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Introduction

t the beginning of this booklet, we present the topics included in the second-semester
program for first-year L.M.D. students in Science and Technology, specializing in
Renewable Energies. The content is designed both to consolidate the knowledge acquired
during the final year of secondary school and to introduce new chapters not previously
studied. It provides a solid foundation for more advanced courses and serves as a bridge
between elementary and higher-level subjects.

The material has been carefully adapted to meet the needs of Renewable Energy stu-
dents, focusing on the mathematical concepts most relevant to their studies. Unnecessary
complexity has been avoided in order to reduce difficulties while remaining faithful to the
prescribed syllabus.

To address the challenges students often face in understanding this subject, numerous
solved examples and practical applications are provided in the simplest possible form,
while ensuring accuracy in the terminology used.

We sincerely hope that this booklet will be of benefit to our students and will also
be appreciated by colleagues and specialists in the field.
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CHAPTER 1 L]

Matrices and Determinates

1.1 Introduction of matrices

1.1.1 Definition of a matrix

Definition 1.1 (Matrix)

[9] Let m and n be two non-zero natural numbers. We call an m X n matrix a matrix

whose elements belong to the field K, where K can be either the set of real numbers
(K =R) or the set of complex numbers (K = C). The matrix is arranged in a table

with m rows and n columns, enclosed in brackets or braces, as follows:

a1 a12 o Qup a1 a192 e Qip
921 A929 ... QA2p 921 A929 ... QA2p

A= , Or A= = (aij)an .
m1 Am2 ... Gmp L Am1 AQm2 ... Gmp ]

» We denote the matrix by the letters A, B,C, ... or A = a;j, where 1 <1i < m and

1<j<n.

» We call the element a;; the coefficient or matrix element, and it is located in the

t row and j column.

o If the matrix has m rows and n columns, we say that it has a dimension or rank

of m x n. We refer to this as the size or order m X n.

o We denote the set of matrices of size m x n with coefficients from the field K by

12



1.1. INTRODUCTION OF MATRICES 13

Example 1.1
2 5 =8
A=10 -3 —4
- 6 8 9

1.1.2 Special types of matrices

There are several forms of matrices:

Square matrix

Definition 1.2 (Square matrix)

A matrix in which the number of rows is equal to the number of columns is called a
square matrix. In that case, we denote the set of square matrices of size n X n with

elements from the field K as M, (K).

Example 1.2

aip Q12 Q13 2 5 =8
A= ao1 Q9 (93 ;B: 0 -3 —4

31 a3z 0ass 6 8 9

Diagonal matrix

Definition 1.3 (Diagonal matrix)

A square matrix A = (ay;),, ., Is called a diagonal matrix if each of its non-diagonal

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES

elements is zero. That is, a;; = 0 if ¢ # j and at least one element a;; # 0.

a1 0 0

A 0 929 0

0 0 Ann

Example 1.3

a1 0 0 2 0 0
A= 0 agp O 7B = 0 -3 0
0 0 ass 0 0 9

Identity matrix

Definition 1.4 (Identity Matriz)

A diagonal matrix whose diagonal elements are equal to 1 is called an identity matrix
and is denoted by I,,. That is
0 if 7,
CLZ‘j =
1 if i=j.
Then
10 0
0 1 0
A=
0 0 1
Example 1.4
100
A=101 0
00 1

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES

Upper triangular matrix

Definition 1.5 (Upper triangular matrix)

A square matrix is said to be an upper triangular matrix if a;; = 0 for all i > j.
11 a2 ... Qin
A - 0 22 ... QA9pn
0 0 Ann
Example 1.5
air a2 a3 2 5 -8
A= 0 axp ay [ B=]0 -3 —4
0 0 ass 0 0 9

Lower triangular matrix

Definition 1.6 (Lower Triangular matriz)

A square matrix is said to be an lower triangular matrix if a;; = 0 for all © < j.
aiq 0 0
A — A21  A22 0
an1  an2 Qpn
Example 1.6
a1 0 0 2 0 0
A= an an 0 B=10 -3 0
a31 a3z as3 6 8 9

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES

16

Symmetric matrix

Definition 1.7 (Symmetric matriz)

A square matrix A = (a;;), ...

Example 1.7

11 a2 13
A= Q12 d22 Q23

@13 dg23 (33

Skew—symmetric matrix

2 5 =8
, B = 5 -3 —4
-8 —4 9

Definition 1.8 (Skew—symmetric matriz)

A square matrix A = (ag;),,..,

Example 1.8

A:

—ais

Zero matrix

Definition 1.9 (Zero matrix)

is denoted by 0, xm.

o O

a1 Q12 13
—Q12 Q22 423

—Q23 A33

is said to be skew-symmetric if a;; =

2 5 =8
,B=1 -5 -3 —4
8 4 9

o O

is said to be symmetric if a;; = a;; for all ¢ and j.

—aj; for all © and

A matrix whose all elements are zero is called a zero matrix, and the order zero matrix

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 17

Example 1.9

0 0 0
Osx3=10 0 0
0 0 0

Row vector

Definition 1.10 (Row vector)

A matrix consisting of a single row is called a row vector or row matrix.

A:(CLH aio ... aln).

A:<a11 a2 alg),B:<1 2 3)

Column vector

Definition 1.11 (Column vector)

A matrix consisting of a single column is called a column vector or column matrix.
an
A— Q21
an1
Example 1.11
a 1

A= a91 7B: 4

asy 7

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 18

Equality of two matrices

Definition 1.12 (Equality of two matrices)
and B = (b;;)

Two matrices A = (a;;) are said to be equal if:

mxn mxn

1. They are of the same order (if they have the same number of rows m and the

same number of columns n).

2. Their corresponding elements are equal (a;; = b;; for all 1 <i <m and 1< j <

Example 1.12

1 -1 1 -1

2 0 2 0
A: = B fry

3 5 3 5

4 0 4 0

1.1.3 Operation on matrices

Scalar multiple of a matrix

Definition 1.13 (Scalar multiple of a matrix)

Let k be a scalar (k € R, k € C), then the scalar product of matrix A = (as;), . Is
denoted by kA and given by kA = (kaj;), .., (forall1 <i<mand1<j <n)
kan ka12 k:aln
ka ka ... kas,
PA — 21 22 2
kayni kama ... kagn
Example 1.13
1 -2 3 1 -2 3 9 —6 9
Let A = .Then 3A =3 =
4 5 —4 4 5 —4 12 15 —-12

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 19

Remark 1.1

The matrix (—1) x A, represented by — A, enables us to define the difference between

two matrices A and B, both having the same number of rows and columns, as follows:

A—B=A+(-1)xB.

Calculate —B

Then

Proposition 1.2

Let A, B, and C' be three matrices, and A and p are scalars.

1. A+ B=B+ A.

)

(A+B)+C=A+(B+C).

3. MA+ B) = M+ A\B.

S

(A p) A= 2A+ pA.

Ot

- A(pd) = (Ap) A

6. IA=A.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 20

Example 1.15

A= ,B: )
-1 1 1 5

Let 2X + 3A = B. Find the matrix X7
1
By remarking X = 5 (B —3A), then

1 =3 1 -1 1-3 —=3+3 -2 0
1 5 -1 1 1+3 5-3 4 2

Hence

Addition of two matrices

Definition 1.14 (Addition of two matrices)
Let A = (a;)) and B = (b;), ., be two matrices with the same order, then the

sum of the two matrices is given by

mXxn

C=A4B = (Cij)xn = (@j)nsn T 0ij)nsn = (@ij +bij),0 s -

where
a a12 QA1 bll b12 bln
21 A22 ... Q2p bar  baa ... by
A= B =
Aml Am2 - Qmn b1 bm2 ... by

Another written

i1 €12 ... Cin a1 +by aip+biz ... ay +bi,
C21 Co2 ... Copn 921 + le 929 + b22 Aop, + bgn
Cm1 Cm2 -+ Cmn Am1 + bml Am2 + bm2 co Amn + bmn

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 21

Example 1.16

1 -2 3 3.0 2 4 -2 5
A= B = A+ B=

Y

4 5 -4 -1 1 8 3 6 4

Multiplication

Definition 1.15 (The product of a row matrix and a column matrir)

Let V' = (vj) be a 1 x n row matrix (or a horizontal vector), and let W = (v;)
be an x 1 column matrix (or a vertical vector). The product of the row vector V' by

the column vector W is the matrix 1 x 1, that is, it contains one coefficient of the form:

