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- Introduction

Geometry is the branch of mathematics that studies shapes and figures in space, their relationships
with each other, and their properties. Among the subbranches of geometry, analytical geometry uses
algebraic and analytical calculations; it facilitates the study of the geometric properties of curves and
surfaces and their geometric representation. There is also differential geometry which studies the local
(in the neighborhood of a point) and essential properties of curves and surfaces, and there is also affine
geometry which is a representation of the part of geometry that is learned in high school and which
concerns the properties of lines, planes, distance, angle, etc. The essential difference from what we
learned in high school is that geometry is fundamentally based on linear algebra.

This course in geometry is the result of twelve years of teaching in mathematics at Mohamed Khider
University, Biskra. The first chapter is devoted to the study of parameterized curves. We begin by re-
calling some definitions of the characterization of a curve as well as the fundamental properties of the
curve. We introduce the length of a curve, it is possible to parameterize a curve by its length. To explain
what this parameterization by the curvilinear abscissa represents, the following equations are intro-
duced through a moving frame, the Frenet frame, which is well adapted to the study of skew curves.
We highlight the importance of the concepts, the curvature and torsion of a curve5. Second we are
interested in the study of parameterized surfaces: such as regular surfaces and differential elements,
and we introduce the following concepts (tangent plane and the normal line, to calculate the integral
of a continuous function on a surface, the area of a surface, we use the first fundamental form of the
surface which allows us to calculate the length of a curve drawn on the surface) In the third chapter, we
introduce the curvilinear integral and its properties. In the last chapter, we are interested in the notions
of affine geometry (affine spaces, barycenters, affine varieties, affine applications, affine frames, and
affine transformations)
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®) IO CIME Parametric Curves

Many mathematical models in physics and mechanics use the concept of a point mass and attempt
to understand its movement over time along a path in space. We propose to study the behavior of
curves from a geometric perspective, where we use a parametric description of curves. We look at the
properties of curves that depend only on the path itself, not how it travels. These properties are called
geometric properties.

m Preliminaries

We use the standard notation for sets. therefore, we write N, Z and R for the sets of natural numbers,
integers and real numbers, respectively. This means that for n € N, we have the following notation:

R"={x=(x1,X2,...,Xn)/X1 €ER, X2 €R, ..., Xn € R}

Additionally, the set R" is considered with addition and multiplication by real numbers, for x = (x1, X2, ..., X
y =(y1,¥2,...,yn) and k € R, we define:

X+y=(X1+YyLX2+Y2,....,Xn+Yn), kx=(kxi,kxz,...,kxn)

Some points will be specified:

el=(1,0,0...,0), €2
=(0,1,0...,0),... , e"

We look at the standard dot product:

n
(X, y) =X1y1+X2Y2... + XnYn = D X
i=1

In addition, the norm and distance induced by this dot product are as follows:
1 "
Ixll = {x,x)2, dist(x,y)=1Ix, yll

Let us also remember the definition of the cross product in R3, for x = (X1, X2, X3), y=(y1,Y2,¥3)

—_ - —

[ j k

XAY=|x1 X2 X3 |=(X2Y3—X3Y¥2,X3Yy1—X1Y3,X1Y2—X2Y1)
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1.2. DEFINITIONS CHAPTER 1. PARAMETRIC CURVES

Definition 1.1

A parameterized curve in R" is a function

C: I— R
t— C(t)=(C1(t),Ca2(t),......Ch (1))
where I C R is a nondegenerate interval and the components C; (i = 1...n) are continuous func-

tions:
Ci:I—R

ThesetS=C(I) = {C(t): t eI} is called the geometric support of C : I — R". We say that S is
a geometric curve and that C (t) is a parameterization of S. If n = 2: the curve S is planar. If n = 3:
the curve S is a space curve.

3" Remark
S is a geometric curve and C is a parameterization of S. The parameterized curve has more infor-

mation than the geometric curve does.

m Examples
| Example 1.1 |

T
: - 2

C: [O, 2]—» R

t— C(t) = (cos(t),sin(t))

/3
2

s

This is a plane curve. C; (t) = cos(t), C2 (t) =sin(t), C(0) = (1, 0), C(g) - (

The support of C is an arc.

The geometric support of the parameterized curve C : R — [R3 given by C(t) =
(k cos(t), ksin(t), t), where k > 0 is a helix.

Line and segment in R” Let p and g be two points in R” such that p # g. There is a unique line
that goes through p and g, which we denote as Dpq. A point x € R" is on this line if and only if
there exists a t € R such that x — p = t(qg — p).

Using t as a parameter, we can write the parameterized curve as follows:

C:R—R"
t— C(t)=p+tlg—p)

The support of this curve is the line Dpq. This parameterization can be used to find a parameteri-
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Figure 1.1. A helix

zation of the segment [ pq] as follows:

vY:[0,1] —R"
t—7y()=p+tla—p)

We can also have another parameterization for the segment [ pq], for example:
8 [o 1] "
%

t— B(t) =p+ 5t(q—p)

Example 1.4

Circle in R? Consider the circle centered at O(0, 0) with radius p. We are looking for a parameter-
ization C : ] — R? whose support should be the set

{x = (x1,x2) | X3 + x5 = p*}
Let us use the angle formed by Ox and the horizontal axis as the parameter:

C:[0,2n] — R?
t— C(t) =(pcost,psint)

For a circle centered at p = (p1, p2) with radius p, the parameterization will be be as follows:
C(t)=(p1+pcost, p2+psint)

From Example 3, we observe that two curves can have the same support but different parameteri-
zations. This leads us to consider the following definition of a change in parameterization:

Department of Mathematics Faculty of Exact Sciences and Natural and Life Sciences



1.3. CHARACTERISTIC EQUATION CHAPTER 1. PARAMETRIC CURVES

Definition 1.2

Letthe curve C : I— R". If ¢ : I — I is a strictly monotonic continuous function (increasing or

decreasing), then we obtain a new curve C:

E:T—>IR”
s— C(s)=C(p(s))

equivalent to C (having the same support), and the transition from C to C is called a change of
parameterization.

Let C: [a, b] — R". To obtain an equivalent curve C : [0, 1] — R", it is sufficient to take:

¢:[0,1] —[a,b]
s—@(s)=a+s(b—a)

m Characteristic Equation

From the parameterization of a curve, we can sometimes obtain the equation that characterizes the
geometric relationship of points in space. To dothis, itis necessary to eliminate the parameters between
the parametric equations. Let us cite some examples.

m Examples
Example 1.6

Ellipse
Let the curve:

C:[0,2n] — R?
t— C(t)=(acost, bsint)
By eliminating t between the two components, we obtain the following equation:
2 2
s e
a2 b2
which is the equation of the ellipse with center (0, 0) and radii a and b.

Example 1.7

Hyperbola Let the two curves:

Y :R— R?
t— v (t) =(acosht, bsinht)
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CHAPTER 1. PARAMETRIC CURVES 1.4. TYPES OF CURVES

B:R— R?
t— B(t)=(acosht,—bsinht)

By eliminating t between the two components in both curves, we obtain the following equation:

which is the equation of the hyperbola.

Example 1.8

Curve on a Sphere
Starting from spherical coordinates and creating a parameterization of a curve with its support on
a sphere, it is sufficient to consider the following functions:

t— ®(t), t— 6(t), tel
and define

C(t) = (cosB(t)cos ¢(t), cosO(t)sing(t),sinBo(t))

A curve C is said to be simple if it does not intersect itself, in other words, if

V(t1, t2) €I, t1 # t; = C(t1) # C(t2)

Example 1.9
The curve C (t) = (cos (t), sin (t)) with C : [0, 2m] — R? is a simple curve.

m Closed Curve

Leta,b e I bewitha < b. Let C : [a, b] — R" be a parameterized curve such that C(a) = C(b). In
this case, we say that C is a closed curve.

