are true, where is the gold?

Exercise 7.43

€ % What does p |= g mean? Recall the definition of p |= q.
# Show that:

*(PEMAAB)=[(pEA)A(pEB)].
*[(AAB)E(p=>qg)] ®[(AABApP)Eq]

<t Consider the following sentences:
F1: For Ahmed to pass the logic exam, it is necessary and sufficient that, first, he attends the
class, second, he stops talking to his neighbor, and finally, he listens to his teacher.
F2: If Ahmed listens to the teacher, then he attends the class and stops talking to his neighbor.
F3: It is necessary and sufficient for Ahmed to listen to the teacher to pass the logic exam.

% Formalize these 3 sentences using the propositional variables defined below and only the
connectors —, =, A,and V:
% R: Ahmed passes the logic exam
< A: Ahmed attends the class
% C: Ahmed stops talking to his neighbor

+ E: Ahmed listens to the teacher

% shows that [(F1 A F2) |= F3].
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