VW = (v1, 09, ..., 0p) = vw; + Vaws + ... + VW,

5
V:(—l 2 _3),1‘sl><3,W: -1 |, 1s3x1
0

5
VWV::( -1 2 -—3) -1 | =-T
0

Definition 1.16 (Multiplication of two matrices)

Let A = (a;;) be an m x r matrix, and B = (b;;) be an r x n matrix. The product

of matrices A and B is a matrix C of dimensions n x m with elements C' = (c;),
k=r

where ¢;; = Z apbg; (for alll1 <i<mand1 <j<n). We obtain the product of
k=1

two matrices by multiplying each row of the first matrix by the columns of the second

matrix.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 22

!
|
'y

==
|| B

2 3
1 2 -3

A= ,B=1] -5 0
0 -5 —1

Calculate AB, BA is AB = BA?
2 3
1 2 =3
AB = -5 0
0 -5 -1
6 —2

_ I1x242x(=5)+(-3)x6 1x342x0+4+(-3)x3 _ -16 9
0X2+(=5) x(=5)+(=1)x6 0x3+(=5)x0+ (1) x (-2) 19 2

2 3
1 2 -3
BA=| -5 0
0 =5 —1
2x143x0 2x2+4+3x(=5H) 2x(=3)+3x(-1)

<
=] (-5)x140x0 (=5)x24+0x(=5) (=5)x(=3)+0x(-1)
6x14+(=2)x0 6x2+(=2)x(=5) 6x(=3)+(-2)x(-1)

2 —-11 -9
= -5 —-10 15
6 22 -—16
Then AB # BA.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 23

Remark 1.3
Let A, B, and C' be three matrices.

1. To have the product AB defined, if the number of columns in matrix A must be

equal to the number of rows in matrix B.

2. AB is not necessarily equal to BA; matrix multiplication is not commutative in

general.
3. Matrix multiplication is associative: A (BC) = (AB)C.
4. Matrix multiplication is distributive: A(B + C) = AB + AC.

5. If A is an m X n matrix, then Al, = I,,A = A.

Definition 1.17 (integral power of matrices)

Let A be a square matrix of order n, and let m be a positive integer. Then we define

A" =Ax A x A...A, (m times multiplication) .

Transpose

Definition 1.18 (Transpose)
If A= (CLZ']‘)
AT = (az:)

w15 an m X m matrix, then the transposed matrix A is the matrix

nsem 18 @ m X n, where its rows become the columns of A and its columns

become the rows of A, is represented by TA or AT. That is

Example 1.19

2 6
2 1 -3

A= AT=1 1 3
6 3 —9

3 -9

Proposition 1.4 (Properties of the transpose)

Let A and B be two matrices with the same number of rows and the same number

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES

of columns.
1. (A+B)" = AT+ BT,
2. (A)" = A
3. (kA)" = kAT, for scalar k.

4. (AB)" = BTA”.

Example 1.20

By using the two matrices A and B, verify the transpose properties.

1 -1 2 -2 6 —2
A=|5 —4 3|, B=|-10 1
1 =2 -3 -2 1 0

Definition 1.19

A square matrix A is said to be symmetric if AT = A.

Example 1.21

1 -1 1
A= -1 -4 =2 |,
1 -2 -3

A is symmetric by the definition of a symmetric matrix. Then

1 -1 1
AT = -1 —4 =2
1 -2 -3
That is AT = A.
Definition 1.20
A square matrix A is said to be skew-symmetric if A = —A”.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 25

Example 1.22

Proposition 1.5 (Properties of the transpose)

Let A and B be two symmetric matrices

1. AAT and AT A are both symmetric.
2. A+ AT is a symmetric matrix.
3. A— AT is a skew-symmetric matrix.

4. If A is a symmetric matrix and m is any positive integer, then A™ is also sym-

metric.

5. If A is a skew-symmetric matrix, then odd integral powers of A are skew-

symmetric, while positive even integral powers of A are symmetric.

6. If A and B are symmetric matrices, then

- (AB + BA) is symmetric.

- (AB — BA) is skew-symmetric.

Trace

Definition 1.21 (Trace)

The trace of a square matrix A is the sum of its main diagonal elements. It is denoted

as Tr (A) and is defined by:

Tr(A) = Z a;;, where a;; are the diagonal elements of A.
i=1

Proposition 1.6 (Important Properties)

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 26

1. Linearity:

Tr(A+B)=Tr(A)+Tr(B).

Tr (AA) = XTr (A) VA € R.

2. Invariant under 'Transposition:

Tr(A)=Tr (AT) .
3. Product of Matrices:

Tr(AB) =Tr (BA).

However, in general,

Tr(AB) #Tr(A)Tr(B).

Inverse of a matrix

Definition 1.22 (Inverse of a matriz)

Let A be a square matrix of size n x n. We say that the matrix is invertible or has an
inverse if there exists a square matrix B of the same size n xn such that AB = BA =1,
where [ is the identity matrix. Then we call B inverse or inverted A inverse, and we

symbolize it by the symbol A™".

Remark 1.7

Inverse of a matrix if it exists is unique.

Example 1.23

Demonstrated that matrix E accepts an inverse, which is F'.

1 3 4 =3
E: 7}71:
1 4 -1 1
1 3 4 =3 4—-3 —-3+3 10
EF = — = — I
1 4 -1 1 4—-4 —-3+4 01

Thus, the inverse of matrix E is F = E~L.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 27

Remark 1.8

1. Let A, B € M,,(R), if A and B are reversible, then AB is reversible, and we
have (AB) ' = B4,

2. Let A € M,, (R), if A it is reversible, then AT is reversible, and we have (AT)il =

()"

1.1.4 Determinant of a square matrix

Definition 1.23 (Cofactor)
[11] The cofactor of a; is denoted by Ay and is equal to (—1)" | Mj).

Definition 1.24
Let A = (aij)

xn b€ a square matrix of order n, then the number det A is called the

determinant of the matrix A.

Determinant of a 2 x 2 matrix

Definition 1.25 (Determinant of a 2 X 2 matriz)

Example 1.24

2 1
det A = =2x3—-1x1=5.

Determinant of a 3 x 3 matrix

Definition 1.26 (Determinant of a 3 X 3 matriz)

For the second column

Mohamed Khider University of Biskra.
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ay,

12
a a a a a a
4 21 23 11 13| 11 13
detA =|ay 2 Qi ="0ap +ay, =
= s dss sy ds3 ty Ay
3 32 Us3
For the first row
a3 y dxp y Ay
—dp ay;
33 a3 A3 a3 Ay

3 d3p  ds3p

Example 1.25

30 0 2 3 2
A=12 0 -4 |, B=| -2 -1 0
21 0 -4 3 5

Determinant of a n x n matrix.

Definition 1.27 (Determinant of a n X n matriz)

Let A = (a;j) be a square matrix n X n, then det A : given by the following
statement:

For the column j:

det A = Z (—1)i+j CLZ']‘MZ‘J'.
j=1

or, for the row i:

det A = Z (—1)i+j aijMi]‘.
i=1

where M;; is the resulting determinant by omitting row ¢ and column j of matrix

A.

Remark 1.9

1. The determinant value of the matrix is n X n. It remains unchanged when

applying any row or column operations.

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 29

2. The operation of row or column reduction results in the calculation of the deter-
minant n X n to calculate n of the determinants (n — 1) X (n — 1) using reduced
row echelon form. This leads us to the computation of n! from determinants

1x1.

3. The determinant of 1 x 1 is of the form det (a) = a.

Properties of the determinant

Proposition 1.10 (Properties of the determinant)

1. The determinant of a matrix A and its transpose A” are equal to det (A) =

det (AT).
2. If A has a row (column) of zeros, then det (A) = 0.
3. If A has two identical rows (or columns), then det (A) = 0.
4. If A is a triangular matrix, then det (A) is the product of the diagonal elements.
5. det (1,) = 1.
6. det (AB) = det (BA) = det (A) det (B).
7. det (A+ B) # det (A) + det (B).
8. For all A € R, det (AA) # Adet (A).

9. For all A € R, det (AA) = det ((A,) A) = det (\],,) det (A) = A" det (A).

1
det (A)

10. If A is invertible, det (A_1> =

Mohamed Khider University of Biskra.