5" Remark
A simple curve is a curve that does not self-intersect; in other words, the path does not cross itself

(except possibly if the curve is closed, in which case the only intersection point is the starting point,
which is identical to the endpoint).
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1.5. REGULAR CURVES AND TANGENT SPACE CHAPTER 1. PARAMETRIC CURVES

m Regular Curves and Tangent Space

m Rules for Calculating Derivatives (Recap)

Sletf:I— R, t— (f1(t), f2(1), ..., fn(1)), where each f; is a real function. We say that f is differ-
entiable if each f; is differentiable. The derivative f is by definition the function f = (f1, f2, ..., fn).
®letf,g:I— R", A €R A= (a;)beanm x nmatrix,and ¢ : I — J be a real function, then:

d : :
*® E(f(t) +g(t)) =f(t)+ g(t)
d .
*® E()‘f(t)) = Af(t)
d .
* E(f((P(S))) = ¢(s)f(¢(s))
d .
*® E(Af(t)) = Af(t)
d : .
& EU(“' g(t)) = (f(t), g()) + (f(t), g(t))
d : .
* E(f(t) Ag(t)) =) Ag(t))+ (F(t) Ag(t)

m Regular Curves

Definition 1.3

Let C : I — R" be a differentiable curve. The point C (t) is said to be regular if C(to) # 0.

The parameterized curve C is regular if all the points of C (I) are regular.

Definition 1.4

A point C (tp) is said to be biregular if C (to) and é(to) are linearly independent in R".

The parameterized curve C is biregular if all the points of C (I) are biregular.

Definition 1.5

A point C (tp) is said to be singular if C(to) =0.

I3” Remark
If C: I — R" is regular and C = C o ¢ is a reparameterization of C, then C is regular. Indeed, we

have: '
C()=C(e (D) @ (t) # Ogn

Example 1.10
(Cycloid) Let C : R — R? be the curve defined by C(t) = (t — sint, 1 — cost). To study the
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CHAPTER 1. PARAMETRIC CURVES 1.5. REGULAR CURVES AND TANGENT SPACE

-1 0 1 2

-1
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Figure 1.2. Tangent to a parameterized curve

regularity, we calculate C giving C = (1—cost,sint), so:
C=0e=||CI2=0 ¢ 2(1—cost) =0« cost=1«=>t=2km, keZ

Thus, the singular points are px = (2km, 0).

m Tangent Vectors

The tangent at a point C (tg) on a parameterized curve C : I — R" is the limit of the lines that pass
through C (t) and C(to) as t approaches tg.

Definition 1.6

Let C : I — R" be a parameterized curve of class C* and regular. Then C (to) is the tangent vector
to the curve C at the point C (tp).

m Intersection and angle between two curves

Consider the two curves
Y I— R"
t =y (@®)=(r1(8),v208),...,vn (1))

B: J—R"
s = B(s)=(B1(5).B2(5),....Bn(s))

If there exists tg € I and sg € J such that ¥ (tg) = B(s0), then the curves intersect, and the point
p = Y (to) = B(so) is the intersection point. The angle formed by the two tangent vectors at the

intersection point, y (to) and B (sp), is defined as the angle between the two curves.
If 6 is the angle formed, then:

(¥ (to), B (50))
1 Cto) 1118 (s0) I

cosf =

Department of Mathematics m Faculty of Exact Sciences and Natural and Life Sciences



1.6. LENGTH OF A CURVE CHAPTER 1. PARAMETRIC CURVES

Consider the two curves

Y: R — R?
t —y(t)=(t?—a? 2at)

B: R — R?
s — B(s)=(b?>—s? 2bs)

Let us find the intersection points and calculate the angle at these points:

Y(t) =B(s) & t> —a? =b%?—s? and 2at = 2bs

at
Substituting s = X we obtain t?> = b2, which gives two solutions t; = b and t; = —b. For

t1 = b,we have s; = q, and for t; = —b, we have s, = —a. Therefore, the two intersection points
are p1 =y (t1) = (b?> — a?, 2ab) and p> = Y (t2) = (b> — a?, —2ab).
To obtain the angle, we calculate the derivatives and apply the cosine formula:

(Y(t1),B(s1)) _ ((2b,2a),(=2a,2b)) _ —4ab+4ab _

cosf; = : _ _ b+ dab _
VDB (s || VAb%+4a2Vab2 + 4a2  4(a?+b?)

T o T
Hence, 671 = E and similarly, 8, = E

m Length of a Curve

To measure the length of a curve, a natural solution involves approximating this length by the length of a
polygonal line with vertices on the curve. As the distance between two consecutive vertices is reduced,
the length of the polygonal line becomes closer to the length of the curve.

Given points ag, a1, ..., am inR", the polygon P = apas . .. am formed by the segments [ axax+1]

m—1
fork =0,...,m—1hasalength L(P) = Z llak+1 — akll.
k=0

Consider a regular curve C : [a,b] — R" and 0 = {to, t1,...,tm} a partition of [a, b] with
to=a < t; <--- <ty = b. We construct a polygon P, = C(tg)C(t1)...C(tm), then L(Py) =

m—1
> lIC 1) — CCEII-
k=0
m—1 1
If we denote di = tx+1 — tk, then L(Pg) = Z dklld—(C(tk+1) — C(te)).
k=0 k
As mlgxdk tends to 0, the polygon increasingly approximates the curve.
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CHAPTER 1. PARAMETRIC CURVES 1.7. CURVILINEAR ABSCISSA

Definition 1.7

Let C : [a, b] — R". We define the length of the curve on the interval [ a, b] as the quantity given
by:

b
Lia,p (C) = f IC(t) |ldt.

The length of the helix parameterized by C(t) = (kcos(t), ksin(t),t), where k > 0 and C :
[0, 2] — R3, is given by:

2n
Lro,2m1 (C) = J Vk?2+ 1dt =21V k? + 1.
0

This is because C(t) = (—ksint, kcost, 1) = [|C(t) || = VK2 + 1.

The length of a curve does not depend on the chosen parameterization.

Proof. Let C be acurve,andletC1 : I — R", Cy : J — R" be two parameterizations of C. There exists
a reparameterization ¢ : / — I such that C; = C; o ¢, so:

Li(C2) = f IC2 (t) lldt = f IC1 (@ (1) llp (t) dt = f IC1(s) llds = L;(C1).
J J I

(WA Curvilinear Abscissa

In differential geometry, the curvilinear abscissa is a type of algebraic variant of the arc length. We start
with an origin from which we calculate lengths, assigning a sign to clearly determine the position on the
curve: a certain distance before or after the initial point. The curvilinear abscissa is thus analogous to
the abscissa on an oriented line.

Definition 1.8

Let C : I — R" be a curve of class C! parameterized by tg € I. The curvilinear abscissa from the
parameter point tg is the function S : I — R" given by:

t .
s(t) = IC(V)||dv ,Vtel
to

Definition 1.9

A parameterization C : I — R" of a geometric curve is said to be normal (or by a curvilinear
abscissa) if for any [t1, t2] C I, the length of the geometric curve between the points C(t1) and
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1.7. CURVILINEAR ABSCISSA CHAPTER 1. PARAMETRIC CURVES

C(t) is exactly (t; — t1):
L[tl,tz] (C) = t2 — tl

I3 Remark
The curvilinear abscissa s (t) of the geometric curve C (I) is the length of the curve between the

points C (tp) and C (t).

Let C : [a, b] — R" be a regular curve of class C* with length L. Then there exists a reparame-
terization ¢ : [0, L] — [a, b] such that the curve ¥ : [0, L] — R", defined by v(s) = C(¢(s)),
satisfies ||y (t) || = 1.

Proof. Let ¢ : [a, b] — [0, L] be defined as follows:

W) = LiaqlC] = J I (D) lld.

Since ||C('r) || implies that ¢ is monotonically increasing, it admits an inverse ¢~1:[0,L]—[a,b].

Setting @ = 1, from the definition of ), we have ¢(t) = ||é(t) |, hence ¢(s) =—>0.
_ IC (p(s)) I
Therefore, if we take y(s) = C(@(s)), then y(s) = (b(s) C(e(s)),andthus ||y (s)| = 1. [ |

Let C: ]0, 1[ — R? be the curve defined by t — C (t) = (t, Vi- t2).
The curvilinear abscissa is as follows:

()= f IC (D) lldT

fll(l )IIdT
JARC=E

to

Y (t) = arcsin(t)

T .
The function arcsin : 10, 1[ — ]O, 5[ is a bijection. The reparameterization € = C o ¢!