1.1. INTRODUCTION OF MATRICES 30

1.1.5 Methods for calculating the inverse of a matrix

Direct method

Definition 1.28

Let A € M, (K), we say that the matrix is invertible or has an inverse if there exists
a square matrix A~" € M,, (K) such that AA™" = A™'A = I,,, where I,, is the identity
matrix.
Example 1.26
Find the inverse of matrix A.
3
A=
1 4
AA_l _ 1 3 11 T12 _ T11 + 31‘21 12 —+ 3%’22 _ 10 _ [2‘
1 4 To1 T2 11 +4we1 x12 + 4woo 0 1
Then
11 + 3%21 =1
Py +3%21 Z12 + 32 _ Lo N +4dxg =0
T11 + 41’21 T12 + 41‘22 0 1 T12 + 31’22 =0
12 + 41’22 =1
) 4 -3
= T11 = 4,1’21 = —1731712 = —3,1'22 = ]_,A_ =
-1 1

Cofactor method

Definition 1.29

Let A € M, (K) where det (A) # 0, then we can calculate A~" the inverse of the

matrix A, as follows:
1 1
det (A)

where 1 <i,7 <n,Cof A= (c;) and ¢;; = (—1)i+j M;; and M;; are the determinants

(Cof A)T.

obtained by deleting the row i and the column j of the matrix A.

Mohamed Khider University of Biskra.
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Proposition 1.11

To calculate the inverse of a square matrix A, follow these steps:

1. Calculate det (A) .

2. If det (A) = 0, we conclude that A does not have an inverse, and we stop.

However, if det (A) # 0, proceed to step 3.

3. Calculate the resulting determinants, M;;, by deleting the row ¢, and the column
Jj.
4. Add alternating signs to the cofactor matrix Cof A.

5. Calculate the transpose of the cofactor matrix (Cof A)" .

6. Divide all coefficients in (Cof A)" by det (A).

Example 1.27

If possible, calculate the inverse of the matrix
2 6 3
A=| -1 -1 0
-3 -1 0
Solution 1.1
1. Calculate det(A)
2 6 3
det(A)=| -1 -1 0 |=3(1-3)=—6.
-3 -1 0

2. Since det(A) # 0, the matrix is invertible and

(Cof A)T

A=
det(A)

3. Calculate Cof A = (cij)1<ij<3 With c;j = (=1)"7 Mj;:

Mohamed Khider University of Biskra.
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+My =My +Ms
Cot A= | —Myy +My —Mss
+Mz —Msy +Mss
-1 0 -1 0
My = =0 My = =0 Mz =
-1 0 -3 0
and
6 3 2 3
My, = =3 Msy = =9 Mas =
-1 0 -3 0
and
6 3 2 3
M3 = = M3y = =3 M3y =
-1 0 -1 0
0 0 =2
CofA=|1-3 9 -16
3 =3 4
4. Calculate (Cof A)T:
o -3 3
(CofA)' =10 9 -3
-2 —16 4
5. Divide all coefficients of (Cof A)T by det(A):
o 4
1
ATl = Cof A)T = _3 1
det(A)( of 4) 0 =2 2
1 8 2
3 3 3

Mohamed Khider University of Biskra.



1.2. REPRESENTATION OF MATRIX BY LINEAR MAP 33

1.2 Representation of matrix by linear map

Definition 1.30

A set of vectors (vq, v, ...,v,) In V is a basis of V' if

1. V = span (v, vg, ..., vp) -

2. The vectors vy, vy, ..., v, are linearly independent.

Example 1.28

1 0 0
Letey=| 0 |,e2a=| 1 |,es=| 0 |. Show that {e1, ez, e3}is a basis of R* "It is
0 0 1

called the standard basis'".

1. Clearly, span {e1,es,e3} = R>.
2. {ey, 9, €3} are independent, because

1 00
det| 0 1 0 |=1#0.
0 0 1

Definition 1.31
Let E and F be two vector spaces of K, let the application f : E — F is called linear

map if

flu+v)=f(u)+ f(v), Yu,v € E.
floau) =af (u), a € R, Yu € E.

Definition 1.32

Shows that given two vector spaces £ and F' and a basis (v;), <j<n Of I, every linear

map

f:E—F,

Mohamed Khider University of Biskra.



1.2. REPRESENTATION OF MATRIX BY LINEAR MAP 34

is uniquely determined by the family f (v;), <j<n of the images under f of the vectors
in the basis (v;), <,

If we also have a basis (w;),.,.,, of F, then every vector f (v;) can be written in
a unique way as

f () =" aijw;, for every j,1 < j <n.

=1

Definition 1.33
The linear map f : E — F' is defined by

f (’Ul) cF = f (’Ul) = a1 W1 + a1Wa + ... + Q1 Wy,

f:E—F= f(UQ) €= f(U2) = Q1o2W1 + A22W9o + ... + QoW

f(vn) € F= f(v,) = aw + agaws + ... + GppWn,

The linear map f is determined by the matrix M (f) whose entries in the j — th
column are the components of the vector f(v;) over the basis (wy, wa, ..., w,,), that is,

the matrix

a;iy Q12 a1n — wq

Ao G2 Qonp < Wa
M(f) =

Am1 Am2 Amn — W

The matrix M(f/B,C) associated with the linear map f : E — F' is called the
matrix of f with respect to the bases (vy, vy, ...,v,) and (wy, W, ..., Wy,).
When E = F and the basis (w1, ws, ..., wy,) is identical to the basis (v, vy, ..., v,) of

E, the matrix M(f/B,C) associated with f : E — E (as above) is called the matrix

of f with respect to the basis (vy, va, ..., V).

Remark 1.12

There is no reason to assume that the vectors in the bases (vq, va, ..., v) and (wy, Wy, ..., Wy,)

are ordered in any particular way.

Mohamed Khider University of Biskra.



1.2. REPRESENTATION OF MATRIX BY LINEAR MAP 35

Example 1.29

Let f be a linear map, defined by

f:R? > R3
T—y
(z,y) = f(zy)=| 20+y
x + 3y

Determine M (f /B, C) the matrix associated with f, according to the standard bases
R? and R®.
Let B = {v, vy} the standard basis R?

v1 = (1,0), v = (0,1)
Let C = {wy,wy, w3} the standard basis R?
wy; = (1,0,0),wy = (0,1,0) ,ws = (0,0,1).
The dimension of the matrix M (f/B,C') is 3 x 2, i.e.,
M (f/B,C) € Mz (R)

Y

f(v)=f(1,0)=(1,2,1)=1(1,0,0)+2(0,1,0) + 1(0,0,1) = wy + 2wy + ws
f(ve)=f(0,1)=(-1,1,3) = =1(1,0,0) +1(0,1,0) + 3(0,0,1) = —w; + wy + 3wz
Then

1 -1

M(f/B.C)=1]2 1

1 3

Example 1.30
Let f be a linear map, defined by
f:R* - R?

r—y
(,9) = flzy)=| z+y

Yy—x
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Determine M (f /B, C) the matrix associated with f.
Let B = {v, vy} the basis of R?

vy = (1,1),v = (—1,1)
Let C = {wy,wy, w3} the basis of R?
wy = (1,1,1) ,wy = (0,1,0) ,ws = (—1,—1,1).
Let B = {vy, vy} the basis of R?
vy = (1,1),v = (—1,1)
Let C' = {w, wy, w3} the basis of R?
wp = (1,1,1) ,wy = (0,1,0) ;w3 = (—1,—1,1).
The dimension of the matrix M (f/B,C') is 3 X 2, i.e.

r—Yy
M (f/B,C) € M3x2(R) = | z+y
y—x

Compute f (vy)

Flo) =f(1,1)=(0,2,0)=a(1,1,1) +b(0,1,0) + ¢ (=1,-1,1),

Then
O=a-—c
a=c=0
2:a+b_c = b :>f(vl):f(171):(07270)
=2
O=a+c

Compute f (vq)

Then

fve)=f(-1,1)=(-2,0,2) =a(1,1,1) +b6(0,1,0) + c(—-1,—-1,1).
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—2=a-c a=20
O=a+b—c =93 c=2-a=2 = f(v)=f(-1,1)=(0,2,2).
2=a+c b=c—a=2
Then
0 0
M(f/B.C)=| 2 2
0 2
Example 1.31
Let f be a linear map, defined by
f:R® = R?
rT+y+=z
(@,y) = [ (z,y,2) = :
T —2y+ 32

Determine M (f /B, C) the matrix associated with f, according to the standard bases
R3 and R%
Let B = {vy,vy,v3} the standard basis R®
v1 = (1,0,0),v9 = (0,1,0) ,v3 = (0,0,1) .

Let C = {wy,w,} the standard basis R?

w, = (1,0) , Wy = (O, 1) .
The dimension of the matrix M (f/B,C) is 2 x 3, i.e.,

M (f/B,C) € M3 (R)

Flo) = f(1,0,0) = (1,1) = 1(1,0) + 1(0,1) = w; + ws
f () = £(0,1,0) = (1,-2) = 1(1,0) — 2(0,1) = wy — 2w,
f(vg):f(O,O,l):(1,3):1(1,O)+3(0,1):w1+3w2

1 1 1
M(f/Bvc)(l 9 3)
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Definition 1.34

Let E,F, and G, be three vectors spaces with respective bases B = (u, ..., u,) for E,

C = (vi,...,v,) for F', and D = (wy, ..., wy,) for G. Let f : E— F and g: F' — G be

linear maps.

As explained earlier, f : F — F' is determined by the images of the basis vectors
vy, and g : F' — G is determined by the images of the basis vectors u,;.

We would like to understand how gof : F — G is determined by the images of the

basis vector u;. Then matrix associated of gof,defined bellow

M (gof/B,D) =M (g9/C,D)M (f/B,C).

Remark 1.13
Note that we are considering linear maps f : E — F and g : F — G, instead of

g: E — Fand f: F — G, which yields the composition gof : E — G instead of
fog: E — G.

Remark 1.14

1. The matrix associated for the zero application is the zero matrix.
2. The matrix associated for the neutral application is the unit matrix.

3. The matrix associated for application (f + g) is the sum the matrix associated

for application f, and the matrix associated for application g
M(f+g)=M(f)+MIg).

4. The matrix associated for application \f is the matrix resulting from multiplying

the matrix associated for application f and scalar \.

M (Af) =AM (f).

5. The matrix associated for application gof is the matrix resulting from multi-
plying the matrix associated for application f, and the matrix associated for

application g

M (gof) = M (g) M (f).
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6. If the matrix A is invertible and it is associated for application f, then A™' is

the matrix associated for application f~'.

1.3 Representation of linear map by matrix

Definition 1.35
Let E and F be finite-dimensional vector spaces, Let B = (v, va, ..., v,) is a basis for

E and that C = (wy,ws, ..., wy,) is a basis for F. denote by [j], and [i] their n x 1
and m X 1 coordinate vectors with respect to the two bases of & and F respectively.

Let f: E — F be a linear map. An m x n matrix [f] 5, such that, for any j € E,

Lf (F)le = [f]sclils:

is called a matrix of the linear map f with respect to the bases B and C'.

Although it should already be clear, we highlight that the transformed vectors
[ (j) belong to F and their coordinate vectors [f (j)], are m x 1 vectors. Moreover,

[flgc il is the matrix product of [f] 5 and [j] .

Example 1.32

Consider this matrix

21 -1
01 1

R? vector space with standard basis {e1,es}. R*® vector space with standard basis

{e1,e2,e3} . There is a single linear map defined by

f:R® = R%
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Then

f(e1) = arrer + asres = (2,0)
f(e2) = ajper + ages = (1,1)
f (e3) = arzer + agges = (—1,1)
f(z,y,2) = f(xe; + yes + ze3)
=z f(er) +yf(e2) +2f (e3)
=x(2,0)+y(1,1)+2(—1,1)

=2x4+y—zy+2).
Then, linear map is defined by

flr,y,2)=Qx+y—z,y+2).

Example 1.33

Consider this matrix

2 -1 3
0 1 2

A:

R?® vector space with standard basis {ey, ez, e3} . R? vector space with standard basis

{e1,e2}. There is a single linear map defined by

f:R®— R%
Then
T T
x z
2 —1 3
f(x7yaz): A Yy = Yy
0 1 2
2 z
T
2z —y + 3z
= =2 —y+3z,y+22).

Y+ 2z

Then, linear map is defined by

f(x,y,z) = 2x —y+3z,y+22).
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1.4 Change of basis, passage matrix.

1.4.1 Passage matrix

Definition 1.36

[9] Let E be a finite-dimensional vector space of dimension n. Let Bj (eq,ea, ..., €,)

’

and By (6/1, 6/2, s en) be two bases of E. The passage of matrix of By (old basis) to

By (new basis) , denoted by
Pg? =a;; € M, (E)

is defined by

n
e; = Zaijei,‘v’l <j<n.
i=1

Remark 1.15

The j — th column of the matrix ng is formed by the coordinates of e;- in the old

basis Bj.

Example 1.34
Let E = R?, Consider the two bases of R?

1 0
By = (v, v2) (standard basis) : v; = Uy =

By = (w1,w2) W =

Sl =5l
5
|
x

1 1
— 1 0 ==
U}1:Oé’01+61}2:> \/]-§ =« _i_ﬁ = \{5
V2 V2

= W

1 1
= —F=v] + —=0Va2.
vzle
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By same method, suppose that o and 8 the components ws in the basis By, i.e.,

Wy = V1 +6U2 =

Sl Sl

3
1 _°
=« + 3 = \é?
V2
N -3 . 3
We = —=v1 + —=s.
2 NG 1 /o 2
Then the passage of matrix of the basis By to the basis B, is
-3

By __
PBl_

Sl =Sl
Sl

Theorem 1.16

Let E be a finite-dimensional vector space of dimension n. Let Bj (ey,es, ..., e,) and
Ty
/ / X2

By (el, oy ey e/n) be two bases of E. Let X = the vector of the components

T

of X in the basis By (X € Ep,). Let X = the vector of the components of

X" in the base By (X' € Ep,) . Then

X =rpXx.

Proof:
n n n n n n
I 7 I 7
X = E T;€; = E Tie; = T, E ajje; | = E a;;x; | €. Conclude
i=1 j=1 j=1 i=1 i=1 \j=1

n

o ,./ . Bg / /_ Bl

zi =Y ajr; o X =Pg*X or X =Pp'X. .
j=1
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Properties of the passage of matrix

1. The passage of matrix is invertible, and
-1
(Pg2)  =Pp.

2. PE=1,.
3. If Bg, B;E, B; are be three bases of E, then

Bs _ pBo Bs
PB1 = PB1 X PB2.

1.4.2 Change of basis
The change of basis is a technique that allows us to express vector coordinates with respect
to a "new basis" that is different from the "old basis" originally employed to compute

coordinates.

The change-of-basis matrix

Theorem 1.17
Let E and F be two vector spaces. Let f : E — F' be linear map. If Bg and B}E be

two bases for E, and if By and By be two bases for F. Then

7N —1 ’

M (1/By, Be) = (PEE) M (5/Bs.Br) (PRE) = (P2 ) 0 (/8. B) (PRE)
We put

Q= PP = Phe = M(f/By, By) = (Q)" M (f/Bs. Br) (P)
= M (f/By, By) = (Q) M (f/Bgr, Br) (P) "

Remark 1.18

Case of an endomorphism

E=F By=Bpr=B B,=B,=8.
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Then
Q=P=M(f)=(P)M(f)(P)".

P~ is inverse of P.

Example 1.35
Let E = R? and F = R® be two vector spaces. Let f be linear map, defined by

f:E—F

r—y
y—x

- In R?, consider these bases
BE = B1 == {Ul,UQ},’LLl == (1,0),U2 == (0,1) .

By, =D, = {ul,uQ} cuy = (1,1) uy = (=1, 1).

- In R?, consider these bases

BFIBQI{Ul,UQ,Ug},Ul = (1,0,0),’02 = (0,1,0),’03: (0,0,1)

1 0 -1
B}:B;:{U;,v;,v;},viz 1 ,U;: 1 ,vé: -1
1 0 1
Calculate M (f/B/l, B;) :
Solution 1.2
Let
1 -1
5 1 -1
M(f/Bl,BQ> = 1 1 y and PBI1 = .
1 1
-1 1
Let

-1

M (f/BiaB/z> _ (P%) M (f/Bi, B) (ng) = (ng) M (f/Bi, Bs) <PB%> ;
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where
(Pg;) = a4 € M; (R)
Such that each vector column of sz has coordinates expressed in basis By. Let
2
! 1 / / 1
vy = V1 + V2 + vs, U1:§U1—02—§U3>
vy = 2, = vy = vy,
, A V|
U3 = —U1 — U2 + U3, V3 = 5 + 2
Then ] ]
-0 =
2 2
PR=1 -1 1 0 |€M(R).
’ Ll
2 2
Then
1 1
= 0 3 1 -1
2 2 1 —1
M(f/Bi.B))=| -1 1 0 11 —
1 1 1 1
— 0 = -1 1
2 2
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Systems of Linear Equations

2.1 General

2.1.1 Classical presentation

We now study how to find the solution of a system of m linear equations in n unknowns.
Consider the system of linear equations (in short SLE) in unknowns x1, z9, z3, ..., ¥,

as

a1, + aj9x2 + a13x3 + ... + a1, = b1

211 + a29T9 + 9313 + ...+ Aonly = bg

(5) | ,

1 %1 + AmaT + Am3Ts + .. + AmpTn = by
is called a system of linear equations with n unknowns x, zs, x3..., x,.