T
; ]0, 5[ — R? is given by:
C(s) =C(sins) =(sins, cos(s))
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CHAPTER 1. PARAMETRIC CURVES 1.8. FRENET FRAME

Definition 1.10

Acurve C: [0, L] — R" satisfies IICII = 1 and is said parameterized by the arc length or curvi-
linear abscissa.

Definition 1.11

Unit tangent Vector Let C : I — R" be a parameterized curve. The unit tangent vector is defined
as follows:

1
Tc(t)=—— tel
IICI|

Definition 1.12

Te(t
Let C : I — R" be a regular curve. The curvature of C at point C(t) is defined by k(t) = | C_( )”,

ICli

1
and R = —— is the radius of curvature.
k(t)

m Frenet Frame

Let C : I — R3 be a regular curve satisfying k(t) # 0. We define the following vectors:

Te(t)

I Tc(O)l
Bce(t) = Te(t) A Nc(t)

Nc(t) =

The set {Tc(t), Nc(t), Bo(t)} forms an orthonormal frame in R3, called the Frenet frame.

m Frenet Formulas

The Frenet frame associated with a regular curve C of nonzero curvature satisfies the following rela-
tions:

o 9 o
ICOI
o MO oTen + 10Bet)
ICCO
o 29 o
ICCO .
where T : I — R, associated with the curve and defined by 7(t) = (NC(t)',BC(t)), is called the
ICOIl

curve torsion. To compute the Frenet frame, curvature, and torsion, it is often useful to proceed in a
different manner than in theory.
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1.9. FRENET FRAME CHAPTER 1. PARAMETRIC CURVES

m Frenet Frame

Let C : I — R be a regular curve satisfying k(t) # 0. We define the vectors as follows:

Be(t) = (.J(t)/\?(t)
C(t) A C(1)
Nc(t) = Bc(t) A Tc(t)
C(t) A C(t)
k(t) = —
Hcm
<C(t) A C(), E(t)>
™(t) = . T2
HC(t)/\C(t)

If the curve C is parameterized by curvilinear abscissa and k(t) # 0, then the formulas simplify to:

Te(t) = C(b),

c(t
Nc(t) = L
o
k(t) = Hé(t) ,
Bty = SO
o
<C(t) A C(), E(t)>
™(t) = 2
B

m Curve in a Plane

Let C : I — R> be a regular curve satisfying k(t) # 0, forall t € I.

‘ The curve is located in a plane if and only if T(t) = 0.

Proof. € T(t) = 0 = The curve is located in a plane.

Bc(t)

ICCOII
Let (1) be the plane that contains a point C(tp) of the curve, and whose normal vector is B¢(t) =

(b1, b2, b3). We need to show that C(t) € (m) forallt €.

We have =—T(t)Nc(t), so BC‘(t) = 0, hence B¢(t) = constant. Let B¢(t) = (b1, b2, b3).
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CHAPTER 1. PARAMETRIC CURVES 1.9. FRENET FRAME

We must show that: (C(t) — C(to), Bc(t)) =0, forall t €.
Since B¢(t) = constant and T¢(t) L Bc(t), we have B¢(t) = 0 and (T¢(t), Bc(t)) = 0, hence:

d : :
E(C(t) — C(to), Bc(t)) (C(t), Bc(t)) + (C(t) — C(to), Be(D))

=0

= (ICOITC(D), Be(D)
= ICOIT(D), Be(t))

=0

=0

Thus, (C(t) — C(to), Bc(t)) = constant, and for tg, we have (C(tg) — C(to), Bc(t)) = 0, so (C(t)—
C(to), Bc(t)) = 0 for all t € I. Therefore, C is contained in the plane (1) that contains C(tg) and is
orthogonal to B¢ (t).

$¢ The curve is located in a plane = T(t) = 0.
Let (1) be the plane with the equation ax + by + dz+ e = 0. If C(t) = (C1(t), C2(t), C3(t)) is
contained in (1), then aC1(t) + bC>(t) + dC3(t) + e = 0. If we differentiate this equation twice, we
obtain:

aCy(t) + bCy(t) + dC3(t) = 0
aCy(t) + bCo(t) + dC3(t) = 0

Thus, (a, b, d) L C(t) and (a, b,d) L é(t), so the vector B¢(t), which is also orthogonal to é(t)
and C(t), is parallel to (a, b, d) for all t € I. Since B¢(t) is unitary, it is constant, hence B¢(t) = 0

B ,N
and ultimately T(t) = (Be(®), Ne(®) =0

()l

Curvature Circle Let C : I — R> be a regular curve. The curvature k(t) and the radius of curvature

1
R = @ have been defined. Now, we define the center of the curvature circle as follows: the center
wo of the curvature circle is located on the line directed by the normal vector N¢(t) and is calculated

by the formula: wg = C(tp) + RNc(to).
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o) IO 1A Parameterized surfaces

Classical surfaces in Euclidean geometry (spheres, cones, cylinders, etc.) naturally appear as graphs of
functions of two variables. Here, we address the representation of these geometric objects in paramet-
ric form, as sets described by a family of curves in space.

Definition 2.1

Let F be the function defined by

F:DcR? —» R"
(u,v) - (f1(u,v) f2(u,v),...,fa(u, v)),
where D is a domain in R? (an open connected set in IRZ), and the functions f; are continuous for
alli=1,...,n.

The set S = f(D) is called a parametric surface.
We say that the surface S is differentiable if the functions f; are differentiable.

The cylinder, sphere, and helicoid in B> are parameterized by the functions

¢ (u1, up)=(rcosusy, rsinus, uz), ui€l[0,2nf, uelIcR
@ (u1, up) =(rcosuysinuy, rsinuisinuz, rcosuz), ui€[0,2n[, uz€[0,n[

¢ (uy, u2) = (upcosup, ursinup, u2), uzx€[0,2m], u;€R

m Revolution Surface

Consider a curve C : ] — R3 given by C(t) = (0, C(t), C3(t)). By rotating the plane {(x,y, z) | x =
0} around the z-axis, the curve sweeps out a surface. Each point on the curve C generates a circle
around the point (0, 0, C3(t)) with radius C»(t) in a plane parallel to the plane {(x, y,z) | z=0}. The

two,um)

U C B2

Figure 2.1. Parameterized surface
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2.2. CURVES ON A SURFACE CHAPTER 2. PARAMETERIZED SURFACES

Sphere Hélicoide

Cylindre

Figure 2.2. Examples of surfaces

union of these circles forms a surface S parameterized by:

f:D=[0,2n]xI —» R3

(u,v) — (Ca(v)cosu,Cr(v)sinu,C3(Vv))

m Curves on a Surface

Let S be the surface parameterized by f : D ¢ R> — R3 and let C : | — D c R? be a curve. Curve y
defined by y : I — R3 y(t) = f(C(t)) is a curve on the surface S.

m Regular Surfaces and Tangent Vectors

A surface S parametrized by f : D c R? — R3 is said to be regular at the point (ug, Vo) € D if
the tangent vectors to the surface at the point f(uo, vo), denoted by

of (uo, vo) of (uo, vo)

fulto, vo) = ———, fuluo, Vo) = ——,
du IV

are linearly independent (and therefore nonzero); that is, if their cross product is nonzero:

fuluo, vo) A fv(uo, vo) # 0.

A point f(uo, vo) is said to be singular if the two tangent vectors at this point are linearly depen-
dent, i.e., if
fuluo, vo) A fy(uo, vo) = 0.
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The surface parameterized by f(u, v) = (u?, v2, uv) € R3, with u, v € R, is singular at (0, 0),
because

ouf(u, v) =(2u, 0, v)
and = (8uf A Ivf) (U, V) = (—2V?2, —2u?, 4uv).
ovf(u, v) =(0,2v,u)

Thus, the vector (8.f A dvf) (U, V) vanishes at (0, 0). The surface S is regular in R — {(0, 0)}.