If the constants by, bs, b3..., b, are all zero, then the system is said to be Homogeneous.

2.1.2 Write the system in matrix form

Definition 2.1

Let (a;;) € My (K) be the matrix of (), B = (bi),<j<p, » X = (25),<j<,-Then the
system (S) can be put in matrix form as
AX = B,
where
air Q2 ... Qin T by
Ao as1 Q92 ... Qop X = To B- ba
Am1 Qm2 Umn Tn b,

46
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2.1.3 Write the system with a linear application
Definition 2.2

[11] Let E and F' be two vector spaces, with respective bases B = (uy, ..., u,,) for E

and C = (vq,...,v,) for F. Let f : E — F be linear map, with M (f/B,C) = A.
We note
X = ijuj el X = (xi)lgigva = sz?}z eF.
j=1 i=1
The system (S) is written

f(X)=B.

Example 2.1

Consider the following system:

2r+y—z2+2t=1
(S)Y 3v+y+2z—t=0 ,
V2x — 22+ 5t =8

this system of three equations to four unknowns x,y, z,t.

X
2 1 -1 2 1
Yy
A=] 3 1 2 -1 [, X= Y=1|o0
4
V2 0 -2 5 8
t
Then the matrix form is
X
2 1 -1 2 1
Y
AX=B=1| 3 1 2 -1 =10
ya
V2 0 -2 5 8
t

That is, changing the unknowns leads to a change in the coefficient matrix.
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2.2 Study of all solutions

We call the solution of the system of existing linear equations (si, s, ..., 5,) substituted
x1 by s1 and x5 by so ...etc. In the system of linear equations, the equals are satisfied.

Example 2.2

Consider the following system

1 — 3372 =1
(5) ,
- + 4[E2 =9
admits the solution (31, 10),

I = 31,332 = 10.

Remark 2.1

Searching for a pair (x,y) that satisfies many equations of the same order is searching

the points of intersection of many lines.

Example 2.3

The point (x,y) belongs to the intersection of two lines Dy and Ds.

a11x + a2y = by, the equation for line Dy,

(91T + a9y = by, the equation for line Do,

Then this system

a1 T + apy = by
(S) 7

a1 T + azy = by

admits the solution (x,y). There are three possibilities:

1. The lines D, and D, intersect at one point. Then the system accepts a unique

solution.

2. The lines Dy and Dy are parallel. Then the system does not accept solutions.

3. The lines Dy and D, are applicable. Then the system accepts an infinity of

solutions.
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Remark 2.2

A linear equation with three unknowns (x,y, z) is the equation of a plane in space.

Example 2.4

Let it be three systems with two equations and three unknowns in space

r+y+z=1 r+y+z=1 r+y+z=1
(1) ,(2) , (3)

—r—y—z=—1 —r—y—z=1 r—y+z=-1

1. The equations of the first system represent the same plane. So the set of solutions

/)

2. The equations of the second system represent parallel planes. So the solution

Ay

is that plane.

set is null.
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3. The equations of the third system represent two planes intersecting in a line.

-

The system of three equations with three unknowns can accept a unique solution (in
general, three planes intersect at a point in space).

Proposition 2.3

Let S be a system of n linear equations with m unknowns on the form matrix
AX = B.

Then the system S does not accept solutions, or accept a unique solution, or accept

infinity of solutions.

2.3 Methods of solving system of linear equations

Solve a system of linear equations by using three methods

2.3.1 Solving by Cramer method

Consider a system (S) of n linear equations with n unknowns on the form matrix

AX = B.
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where
ai;pr a2 ... QAip I bl
a21 A29 ... QA9pn i) b2
A= X = B =
ap1 Gp2 ... Qpp Tn bn
Or

a1 + a12T9 + a13x3 R ATy = b1

911 + A92T9 + 9313 =+ ...+ Aoy = b2

Ap1T1 + ApaTo + Ap3®s + ... + Qpp Ty, = by

Definition 2.3 (Steps of Cramer method)

Calculate determinants of matrix A

a1 a2 .. Qin

Q21 dg2 .. Q2pn
det A =

Ap1 Ap2 .. Qpp

If det A = 0, then the system (S) does not accept solutions or accept the infinity of
solutions.

If det A # 0, then the system (S) accepts a unique solution, as given by Crammer

method
T
Zz det (A
X = ‘2 ’ Wherexj:(m,foralllgjgn.
Tn
Another write
detdr o detdy o detd,
L7 det A7 det A7 det A

Let det (4;) j = 1,2,...,n is the determinant obtained from A by replacing its
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j — th column with the column of the right-hand side. In other words:

a1; apz -+ Aip bii a2 - ai, a; bz - ai,
Q21 Qg2 -+ A2y by aze - ag, as; by - ag,
A = . . . ) Al = . . . ? A2 =
An1 Ap2 - Ann bnl Ap2 - Ann an1 bn2 e Ann
Example 2.5

Solving the system by Crammer method

20 4+y—2=1

(S)y z—y+2=0
T+y+3z=2

Solution 2.1
The first step is to calculate det (A)
2 1 -1
det(A)=]|1 -1 1 |=-12#0

1 1 3

Let det A # 0, then the system (S) accept a unique solution, is given by Crammer

method
x1
det (A;
X=| 2y |, where z; = deet((A]))7f0r all1 <75 <3.
T3

The second step is to calculate det (A4;), forall 1 < j <3

1 1 -1 2 1 —1
det (A)=]0 —1 1 |=-4det(Ad)=|1 0 1 |=-8,
2 1 3 1 2 3
2 1 1
det(A3)=|1 -1 0 |=—4
1 1 2
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The third step is to calculate

det (AJ> .
g forall1 <j <
xj det (A) oralll <j <3,
YT odet(A) 377 det(A) 3777 det(4) 3

Then the solution of the system (S) is

T
X = To =X =

T3

W WO DN |

Theorem 2.4

A Crammer system has one and only one solution.

2.3.2 Solving by the inverse matrix method

Consider a system (.5) of n linear equations with n unknowns on the form matrix

AX = B.
a1 a12 AT I b1
21 Q22 ... dgp o) by
A= X = B =
Apl Ap2 .. Gpn Tn b,

1171 + a12%2 + a13T3 + ... + a1,T, = by

2171 + A22%2 + 233 + ... + AonTy = b2

p1%1 + ApTo + Ap3T3 + ... + AppTp = bn
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Definition 2.4 (Steps of inverse matriz method)

Calculate the determinants of matrix A

@11 a2 .. Qip

Q21 dA22 .. Q2pn
det A =

Anp1 Ap2 .. Qpp

solutions.

If det A # 0, then the system (S) accepts a unique solution, is given by

AT (AX)=A"'B= X=A"'B.

Example 2.6

Let’s solve the system (S) by inverse matrix method

2r+y—z2=1
(8)y z-— y+z=0 ,
r+y+3z=2
Solution 2.2
The first step is to calculate det (A)
2 1 -1
det (A)=det| 1 —1 1 |=-12+#0
1 1 3
The second step is to calculate A™?,
Al = Cof A)"

If det A = 0, then the system (S) does not accept solutions or accept infinity of
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Calculate Cof A
-1 1 11 1 -1
1 3 1 3 1 1
—4 =2 2
1 -1 2 —1 2 1
Cof A=| — - o
1 3 1 3 11
0 -3 -3
1 -1 2 -1 2 1
-1 1 1 1 1 -1
Then
—4 -4 0
(Cof AT=| —2 7 -3
2 -1 -3
—4 —4 0 4 4 0
1
A= = 3 | = _
B 2 7 3 2 73
2 -1 -3 -2 1 3
The third step is to calculate A™'B,
1 1
4 4 0 1 3 x 2
1 3 ;
A B:E 2 =7 3 0| = % =y | = %
-2 1 3 2 - z -
3 3

2.3.3 Solving by the Gauss-Seidel method

Consider a system (S) of m linear equations with n unknowns on the form matrix

AX = B.
where
a1 a19 ... Qip T bl
921 29 ... QA9pn i) bg
A= X = B =
m1 Am2 ... Qmn T bm
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Or

a1121 + a12%2 + a13%3 + ... + a1,y = by
(S) a91T1 + a92T9 + 9313 4+ ...+ Aoy = b2
Am1%1 + AmaX2 + Q33 + ... + Gpn®y, = bm
Definition 2.5 (Gauss-Seidel method)

[9] Gauss-Seidel method is used to solve any type of linear equation in general form.