The graph of a function h : R? — R gives a surface S parameterized by

flu,v)=(u, v, h(u, v))
with (u, v) € Dy, € R?. If h is of class C1, then the surface S is regular everywhere:
duf(u, v) = (1,0, ayh(u, v))

and = (3uf A ovf) (U, v) = (—ayh(u, v), —avh(u, v), 1) # 0.
ovf(u, v)=(0,1,9,h(u, v))

Definition 2.3

Let S be a surface parameterized by f : u x v — R3, and let mg = f(uo, Vo) be a regular point
of S. We define:

<¢ Tangent plane to S at the point mg as the plane generated by the vectors f,(uo, vo) and
fv(uo, vo) and passing through mq:

TmeS = mo + span (fu(uo, Vo), fv(uo, Vo))
TmoS = {f(uo, vo) + Afu(uo, vo) + ufv(uo, vo) | A, u € R} .

<¢ Normal (unit) vector at mg as the vector
fuluo, vo) A fv(uo, vo)
IIfuluo, Vo) A fu(uo, vo)ll

The tangent plane to S at (ug, Vo) contains the tangent line to all regular curves on S passing
through f(uo, vo). Indeed, if r(t) = f(u(t), v(t)) is such a curve, and (ug, vo) = (u(to), v(to)),
then

Ns(uo, vo) =

) , ) ,
00y = T gy 4 TV ) € span ot s, vo), o, vo).
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I3~ Remark
By definition, the three vectors (d9f (uo, Vo), ovf (Uo, Vo), Ns (ug, vo)) form a direct basis for

the space above the point f (uo, vo) on the surface (i.e., a movable coordinate system), but this
basis is neither orthogonal nor normal.

Definition 2.4

The tangent space to a surface parameterized by f : U — R at the point mg = f (uo, Vo) is the
affine space denoted T, S (with S = f (U x V)) passing through mg and generated by the vectors

fu(uo, vo) and fy (uo, vo).

In practice, the tangent space TS also refers to the vector space that defines the affine space
of (uo, Vo) and of (uo, vo)

mentioned above, namely the vector space generated by the vectors 3 3
u \%

m Metric Tensors

Definition 2.5

Let S be the surface defined by f : D c R? — R3. The matrix

(fu fu)  (fu fv)

G(u,v) =
(fv.fu) (fv. fv)

is called the metric tensor matrix (matrix of the first fundamental form).

Let S be the surface defined by f : D ¢ R?> — R3, andlet C : 1 — D and d : | — D be two curves.
We denote the two curves on the surface Sby y =foCand é = f o d.

¢ The length of the curve 7y on the surface S is given by:

L(y) = fI VIGCE)E®), E)) dt

¢ The angle a between the two curves y and 6 intersecting at f(u) where u = C(tg) = d(so) is
computed as follows:

(G(u)d(so), C(to))
V(G(u)C(to), C(to))V (G(u)d(so), d(so))

cosa =

Definition 2.6

The area of the surface S = f(I x /) parameterized by f : I x | — R3 is as follows:

Area(S)=ff\/detG(u, v)dudv
1J]
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Let S be a regular surface defined by f : I x | — R>. Then:

|(fu A fu)(u, V)| = +/detG(u, v)

Proof. We have:

|(fu A fv)(u, V)||2 = (furfv.furniv)

= (fu'fu)(fv'fV) - (fu'fv)(fv:fu)
= detG(u, v)

2.4. METRIC TENSORS

Example 2.4

Letg:[0,2n[x[0,2n[— R3 be parameterized by:

(k+ rcosu)cosv
g(u,v)=| (k+rcosu)sinv

rsinu

The area of this surface is given by:
2T 2T
Area(S) = f J lgu(u, v) A gv(u, v)[[dudv
o Jo
2T p2T
=f f | r(k+rcosu)| dudv
o Jo

21
= f (2mrk) dv
0

= 41%rk.

Theorem 2.1

images Yy = foCand é = f o d at the point p = f(U) are equal (f preserves
there exists A : D — R such that:

G(u,v)=A(u, v)

only if V(u, v) € D:

G(u,v) =

Let (D, f, S) be a differentiable surface and G(u, V) its matrix of the first fundamental form. Then:

¢ The angle between two curves C and d intersecting at a point U € D and the angle between their

€ The length of a curve on D and the length of its image on S are equal (f preserves lengths) if and

angles) if and only if
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€ The areas of any Q C D and the area of its image f(Q) are equal (f preserves areas) if and only
ifdetG(u, v) = 1.
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o E:1:1 -1 g3 Curvilinear integral (Line Integral)

m Line Integral of a Vector Field

Avector field in the plane or space consists of assigning, at each point (X, y) (or (X, y, Z) in space),
a vector g(x, y) (or 9(x, y, 2)).

Definition 3.2

Let t — C(t) = (x(t), y(t)), for t € [a, b], be a parameterized curve where the vector C is
continuous. Let (X, y) — g(x, y) be a continuous vector field. The line integral of g along C,

denoted Jg(x, y)dx dy, is defined by
C

b
fg(x, y)dxdy = f g(C(1))- C(t) dt.

a
C

Letg: (x1,x2) € R — (x1x2, x1+X2) andlet C be the line segment joining the points A = (0, 1)
and B = (1, 1), oriented from A to B. The parameterization of C is

@:te[0,1] = (t, 1) e R
Fort € [0, 1], we have:

@(t)=(1,0) and g(e(t))=(t, 1+1).

Thus,
g(e()-e(t) =t

and, therefore,
1

1
Jg(xllxz)dxl ax> =f tdt = E
0

> Remark

In some contexts, the line integral fg(X) - dX is referred to as the circulation of the vector field g
C

along the curve C.

The circulation of a vector field along a curve does not depend on the chosen parameterization of
the curve.

Proof. Replace the parameter t with T = @(t), and let C1(7) = C(t). The vector C(t) changes to
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vi(T) = @ Then:
@

(t)

"
fg(X)-dX= 9(C1(T)) - vi(T)dT
JJ

C

"
= 9(C1(e(1))) - vai(e(t)) - @(t) dt
I

-
= | g(r(®)-v(t)dt
JI

.
= | g(X)-dX.
C

Let C be a curve parameterized by its arc length, and let g(s) be the unit tangent vector to C. Then
the circulation of a vector field g along C can be written as

circulation(g, C) = f g-u(C(s))ds.
Thus,

circulation(g, C) = J g-uds.
I

m Case of Vector Fields Derived from a Potential

Let f be a function, and t — C(t), t € I, be a parameterized curve. For any tp and t1 €1,

circulation(Vf, C[ to, t11) = F(C(t1)) — F(C(to)).

In other words, the circulation of a vector field derived from a potential depends only on the initial
and final states, not on the chosen path. When a material point moves in a potential, the work done by
the force equals the change in potential energy between the final and initial states.

m Differential Forms of Degree 1
Consider a parameterized curve defined by the following equations:
X = C1(t)

y = C2(t)

Let F = p(x, y) dx + q(x, y) dy be a differential form defined in a domain containing C. Replacing x
with C1(t) and y with C,(t), we have:

te(a,b]

dx = dC1(t) = C1(t)dt
dy = dCy(t) = Ca(t)dt
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Let:
p1(t) = p(C1(t), C2(t))
q2(t) = q(C1(t), C2(1))

The form g becomes:
g =p1(t) - C1(t) + q2(t) - C2(t).

Consider the integral:

b
I= f [p1(t) - C1(t) + g1(t) - C2(B) ] dit.

a

The integral I does not depend on the chosen parameter, but only on the curve C and the form g.

Definition 3.3

The integral I is called the line integral of the form g = p dx + g dy along the curve C, and we

denote it by Jg or J(p dx + qdy).
C C

Thus:
b

J (pdx+qdy) = J [p(C1 (1), C2(1)) C1(t)+q(Ca1 (D), C2 (1)) Ca (1)] at
C

a

=3 Remark
Consider the case of a curve C in space R> parameterized by:

x=Cy(t)
y=Cy(t) tela,b]
z=C3(t)

and a differential form g = pdx + q dy + rdz. The line integral of g along C is denoted by:

I=J(pdx+qdy+rdz)
C

and it is equal to:

I= J [P(C1(1), C2(1), C3 (1)) C1(t) + q(C1 (D), C2 (1), C3 (1)) C2(t) + r(C1(t), C2 (1), C3 (D)) C:
C

which does not depend on the choice of parameter.

Let V be a vector field with components p(x,y) and q(x,y), and let M(t) be the point
(C1(t), C2(t)) on the curve, with M(t) a tangent vector to the curve C, with components
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(Cl(t), Cz(t)). Then:
b
f(p dx + qdy) = J V (C1(t), C2(t)) - M(t) dt
C a

Proof. We have:
V (Ca(t), C2(t)) - M = p (C1(t), C2(1)) C1(t) + g (C1(t), C2(1)) Ca(t)

Thus:
b

b
f V(C1(t), C2(t)) - M(t) dt = j [p(C1(B), C2(t)) C2(8) + G (Ca(t), C2(1)) Ca(8)] dlt

a

=f(pd><+qdy)
C

m Properties of the Line Integral
The following properties hold:

f(91+92)=f91+J92 and J)\9=)\f9
c c

C C C
¥ Let g be a scalar field defined and continuous alongacurve C. LetCy : [a, bl and C> : [ ¢, d] betwo
equivalent parameterizations of C. Then:

b d
Jng = Jg (€1(0)) - E(t)ll dt = fg(fz(U)) lIE2(w)ll du.

c

m Area of a Planar Region

Let D be a region in the plane bounded by a closed curve C, without double points. Assume that the
curve C is oriented in the positive (counterclockwise) direction.

Theorem 3.3

The area of the region D is equal to the line integral:

1
S= dey=—Jydx= Ef (xdy —ydx).

Cc C C
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3.4. AREA OF A PLANAR REGION

The area of the ellipse is as fo

e

e

| NP NP NP
(S

Let us recalculate the area of the ellipse bounded by the curve given by:

We use the parametric representation:

X =acost,

1
5= EJ (xdy —ydx)
C

x2 2

;+§=1 with a,b>0

y=bsint, te[0,2n], a,b=>0

llows:

('27'[
(acostd(bsint)— bsintd(acost))

0
('21'[

(ab cos?tdt+ absin? tdt)
0
('21'[

ab (cos2 t + sin? t) dt
0
('21T

abdt

QN
e

Q
oy

0
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o 101 (1 -1 Affine geometry

m Affine Spaces

Definition 4.1

Let E be a vector space over K and Q be a nonempty subset of E. We say that Q is an affine space
over E if and only if there exists a function ¢ : Q x Q — E such that:

% V(A,B,C) € Q% (A, C) = ¢(A, B) + ¢(B, C)
€ Vx € E, VA € (), there exists a unique B € Q such that ¢(A, B) = x

The elements of Q are called points, and E is called the direction of Q.

I=>" Remark
€ We write MN instead of ¢(M, N).

< The first condition in the definition is called Chasles’ Relation.

<¢ The second condition in the definition is called the Bijectivity Condition.

Example 4.1

Let E be a vector space over [K. The following function is used:

¢o:ExE — E
defines an affine space on E over itself. Indeed, for all (A, B, C) € E3, o(A,B)+ ¢(B,C)=(B—
A)+(C—B)=C—-A=9(A Q).
Letu, v € E. We seek w € E such that v = ¢(u, w). We have ¢(u, w) = w—u,sov =w-—Uu,

hence w = v + u. Therefore, the second condition is satisfied.
—_—
In conclusion, any vector space is an affine space over itself, and we have MN = N — M.

m Centroid

Let Q be an affine space over a vector space E, and let {A;}i=1

Definition 4.2

The function

n C K.

..........

f:Q — E

n
M — f(M)=> ojMA;
j=1

is called the Leibniz vector function associated with the system {A;, a;}i=1,...n-

Department of Mathematics Faculty of Exact Sciences and Natural and Life Sciences
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Theorem 4.1

Let f be the Leibniz vector function associated with the system {A;, a;}i=1

.....

& If Z aj = 0, then f is constant.
j=1

n
% If Z aj # 0, then f is bijective.
j=1

Proof. < f is constantif and only if VM, N € Q, f(M)—f(N) =0
We have:

FIM)—f(N) = Za,MA, Za/NAJ
j=1

n
= > oj(MA;— NA)
j=1
n e —_
= > aj(MAj+AjN)

~

I
.MD ﬂ.

O(j) WV

n
=0 (since Zaj =0)

j=1

p.
Il
=

% Injectivity:

fIM)=f(N) = f(M)—f(N)—

= ZO{/MAJ Za,NA,_o

j=1
n
= > aj(MA; + AN) =
j=1
n —_—
= Zaj) MN = 0
=1
—_ n
= MN=0 (since Zaj #0)
j=1
= M=N

% Surjectivity:
Suppose for contradiction that f is not surjective. Then there exists y € E, such that forall M € Q,
n n

y # f(M), meaning for any {a;} c K with Zorj #0andany {Aj} c Qy # Zajm} Take
j=1 j=1
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a1 =1landaj=0forj=2,...,n,then f(M) = MA,. By assumption, y # MA; forall M € Q,
which contradicts the condition of the affine space. Therefore, f is surjective.

Definition 4.3

n

J=1

0. The centroid of the system {A;, a;}i=1....n is the point G € Q such that f(G) = 0O, that is,

n —
Z ajGA; = 0.
j=1

.....

Properties

¢ Forany A € K — {0}, the centroid of the system {A;, A&} i=1
system {A;, ai}i=1,....n.
e If E, F is a partition of theset {1,2,...,n}and B = Zaj #0,7v= Zorj # 0. If G is the centroid
JjeE jeF
of the system {A}, aj}jce, G2 is the centroid of the system {Aj, aj};er, and G is the centroid of the
system {Aj, aj}j=1,...,n, then G is the centroid of the system {(G1, B), (G2, v)}.

n is the same as the centroid of the

.....

.....

m Affine Varieties

Definition 4.4

Let Q be an affine space over E, and let F be a nonempty subset of Q. We say that F is an affine
variety of Q if and only if

JA€F :thesetH = {m | M € F} is a vector subspace of E.

H is called the direction of F, and the affine variety F is also referred to as an affine subspace.

If F is an affine variety of an affine space Q, then for all B € F, the set H' = {ﬁﬁ | M e F}isa
vector subspace of E (the direction of F does not depend on the choice of the point A).

Proof. F is an affine variety, so 3A € F such that the setH = {m | M € F} is a vector subspace of E.
Let H' = {BM | M € F}. We will show that H = H’.

S H C H?
xeH = IMeF:x=BM
—> BM =BA + AM
== Wz(m—,ﬁ)eH (since H is a vector subspace)
SHCH?

e —_—
Let AM and AB be elements of H. Since H is a vector subspace, we can represent any vector x € H
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asfollows:Ver,EIMeF:X=M—A_B),thusx=§4\)+m=meH’.

Definition 4.5

€ The dimension of an affine space is the dimension of the vector space over which it is defined.
€¢ The dimension of an affine variety is the dimension of its direction.
€ Any affine variety of dimension 1 (resp. 2) is called a line (resp. plane) affine.

< If Q is an affine space of dimension n, then any affine variety of dimensions (n— 1) is called a
hyperplane.

< Singletons in Q are affine varieties of dimension 0.

Theorem 4.2

The nonempty intersection of any family of affine varieties is an affine variety, and its direction is the
intersection of all the directions of that family.