The Gaussian elimination method refers to a strategy used to obtain the row-
echelon form of a matrix. The goal is to write matrix A with the number 1 as the

entry down the main diagonal and all zeros below.

11 aiz2 A3 1 bio b13

After Gaussian elimination
A= lay ax ay > A=10 1 by
asy Q32 Aas3 0 0 1

Definition 2.6 (Steps of Gauss-Seidel method)

The first equation should have a leading coefficient of 1. Interchange rows or

multiply by a constant, if necessary.

Use row operations to obtain zeros down the first column bellow the first entry of

Use row operations to obtain a 1 in row 2, column 2.

Use row operations to obtain zeros down column 2, below the entry of 1.

Use row operations to obtain a 1 in row 3, column 3.

Continue this process for all rows until there is a 1 in every entry down the main

diagonal and there are only zeros below.

If any rows contain all zeros, place them at the bottom.

Example 2.7

Solve the system by using the Gauss-Seidel method

20 +3y =6 (a)

1

x—y:§ (b)
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Solution 2.3

First, we write this as an augmented matrix

2 3|6
1 -1 !
2
We want a 1 in row 1, column 1. This can be accomplished by interchanging rows 1

and 2
1
1 -1 =
Ry < Ry — 2
2 3 6
We now have a 1 as the first entry in row 1, column 1. Now let’s obtain a 0 in row 2,

column 1. This can be accomplished by multiplying row 1 by —2 and then adding the

result to row 2.

1
1 -1 =
—2R1+ Ry =Ry — 2
0 5 )
) 1
We only have one more step, to multiply row 2 by £

1 1 1 1

*Rg = R2 — 2

5 0 1 |1

The second row of the matrix represents y = 1. Back-substitute y = 1 into the first
equation

1 1 3
x—y:§:>ac—1:§:>x:§.

3
The solution is the point (2, 1> .

Example 2.8

Consider solving the system (S) by Gauss-Seidel method

2r+y—2=1 (a)
(S)y z—y+z2=0 (b)
r+y+3z=2 (c)

Let’s arrange for the coefficient of x in the first row to be equal to 1. To do this, we
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swap the two rows (a) and (b) :

r—y+z2=0 (b)
(S) 224+y—2=1 (a)
T+y+3z=2 (c)

We keep the first equation (b) as it is and add —2(b) to the second equation and —(b)
to the third equation:
r—y+z2=0 (b)
(S) Jy—3z=1 (a/ .
20422 =2 (c/)

Let’s divide equation (a/) by 3 to make the coefficient of y equal to 1

r—y+2=0 b)

(S) y—z:; (a”> :
20422z =2 (c/)

!

Let’s add —2(a") to equation (¢

):

o) b )

B
4 "

4z = — (c )
3

From equation (cu), we get z = —, then from equation <a ) we deduce:

i 1 2

=2z _—= -,

Y 373
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L] CHAPTER 3 L]

Integrals

3.1 Indefinite integral and properties

3.1.1 An antiderivative of a function

Definition 3.1

[1] Let f be a function defined on an interval I (where I is an open interval). An

antiderivative of f on I is any function F' defined and differentiable on I that satisfies
the following property:
Veel, F (z) = f(z).

Example 3.1

1. Let I =R and f : I — R be the function defined by f(z) = z*, then the function
1
F : I — R defined by F(x) = gac‘r’ is an antiderivative of f on I = R since:

Veel F (z) = f(z) =2

2. Let I =]0,+o00[ and g : I — R be a function defined by g(z) = +/z, then
2
the function G : I — R defined by G(z) = 3V is an antiderivative of g on
I =]0, 00| since:

Veel,G (z) =g(x) =z

Proposition 3.1

Let f be a function defined and admit an antiderivative on I then:

1. f has infinitely many antiderivatives on I.

2. If F, F5 are two antiderivatives of f on I, then there exists a constant ¢ € R
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such that:
Ve eI, Fy(z) = Fy(x) + c.

3.1.2 Indefinite integral

Definition 3.2

[5] Let f be a function that is defined and admits an antiderivative on I (I is an open

interval). The set of all antiderivatives of f on I is called the indefinite integral of f

on I, then denoted by

Y

/

Indefinite Integral
(no specific values)

Example 3.2

1
The indefinite integral of the function — on | — 0o, 0[ is defined by:
T

d
/—x =In(—z)+c1,Ye; € R,
T

1
The indefinite integral of the function — on |0, +oo[ is defined by:
x

d
/% :ln($)+02,v02 € R.

1
The indefinite integral of the function — on R* is defined by:
x

d
/—x:ln|x\+c,‘v’c€R.
T
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3.1.3 Existence of the indefinite integral
Theorem 3.2

Let f be a function defined on I (I is an open interval), then we have the following

implication:
f is continuous on I = f admits an antiderivative on I.

Set of all the functions antiderivative defined on I, note by

/f (2) +e,VeeR, Vo e I,F (z) = f (x).

Example 3.3

Let cos(x) is an antiderivative of sin(x) on R, so we can define the indefinite integral

of the function sin(x) with the following

/sin(z)dm = —cos(x) + ¢, Ve € R.

3.1.4 Properties of the indefinite integral

Proposition 3.3

Let f and g be two continuous functions on I, then we have the following properties:

1 [1f@) + g @)]de = [ f@)dot [ g(@)da

2, /)\f(:c)da: - )\/f(:c)da:,V)\ eR.

3 (/f(:c)dx)l — f(2).

4/f (x) 4+ ¢,Ve € R.
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3.1.5 Indefinite integrals of some usual functions

/ f(z)dz Domain of definition

/de =c R

/adx = az + ¢, (a cost) R

1

/x”dazz n+1az"+1+c7 (neZ—{-1}) R*
1

/fdlen]xH—c R*
> I

/:cada:: a+1xa+1+c, (e Z—{-1}) R?

/e””dx ="+ R
x 1 xX *

/adlen(a)a +c, (a€R+—{1}) R

/Sin(x)dx:—cos($)+c R

/mszl()dx = tan (z) + ¢

f(z)

/\/ﬁ dx = arcsin (z) + ¢ =11
m dx = arccos (x) + ¢ =11
/1+x2dx:arctan(x)+c R
/sh(x)dx:ch(x)—i—c R
/ch(m)dx:sh(x)—i-c R
1
/Wd:c:th(:c)—l—c R
/ (e dx = arg sh (z :ln(a:+\/1+x2> R
1
/ prom ————dz = argch (x :1n<x+\/362 ) J1, +o0]
e = argth (x) + L (H‘”) =1, +1]
[zl =arg (7) c=gln{— ;
/f (:c) (@ an"“ (@) +cenel D,
(z) —1 _
/fj<x>dx n—1>fnl<>“’“”‘GZ U
f(x)dx In|f(z)|+¢c /
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3.2 Simple integration methods

3.2.1 Direct integration method

This method is based on the properties of indefinite integrals and formulas for transform-

ing functions using primitive tables and two rules

X

f(x)
/f(x)dx—ln|f(x)|+c.

And
/ ' (x) f®Y (x) dx :rllf“ (x) +c.
Example 3.4
Compute

/ {0082 () + ! + \/E} dz.

1+ 22

From indefinite integral property we have:

/0052 (7) dm—l—/ ! da:+/\/5da:.

1+ a2

Using the following trigonometric formula

cos?z +sin® x = 1, cos (2z) = cos® r — sin® z.

Then
2 1 1 1
cos (2z) = 2cos® (1) — 1 < cos® (z) = COS(;;)—F = cos (2z) + 3 (3.1)
On obtain
/C082 (x)dx = / [1 cos (2r) + 1 dx = 1sin (2x) + lx +c
)12 2177 4 9" Tl

Using the table of antiderivatives, we obtain:

1
/Hmzda: = arctan (x) + cs.

Using the table of antiderivatives, we also get:

2 2
/\/de:?v%—kc;;:g\/ﬁ—kc&
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Then equation (3.1), write by

/cos d:c—i—/l dx—i—/\/_d:c

1 2
= Zsm(%) + 23: + ¢1 + arctan (x) + ¢ + §V$3 + c3

1 1 2
=1 sin (2z) + 3% + arctan (x) + gv 3 +c,c € R.

3.2.2 Integration By Substitution (Change of Variables)

The first formula

Proposition 3.4
Let f:J—Randg:I— J be two functions such that:

- I,J are two open intervals of R.
- f is a continuous function on J.

- g is a differentiable function on I.

Definition 3.3 (Practical method)

To calculate the integral of type / f(g(x))dx, we follow these steps:
1. We put t = g(x).
2. Calculate the equation t = g(x), we get x = h (t).
3. Calculate dx = h'(t)dt.
4. We substitute in integration x and dx in terms of t and dt.