Proof. Let {F;}ic; be a family of affine varieties, and let { H;} ic; be their directions. Let A € F = ﬂF,-.
el

Ae€eF= Ae€F;Viel, sowecan write the H; with respect to point A: H; = {m | M € F;}, which are

vector subspaces of E. We know that W = ﬂHi is a vector subspace of E. LetH = {AM | M € F} and

iel
show that W = H.
SeHcW?
XeEH=—=>IMeF: x=AMandMeF<= MeF;,Viel hencex=AMeH;,Viel,soxeW.
W cCH?

x € W= x € H;, Vi € I. Since we are in an affine space, there exists a unique M € F; such that
X=AM,Viel ThusM € Fand x =AM, so x € H.

Thus we have shown that F = ﬂFi is an affine variety with direction H = ﬂHi. [ ]

iel iel
Definition 4.6

% let @ # A c Q. The affine variety generated by A is the intersection of all affine varieties
containing A, denoted by Aff(A).

€t We say that the family {A;}i=o,... 1 ({(+ 1 points) of an affine space Q is affinely independent if
the affine variety generated by them is of dimension L.

% Let F and F’ be two varieties with directions H and H’, respectively. We say that F and F’ are
parallel if and only if H = H” and we write F || F’.

SIfF||F,then F=F orFNnF' =@.
¢ For any point A € Q, there exists a unique affine variety F containing A and parallel to F.

Proof. ¢ Suppose that F || F/, then that H = H’. We want to show that F = F/ or FN F’ = @. Assume
that FNF’ # @ and that F = F.
Let A € Fn F’. We can write the directions H and H’ in terms of the point A, since the directions
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do not depend on the choice of the point. H = {m |MeF}and H = {m | N € F'}. We have
H=H' = F=F because Mc FANecH=H <MeF.

<t Let H be the direction of F. Definetheset F4y = {M € Q| m € H}. Let A € Fp. The direction of Fx
is then given by H' = {m | M € Fp}. To show that F4 is an affine variety parallel to F, it is sufficient
to show that H = H’.
er’«:x:M,MeFA (=)X=m,meH(=)X€H.

m Affine Applications

m Definitions and Properties
Definition 4.7

Let Q and A be two affine spaces over E and F, respectively. We say that a function f : Q — Ais
affine if and only if there exists a unique linear function ¢ from E to F such that: V(M, N) € Q? :

FIMF(N) = o(MN).

Example 4.2

For the affine space R over itself, the function f : R — R given by f(x) = 2x — 1 is affine. Indeed,
for all (x, y) € R?, we have f(x)f(y) = f(y) — f(x) = 2(y — x) = 2Xy, so the associated linear
function @ : R — Ris @(p) = 2p.

¢ The composition of two affine functions is an affine function.
€ Let f : Q — A and ¢ its associated linear function, then

# @ is injective if and only if f is injective.

% @ is surjective if and only if f is surjective.

¢ The image of an affine variety under an affine function is an affine variety.

Proof. € Let Q, A\, and A be three affine spaces over E, F, and G, respectively, and let Q i» N N A
be two affine functions with associated linear functions ¢ and ¢ from E to F and F to G, respectively.
Then . .

(9 0 )(M)(g ° F)N) = g(F(M))g(f(N)) = b(F(M)F(N)) = ¢(p(MN)).

Therefore, g o f is affine with an associated linear function ¢ o .

¢ % Is @ injective = is f injective? . .
We have f(M) = f(N) = f(M)f(N) = 0 = ¢@(MN) = 0. Since ¢ is injective, MN = Og, thus
M = N, so f is injective.
Is f injective = is @ injective?
We have qo(ml) = qo(W) = (p(WV— W) = 0. Since (WV—W) € E and Q is an affine
space over E, (S, T) € Q exists such that WV — W = ﬁ'
Lus, qo(ﬁ') = 0 = f(S)f(T) = 0 = S =T (since f is injective) = ST = 0r = MN =
M'N’.
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% |s f surjective = is ¢ surjective?
Let S € Aand y € F. Then, there exists S’ € A such that y = E’ and since f is surjective:
(M, N) € Q? such that S = f(M) and S’ = f(N). Thus, y =f(M)f(Nj = @(MN). Therefore, for all
y € F, there exists x € E such that y = ¢(x), so ¢ is surjective.
Is @ surjective = is f surjective?
Let S € Qand N € Q such that f(N) = S’. Lety = E’ € F. Then there exists x € E such
that y = E’ = @(x). We have N € Q and x € E = there exists M € Q such that x = MN.
Thus, p(x) = @(MN) =f(M)f(Nj = § Since f(N) = S/, it follows that f(M) = S, hence f is
surjective.

¢ Let f : Q — A be an affine function with an associated linear function ¢ : E — F and G be an affine
variety in Q with direction H = {m |MeG}.
Is f(G) an affine variety in A?
Since H is a direction in Q, for any A € G, we have f(A) = f(M) and f(A)f(N) = (p(m) withA e G
and M € G. We have: .
V(M, N) € Q2 F(A)F(N) = FCA)F(N) = p(AM). Thus, F(A)f(N) € F is a direction in A and f(G) is
an affine variety in A.

m Affine Subspaces

m Definitions and Properties
Definition 4.8

Let F be a subspace of an affine space Q over a field E. We say that F is an affine subspace of Q
if there exists a subspace H of E such that F is the affine variety with direction H and point A € Q.

Example 4.3

In R3, let F be the affine subspace defined by the plane 2x + 3y — z = 4 with point A = (0, 0, 4).
—

Then F is an affine subspace of 3 with the direction H = {AM | M € F}, where H is the direction

of the plane.

¢ The intersection of two affine subspaces is an affine subspace.

¢ The union of two affine subspaces is an affine subspace if and only if one of the affine subspaces
is contained in the other.

¢ Every affine subspace is contained in an affine subspace of higher dimension.

Proof. € Let F1 and F» be two affine subspaces of Q with directions H1 and H», respectively. Their
intersection F1 N F» is also an affine subspace with direction H = H; N H>.
Proof: For A € F1 N F>, the direction H of F1 N F> is the intersection of the directions H1 and H>.
Thus, H is a subspace of E. Therefore, F1 N F> is an affine subspace with direction H.

¢ Let F1 and F> be two affine subspaces of Q. Suppose that F1 and F; are not contained in each other.
Then F1 U F is not an affine subspace, as the directions of F1 and F» do not coincide.
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Conversely, if F1 € Fo or F, € F1,then F1 UF, = Fy or F1 UF, = Fy, respectively, so F1 U F is an
affine subspace.
<t For any affine subspace F of Q, consider an affine subspace G of Q such that dim(G) > dim(F).

This is always possible by considering the affine space Q as a whole.
u

m Formula of an Affine Map

Let:

¢ Q) be an affine space over E,

<t /\ be an affine space over F,

®R={0,e;1, ey,...,es} bean affine basis of Q,
R ={0, e’l, e’, ..., e,’ﬂ} be an affine basis of A,
€ f : Q — A be an affine map,

€ ¢ : E — F be the associated linear map of f,

¢ A be the matrix of g,

( by

b
b= g be the components of f(O) in R/,

-
[x1

X
e X= '2 be the components of a point Min QinR,

\Xn
()’1

Y= y.z be the components of f(M).

\ym

We have X = OM, f(O)f(Mj =Y — b, and f(O)f(M) = qo(m) = AX, hence Y — b = AX, so
Y = AX + b. This last formula is called the formula of the affine map f.
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m Affine Transformations

m Fixed Points

Definition 4.9
Let Q be an affine space over E, and let f : Q — Q be an affine map.
A point p in Q is called a fixed point if f(p) = p.

The set of fixed points of an affine map f is an affine variety with direction ker(Ideg — ¢), where ¢
is the linear map associated with f.

Proof. Let p and g be two fixed points of f. We have f(p) = pand f(q) = q,thus f(p)f(q) = q)(p_q’) =
pd = ¢(pq) = pd — ¢(pQG) = O & (Ide — 9)(PG) = O < pg € ker(Ide — ¢).

Therefore, H = ker(Idg — @) is the direction of the set of fixed points, and it is a vector subspace of E,
so the set of fixed points is an affine variety with direction ker(Ideg — @). [ |

m Affine Projection

Let G and F be two affine varieties in an affine space Q, such that the direction of one is the
complement of the other. The projection onto F parallel to G is the map P : Q — Q, which is
defined as follows:

If G’ is the unique affine variety passing through the point p and parallel to G, then p’ = P(p) =
F n G’, noting that the intersection is a point because the directions of the varieties F and G’ are
direct sums in E.