5. We calculate the indefinite integral

/f(t)h £)dt

6. Replacing in the result t by x, for indefinite integration.
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Example 3.5
Calculate
I / T4
= | ——dx.
N
We put
=142 = dt = 2zdz.

Then

1
P= VI T = dr = el

t—1

Replacing in the integral I gives us:

1
1:/—fm: t+eceR.
2\/7? \/_ ¢

Replacing t by z, we get

I=vV1+z2+c,ceR.

The second formula

Proposition 3.5
Let f:J—Randg:I — J be two functions such that:

- I,J are two open intervals of R.
- f is a continuous function on J.

- g is a differentiable function on I.

If F(x) is an antiderivative of f(x) on J, then F(g(z)) is an antiderivative of the

function g (x)f(g(x)) on I.

Definition 3.4

Practical method: To calculate the integral of type / g (x)f(g(x))dz, we follow these

steps:
1. We put t = g(x) and dt = ¢ (x)dz.

2. This gives the integral / f(t)dt.
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3. If F' is an antiderivative of f then

9 @1(g@)
Example 3.6
Calculate
I= /
We put

Replacing in the integral I gives us:

/ F(t)dt

4. Replacing t by g(x) and dt by q (x

N

t =1+ 22

=F(t)+cceR.

)dx gives the following result:

de =F(g9(x))+c,ceR.

T

dzx.

= dt = 2zdx.

1
I—/Mdt—\/7_f+c,ceR:>[—\/1+x2+c,ceR.

Example 3.7
Compute
1
I= / dz.
ch ()"
We have
e*+e”* 1 2 2e”
h pu— p— p— .
ch () > T () e*4e™ 41
Then
1 2e”
ch (z) v e 1"
We put

Replacing in the integral I gives us:

t=¢e" = dt = e“dux.

1
I= Q/Mdt:2arctan(t)+c,c€ R =1 = 2arctan (e*) 4+ ¢,c € R.
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3.2.3 Integration by parts method

Integration by parts several times

Definition 3.5 (Integration by parts)

Let f and g be two functions in class C' on an open interval I, we have:

[ExE R ax=f(x)gx) - [ x)g(x)dx

Example 3.8

Compute /xe’mdx on R. Let’s put:

fla)=a— f (&) =1

/ 1
J (@)= —glr)=—ge

According to the integration by parts formula, we obtain:

1 1 1 1
—2z —2z —2z —2z —2z
=— + - =—= ——e™% 4 R.
/336 dx 2376 2/6 dx 2336 46 c,CE

The choice of f and g/ is not random

Proposition 3.6

To calculate

/Pn (x) e*dz, or /Pn () cos zdz, or /Pn (x) sin xdx

where P, (z) is a polynomial of degree n.

We use integration by parts n times. The choice each time and in each case is as

follows

g(x)= e g (z)= cosz ¢ (x)= sinz
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Example 3.9
To calculate I (x) = /x2 cos xdx, using integration by parts, we put
fl@)= 2 [a)= 22
/ = .
g (z) = cosx g(x)= sinx

Then
I(z)= /x2 cos vdr = z*sinx — Q/xsinxdx.
To calculate J () / x sin xdx, we use a second time integration by parts, we put
fla)= = fla)= 1
, =
g (z)= sinx g(x)= —coszx
Then
J(x) /xsinxdx:—xcosx+/cosxdx:—xcosx+31nx+c

Substituting into the statement I (x), we find

I(z) =2*sinw —2J () = 2?sinz — 2[~xcosz + sinx + (|

= z?sinz + 2xcosx — 2sinx — 2¢

= 2%sinz 4 2x cosz — 2sinx — ¢.

Proposition 3.7
To calculate

/P )In (z) dz, or /P arccos (x) dx, or /Pn(
or /Pn x)arctan (x) dz, where P, (z) is a polynomial of degree n

We use integration by parts only once, and the choice in each case should be as follows

x) arcsin () dz,

f(x)= In(x) f(z)= arccos(x)

g ()= ¢ ’ g ()= cosx 7
f(z) = arcsin(z) f(x)= arctan(zx)
g ()= sinz 7 g (z) = sinz
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Example 3.10

To calculate I (x / In (x) dx, using integration by parts, we put
, 1
f(x)= In(x) f(x)y= —
= T
g @)= 1 glx)= =

Then

:/ln(x dr =xIn(x / —dr =xIn(x /1dx—xln()—x+c

3.3 Integration of rational functions

Definition 3.6 (Integration of rational)
Let P(x) and Q(z) be two polynomials of degree ny and nsy respectively. A rational

function is any function of kind

P(x)
Q(z)

e Ifdeg (P) > deg (Q) we say that f is an improper rational fraction.

fz) =

e Ifdeg(P) < deg (Q) we say that f is a proper rational fraction.

Step I: Grade Control

P
Let f(x) = QE:E% be an improper rational fraction (i.e. P(z)and Q(x) are two polynomials
x
of degree n; and nsy respectively with deg (P) > deg (Q)). The Euclidean division of P(x)

by Q(z) yields:

R(x)
Q(z)’
N(x) is a polynomial of degree deg (P) — deg (Q) .

fx) = N(x) +

where { R(z) is a polynomial of degree strictly less than deg (Q) .
R(z)
Q(x)

is proper rational fraction.
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We deduce that:

/f(:v)dx:/ggi;dm:/]\f{m)dx—l—/gg;dm

/N(:c)da:.

Calculate

After, calculate

we pass to the second step.

Step /I: Analysis Q(z) in R

We write Q(z) in the form of first-order or second-order polynomial, and its Delta is

negative (A < 0), i.e.

Q(z) = (z—0a1)* (1—p)™ - - - (w—0, ) * (22 +pra+q) ™ (P +pox+qo)™ - - - (2 prataqr) ™.

For all 1 < ¢ <r, then «; is a real root of @ (x), and s; is the degree of its multiplication.

For all 1 < 75 <k, then p? —4q; < 0.

R
Step [1]: Decomposition (z)
Q()
. . R(x) .
We write the fraction ) as the sum of fractions as follows:
T
R(z A A A, A Ay
<): 11 + 12 4+ 4 Ls1 + 21 4. _ fM2s
Qlr) z—0a1 (v—0q)? (x—aq)r = — (x — ap)*2
Arl Arsr
T —a, (r — o)
Mll-T"i_Nll M12.CE+N12 T M1m1x+N1m1
22+pr+q (22 +prre+q)? (22 +prx+q)™
Mgll' + N21 M22$ + NQQ NI MQmQZE + N2m2
22+ por+qe (2% + pox + q2)? (22 + pox + q2)™2
M2 + Ny Moz + Nio T M, + Nig,
2?2+ per+ g (22 + prx + qr)? (22 + prx + q)™

where A;;, M;; and N;; are constants, that we calculate by unifying the denominators

and then matching or giving special values.
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Step [I1]: Integration
R(x)
Q(x)

fractions from both shapes:

The integral I (x) = / dx, depends on calculating the integration of simple rational

B ;w o) = Mz + N .
h(x)—/(x—a)”d 1o (2) /(x2+px+q)md ’

where n,m € N*, and A = p* — 4¢ < 0.

1

3.3.1 Calculate the integral of the form [ (z) = /7033:
(z —a)"

For n =1, then

I (z) :/$iada::ln\x—oz|+c.

For n > 1, then
1 1
= | ——dxr = .
I (x) /(x—a)n ’ (1-n)(x—a)"" e
Mx+ N

3.3.2 Calculate the integral of the form I, (z) = / dz,

(% + pr +q)™
where m € N*, and A = p* —4¢ < 0.

M N
Im=1=1= / de. We write the numerator in terms of the derivative of
2+ pr+q
the denominator
M M

Then

M Mp\ 1 +p/2
Ly(z) = ?ln ’$2 + px + q‘ + (N - 2p) ﬂarctan<xﬁzw> +C.

To calculate

1
I3(x) = / ————dx.
4+ pr+q
We try to write it as the famous integration
1
[t
241
We put
52 = el
4 4
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Then
T +pa:+q—( +§) + 3% =5 CE; ) +1
Then
1 1 1
I (z) = _ dr=— [ ——da.
3 /52[@;;;) +1] 62/<z;5>2+1

r+ 5 B D B
5 :>x—t6—§:>dx—5dt.

Then
I3 ( =3 / 7t = arctan (t)+c

= I3(x) = ;arctan (x;@) +c.