If P: Q — Qs a projection, then:

e PoP=P,
<€ P is affine.

Proof. % Let P be the projection onto the affine variety F parallel to G. We have p’ = P(p) = FNn G/,
where G’ is the unique affine variety passing through the point p and parallel to G. (P o P)(p) =
P(P(p)) = P(p’). G’ is also the unique affine variety passing through the point p’ and parallel to G,
so it intersects F at p’, thus P(p’) = p’ = P(p).

% Let P be the projection onto the affine variety F parallel to G, with H and H’ being the directions of
G and F, respectively. To show that P is affine, we need to find a linear map ¢ : E — E such that
Y(M, N) € Q2 : P(M)P(N) = p(MN).

Let P(M) = M’ and P(N) = N’. We have:

—

MN = MM’ +M'N +N’'N
= (MM’ + N’N) + M’'N’
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= (MM’ + N’N) + P(M)P(N)
Here, (MM’ + N’N) € Hand P(M)P(N) e H,and E = H e H’. If we set q)(WV), @ is the projection

onto H’ parallel to H, so ¢ is linear, hence P is affine.
[ |

m Affine Translations and Homothety

Let Q be an affine space over E. We know that:

Vx € E, VM € Q, there exists a unique M’ such that x = W We definethe map Tx : Q — Q by
Tx(M) = M’, so MTx(M) = x. Ty is an affine map, its associated linear map is the identity, and it
is called an affine translation with vector x.

Definition 4.12

Let Q be an aff affine space overE,0O € Q,and A e K—{1}. ForM € Q, there exists a unlque M’ e
such that OM’ — AOM. We define the map Hj : Q — Q by Hx(M) = M’, so OH\(M) = AOM. H)
is an affine map, its associated linear map is the homothety of quotient A, and it is called an affine
homothety with center O and quotient A.

5" Remark
< If x # 0, then the translation Tx has no fixed points.

< Point O is the only fixed point of the homothety with center O and quotient A.
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(o 101 (-1 Exercises

Let E be a vector space over R, and let n € N suchthatn > 2 and {V1,V>,...,V,} CE.
We define:

Wi=Vi+V, Wr=V+V3, W3=V3+Vy... Wp1=Vh1+Vy Whr=Vp+V;
Assume that n is odd. Show that:

If {V1,V>,...,V,}islinearly independent, then {W1, W>, ..., Wp} is also linearly

independent.
c a b c
a C c b
Letu; = , Uz = , U3 = ,Ug =
b C c a
c b a c

<¢ What relationship must a, b, ¢ satisfy these vectors to form a linearly independent set?

¢ When these vectors form a linearly dependent set, give in each case a verified linear combina-
tion.

Let F={(x,y,2) eR3 | x—2y +z=0}

¢ Show that F is a subspace of R3.
€ Find a basis of F and deduce dim F.

(d —a —b —c|
_ a b —c b
Let the matrix m(d, a, b, ¢) = and let the set
b ¢ d -—-a
¢ —=b a d

F={m(d,a,b,c) e Ms(R) |a, b,c,d € R}

€t Show that F is a subspace of M4(R).
< Find a basis of F and deduce dimF.

$¢ Show that multiplication is closed in F.

€ Compute the product m(d, a, b, ¢)-m(d, —a, —b, —c) and deduce the inverse of m(d, a, b, c).
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We present the following parameterized curves:

T
&= [5' m], c(t) = (cost,sint);

s':I=[—1T,g],c(t)=(cost,sint);

@I=[0,2], c(t)=(t3, t3);

el=[—1,1] c(t) = (t?, t2);

= 3 3 t) = £y, sin(~
= [7, m], c(t) = (COS(E), sm(g)).

For each case:

¢ Sketch the image of the curve and indicate the direction of traversal with an arrow.
¢ Find curves Cp defined onI = [0, 1] that give the same images.

< Find curves C¢ defined onI = [0, 1] that give the same images, but this time with Cc(0) =
Cs(1).

$¢ Find curves Cp defined onI = [0, 5] that give the same images.

$¢ Parameterize a square abcd in R” with side length s, such that if c(t1) and c(t2) are on the
same segment, the length of the segment [ c(t1)c(t2)] is equal to |t1 — t3|.

£t Same question and condition for a rectangle abcd in R” with ||[b—al| = ||d—¢|| = r and
lc—bll=Ild—cll=s.

$¢ Same question and condition for a triangle abc in R” with ||[b —a|| = q, ||[c— b]| = r, and
la—cll=s.

Let the curve C: [0, 2m] — R? be defined by C(t) = (efcost, el sint).

<¢ Determine the points of intersection of the curve C with the circle D centered at the origin and
with radius r.

$¢ Calculate the angle between curve C and circle D.

<¢ Calculate the length of the curve C.

Let the curve C: [0, 1] — R? be defined by

—1 -1 0 5

Ct)=bo®)| 3 [+b1)| 3 |+b2t)| 5 |+b3®)| 3 |.
S 0 - _
3 3 3

where

bo(t) =(1—1t)3, bi(t)=3t(1—1t)?, ba(t)=3t>(1—1t), bs(t)="¢t3.
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% Calculate C.

€ Calculate the length of C over the interval [0, B3] where B €]0, 1] (hint: calculate (2 + 6t +
5t2)?).

Let the curve

C:R—>R3, t—(Rcost, Rsint, at),
wherea > 0andR > 0.

€ What does this curve represent geometrically?

¢t Determine a parameterization by arc length.

< Calculate the Frenet frame.

< Calculate the curvature k, of the curve C at every point. What do you notice?
$¢ Calculate the torsion T4 of the curve C at every point. What do you notice?

<t Calculate the limits lim kg and lim 74.
a—0 a—0

Exercise 5.10

Let a and b be two strictly positive real numbers. Consider the curve C: [0, 21] — R3 given by
C(t)=(acost+ bcos3t,asint—bsin3t, 2V absin 2t).

<¢ Determine the regular points of the curve C.

¢t Show that the image of the curve C is included in a sphere, and determines that sphere.

€ Determine the points of intersection of C with the equator of the sphere (solve the equation
z(t) = 0).

€ For which value(s) of b does the curve have a vertical tangent at the points of intersection with
the equator?

< Calculate the Frenet frame, the curvature, and the torsion.

Let the curve C: R — R3 be defined by C(t) = (et, e~t, v/2t).

<t Show that C is regular, and calculate the unit tangent vector T¢(t).
¢t Calculate the length L(C) of curve C between the points C(0) and C(t).

< Give the parameterization by the arc length of the curve C.
T
<¢ Calculate the curvature k and the torsion T of C, then the ratio <

<t Calculate the normal vector N¢(t) and the binormal vector B¢ (t).
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Let C be the parameterized curve given by:

C : R-R3

(1 _ () V3
t— —sm(t),(sm(—)) ,—t)
2 2 2

¢ Show that the curve C is parameterized by the arc length and deduce that it is regular.
¢ Compute the Frenet frame {T¢(t), Nc(t), Bc(t)}.

¢t Calculate the curvature k(t) and the torsion T(t).

Let the following parameterized curve be given:

C: RoR3
t-—»(cos(i) sin(i) L)
2) V2] 2

¢ Show that the curve C is parameterized by the arc length and deduce that it is regular.
¢ Compute the Frenet frame {T¢(t), Nc(t), Bc(t)}.

¢t Calculate the curvature k(t) and the torsion T(t).

Exercise 5.14

Let C be a circle in the (yz) plane with center (0, 3, 3) and radius r = 2.

¢ Consider CY, a cylinder of height h with base circle C. Find D and f : D — R> such that
f(D)=CY.

¢ Consider the torus T obtained by rotating the circle C around the 0z axis. Find D and f : D — R3
suchthat f(D) =T.

Consider the parameterized surface defined by

fiR?>R3, f(u,v)=u+v)? v, 2(Uu+v)).

¢ Calculate the vectors f, and fy,.. Are there any nonregular points?
< Find the Cartesian equation of the tangent plane at the point f(1, 0).

Exercise 5.16

Let S be the surface defined by f : R? — R3

f(u, v) =(ucosv,usinv, v).

Find the equation of the tangent plane to S at the point f(u, v).
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Exercise 5.17

Let S be the surface parameterized by

fiR? >R3, f(u,v)=(u? v> uv).

Given the pointsa=(2,2),b=(2,4),c=(1,2),andd = (3, 4):

¢t Parameterize the line segment y : [—1, 1] — R? such that Y(—1)=aqa,y(1l) =b.
¢ Parameterize the line segment 8 : [—1, 1] — R? such that 3(—1) = ¢, B(1) = d.
<¢ Find the intersection of ¥ and (.

¢ Parameterize the images of these curves as seen on the surface S.

$¢ Calculate the matrix G of the metric tensor.

¢ Using the matrix G, calculate the angle between these two curves on the surface.

Exercise 5.18

Consider the ellipsoid parameterized by

J/5

f:[0,2n] x [0, 1] = R3, f(u,Vv)=(cosusinv,sinusinv, = cos V).
€¢ Study the regularity of this surface.
< Calculate the area of the surface.

¢ Calculate the principal curvatures.

<¢ Calculate the Gaussian curvature.

Exercise 5.19

Consider two real numbers 0 < r < R. We consider the torus parameterized by

f:[0,2n] x [0, 21] — R3, f(u,v)=((R+rcosu)cosv, (R+rcosu)sinv, rsinu).

$¢ Show that this surface is regular.
¢ Calculate the area of this surface.

€ What do the curves C1 = {f(0, v) | ve[0,2n]}and Co = {f(u,0) |u [0, 2m]} represent
geometrically?

<¢ Show that the tangent vectors f, and f, are orthogonal.

<¢ Calculate the Gaussian curvature.

Exercise 5.20

Consider a surface f : D — R3, where D = {(u, v) € R? | v > 0}, with the metric tensor matrix
given by:

1

— 0
Gu,v)=|V 1
° »

Consider the curve C : [a, b] — D given by C(t) = (0, t) with 0 < a < b.
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¢t Calculate the length L(7y) of the curve y(t) = f(C(t)).
<€ What is the value of L(y) when a — 0?

Let S be the parameterized surface given by:

f :[0,2n] xR —» R’
(u, v) — (e Vcosu,e Vsinu, v)
<¢ Show that the surface S is regular.

€ Compute the first and second fundamental forms.

¢¢ Calculate the surface area.

Let S be the following parameterized surface:

f : [0,1]1x[0,1] - R3
(u,v) (1( )1( ) )
uv)—|-(u+v) -(u—v),uv
2 2
<¢ Show that the surface S is regular.

¢ Compute the first fundamental form.

<¢ Calculate the surface area.

Let S be the following parameterized surface:

f : [0,1]1x[0,2mn] - R3
(u,v) = ((1+u)cosv,(1+u)sinv,u)

<€+ Compute the first fundamental form.

$¢ Show that the surface S is regular.
€ Calculate the surface area.

Exercise 5.24

evaluate the given line integral. Follow the direction of C

-
¢ | (3x?—2y)ds, where C is the line segment from (3, 6) to (1, —1).
Jc

-

¢ | (2yx? — 4x)ds, where C is the lower half of the circle centered at the origin of radius 3 with
C

clockwise rotation.

-
€ | (xy —4z)ds, where C is the line segment from (1, 1, 0)) to (2, 3, —2))
Jc
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evaluate the given line integral. Follow the direction of C

-
¢ | [2ydx + (1 —x)dy], where C is the portion of y = 1 — x> fromx = —1 to x = 2.
c
-
€ | 1+ ydy,where Cistheportionof y =exp2x fromx=0tox=2.
C

;
¢ | [x?°dy — yzdz], where C is the line segment from (4, —1, 2)) to (1, 7, —1))
Jc

Exercise 5.26

evaluate the given line integral. Follow the direction of C

[ — —_— — —
< F -dr,where F (x,y)=y? i +(3x—6y) j and where C is the line segment from (3, 7)
Jc
to (0, 12).
& F -dr,where F(x,y)=(x+y) ( +(1—x) j and where C is the portion on+ ry =1
Jc
that is in the 47 quadrant with the counterclockwise rotation.
f' —_— —_— —_ —_—
< F -dr,where F (x,y)=y? i +(x*—4)j and where C is the portion of y = (x — 1)?

Jc
Xx=0tox =3.

Exercise 5.27

Let a, B and -y be positive constants. Let:

F=—ay? i +8x%)
a particle of mass m moving on the xy-plane, under the action of F. Find the work done by F on

the particle in moving it from the Cartesian origin O to the point (1, 1), in each of the following
cases.

< Directly from O to (1, 0), then directly from (1, 0) to (1, 1).
€ Directly from O to (0, 1), then directly from (0, 1) to (1, 1).
¢ Move the particle with velocity v = 'y(T + 7).

Exercise 5.28

Let Q = {(x,y) € R? | x + y + 4 = 0} and let the application be

o : R°xR°—R

X' =x)+(y—y")
((x,y),(x’,y’)) . - y—y

<t Determine ¢ restricted to Q x Q.

€t Show that @ restricted to Q x Q defines an affine space on Q over R.
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Exercise 5.29

LetQ = IR{_’: and let

¢ :: QxQ—R
Xy) — m(!)
X

< Verify that ¢ defines an affine space on Q over R.

Exercise 5.30

Let Q be an affine space over a vector space Eonk. Let O € F ¢ Q, and (A, B) € Q2 with
(a, B) € k>.

€ What do the points (A1, B1) € Q2 such that

OA; = (a+ B)OA, OB, =(a+B)OB

represent?

€ Assume a + B # 0 and let M € Q such that OM = qOA + ,BO_B>. Show that M is the barycenter
of [(A1, ), (B1, B)].

$e Assumea+ B =0.LetA €ek’— {0,1}.

—_— 1 o
% What does the point C € Q such that OC = XOA represent?

% Show that the point M € Q such that W/ = aaé\) + BO_B’ is the barycenter of
[(C1, aA), (B2, B)], where

OC; = (aA + B)OC, OB, = (a) + B)OB.

<¢ Assume that for any system of points (A;, a;) in F, the barycenter of this system belongs to F.
Define H = {OM |Me F}. Show that H is a subspace of E.

LetF={(x,y) eR? |x+y+4=0}.

¢ Is F a subspace of R??
% Show that F is an affine manifold of R2.

Let

AEMnn(R), beR™, F={XeR"|AX=Dhb}.

% Is F a subspace of R"?
<t Show that F is an affine manifold of R".

¢ Express the dimension of F as a function of rank A.
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Let the application be

R2 —s R2

“~

3x+ 5y
—2x—3y—2

¢ Show that f is affine.
< Find the fixed points of f.
S Findfof.

Exercise 5.34

Let Q be an affine space over E, and let f : Q — Q be an affine map.
) Let the application g : Q — E be defined as

M — g(M) = Mf(M).

<¢ Show that g is affine.
<€ Under what condition is g bijective?

Let Q be an Euclidean affine space over E, and let f : Q — Q be an affine map that preserves
distance. Let A € Q, and define the application ¢ : E — E as follows: for all x € E, ¢(x) =
_— —
f(A)f (M), where M satisfies x = AM.

¢ Show that ¢(0fg) = Of.

< Show that (p(x), o(y)) = (x, y).
% Show that [|o(x) — @ (V)| = [[x — yII.

Exercise 5.36

Let Q be an affine space over E =F & G, and let ¢ : E— E be such that:

, ueF
Forall x = u+ v with o(X)=u—v
veG
<t Show that ¢ is linear.

€ LetO € Qandlet f: Q— Q be the map such that Of (M) = ¢ (O_M) VM € Q.

% Show that f is affine.
#% Study the fixed points of f.
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