Substituting into the statement I (), we get

M Mp\ 1
L(x) = ?ln ‘;ﬁ + px + q‘ + (N — 2p) Barctan

(x +ﬁp/2> el

Mz + N
+ dz. We write the numerator in terms of the

Ifm>2= [ = /
(22 + px + )™

derivative of the denominator

M M
MI+N:?(2x—|—p)+N—7p.

Then
M M
_/ Mx+ N d$:/2(2x—|—p) + N — 2de
(22 + px + q)™ (24 pr+q)™
2 M 1
= / (22 +p) dx+<N— p)/
2 ) (@24 pz+qm 2 (22 4+ px +q)™

Mp
el N G\ A
21+< 2)2

Calculate I, we put
y=12°+pr+q=dy=(2v+p)dz.

Then
2 1 1
Ilz/ (2 +p) dw:/fdyz/y‘mdyziy
(22 + pr + )™ ym L—m
B 1 B 1
(A =m)ymt (1 —m) (22 4 pr + ¢!

1-m
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So
1 1
12_/(x2+px+q)mdx:/ 2% AT
(SR
We put
_ _ 2 _ P’
t=x+ —=dt=dx,s =q-
Then
1 1 1 1 1
I :/ dt — m/ dt — / dt
A o L O A N T (1 n (t)Q)
We put
t 1
:tan'y:>t:3tan’y:>dt:s< 5 >dfy.
S cos? y
Then
1 S
s cos? (1 + (tan 7)2)
Let
2 . 2 2 1
cos”y+sin“y=1=1+tan"y = ——.
cos?y
Then
1 1 1 1 1
I =— 1/ mdy = / dy = /cosz(m_l) ydry.
m— 1 2m—1 2 1 2m—1
s cos2 (cosw) s S e s
Then
M p
I1=—1I N—-——7)I
2 ”L( 2 ) ?
M 1 Mp 1
_ M N _ X / 2(m—1) d:|
2 l(l —m) (22 + pr + q)m_ll * ( 2 ) L?m—l o8 e
Where
4q — p? t P
§ = a p,y—arctan(),t:x—l—.
2 S 2
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Example 3.11

Let

Then

Then

Hence

To calculate the integral of a form

T+ 3
1) = [ w g et

2 —3r+2=(x-2)(r—1).

r+3 a n b
2-3x+2 (r—2) (z—1)
r+3  alz—1)+b(x—-2) (a+br—a—2b
2 —-3r+2  (z2—-2)(z—1) = (z—-2)(z—1)"
a+b=1 b= -4
= 5
—a—2b=3 a=2>5

I@%i/x+3d /(5 L

2—3c+2" J@-2 (@-1)

=5n|z -2 —4ln|z — 1| +c.

Example 3.12

L/
2/

34+ a2 —2

Calculate these indefinite integrals of the rational functions.

1
———dx.
2 (x —1) v

T+ 2
22 —3x—4

dzx.

—2x3 47
v dx.

Calculate these indefinite integrals of the rational functions.
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Solution 3.1

1
e L
22 (x —1) e

1 A B, C
2(r—1) 2 22 -1
Then
1 —é—l-ﬁ—i- C  Ax(x—-1) B(z—-1) Cx?
2(x—-1) 2z 22 z2-1 22(x-1) 22(@x-1) 22(x—1)
A2 — Az +Br—B+Cx*  Ax*+Ca’+ Brx— Az — B
B 2 (x —1) B 22 (x—1)
_ (A+C)2*+(B—A)z—B
22 (z—1)
By matching, we find
A+C=0 C=-A=1
B-—A=0 =4 A=B=-1 .
B=1 B=-1
Then
11 11
2(x—-1) =z 22 x-1
Hence
1 1 1 1 1 1 1
——dr = | —— — — d:—/fd —/fd / d
/xQ(x—l)x x x2+x—1x P x? v z—17

1
=—Infz|+—-+Inlz - 1| +c
T

2
2. /de. Calculate A of the polynomial x> — 3z — 4 :
x?—3r—4

A:25,$1 = —1,$2 = 4.

Then
x+2 x+2 A B
/x2—3x—4d"’“"_/(x+1)(x—4)d$_/(g;+1)+(x—4)d“"
Let
A N B Ax—-4)+B(@x+1) (A+B)z—4A+DB
(x+1) (z—4) (x4+1)(x—4)  (z+ 1) (x—4)
By matching, we find
—1
A+B=1 A= —
= 2 .

Mohamed Khider University of Biskra.



3.3.

INTEGRATION OF RATIONAL FUNCTIONS 76

Then

| oo
&

/x+2 dx:/ %1 +
2?2 —3x —4 (I—i—l) (
-1
T 5 (:C+1

)

-1 6
:?1n|$+1|—l—gln|x—4|+c.

—2x3 4+ 7

P Qda:. By division, we get

223 4+ 7 24?2
—203 — 2?2 44| =2
202 +3

Then

—2x3 4+ 7 _ a4 222 + 3
42 -2 42 -2

Then x = 1 is solution of 2* + 2> — 2, then

Bt —2| -1

73— 2? v? 22 +2
21% — 2
22% — 2x
20 — 2
20 — 2
0

Then

20 +3 222 +3 A N Bz +C
34r2—-2 (-1 (22+20+2) x—1 22+20+2

Then

20 +3  Ax?4+24Ar+2A+ Ba*+Cax— Bx —C
B+r2-2 (x —1) (224 22 + 2)
_ (A+B)2*4+ (2A-B+C)z+2A— C’
B (x —1) (22 4 2z + 2)
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By matching, we find

A+B=2
2A-B+C=0
2A—-C=3

Then
202+ 3

B=2-A

=43 2A-B+C=0

C=2A-3

B=1
= 24+ A4+24-3-2=0=>A=1 .
C=-1

1 r—1

So,

—2x3 4+ 7
/x3+x2—2 /de

Calculate

x3—|—x2—2:x—1

:—/mm+/x_

+x2—|—2x—|—2'

/ 222 +3 et As
x3+x2—2

dx

_/ r+1-—2
:132+2x+2
x2—|—2x+2

Then

—223 4+ 7
/:U3+a:2—2 /2dm+/

:/ 1 (22 +2) —2

:—/mm+/5j—

1
:—2x+ln|x|+§ln‘x2—|—2x+2‘—2arctan($~|—1)+c.

r—1
——[24 /
/ T x—1+x2

+2x + 2 v

+/ r—1
x2+2x+2

/ r—1 dx_/(x—1)+1—1 /x+1—1—1
2420 +2 2 4+ 22 + 2 224+ 2x +2

:/Q(x—l—l)—de

2/:102

- +/ vl
X
x2+2x+2

dx
2+ 2x + 2
23:+2 2
dx.
12242 2242742
2x—i—2 2
—/72“

+2x +2 (r4+1)"+1

2/3:2
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3.4 Integration of exponential and trigonometric func-

tions

3.4.1 Fractional rationals of trigonometric functions
The first form

I= /f(sinm,cosx) dzx.

Let f be a rationals functions, sinx and cos x are the trigonometric functions.

Let

2 sin cos( Z
{ c(oz2)(§)(2)] 2 tan (%
B [Sing(%):C:SQ(g)] 1+ tan? (g)
CcOSs (5)
We put
t=t (x>;sx tant = z = 2arctan (t) = d dt
=tan | — — = arctan x = 2arctan T = .
2 2 1+ t2
Then
] 2t
sint = .
1+ t2
The same method, we find
. 1—¢2
cost = .
1+ ¢2
2t
tant = .
1 —¢2
Then
_ 2t 1 —t2 2
I = /f(sma:,cosx)dx = /f (1 — 1+t2> 1+t2dt'
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Example 3.13

I:/id
24 cosx v

We put
t=t (9:):33 tant = 2arctan (1) = d 2
= tan ( — — — arctan I = zarctan r =
2 2 1+¢2
Then
1 1 2
2+ cosa 2+ (E2)] 0+)
/ : 5yt = 2/ ban | = | +
= = arc an C.
21+t + (1 - 2 + V3 V3
Then

Example 3.14

Calculate these indefinite integrals of the trigonometric rational.
1
1+sinz
9 / cosx
2 —cos?x

Calculate these indefinite integrals of the trigonometric rational.

1
1. / ————dx. By change of the variable
1+sinz

T
t = tan ()
2

Then
2t 2
siny = ——,dxr = ——dt.
1+¢2 1+¢2
Then
2 1 2
- dt _/ dt
/ 1+ sma: / 1 _|_ (1+t2) LEE42E (] 4 42)

(1+t2)

(14t2)
-2 n -2
[— C —
T+l tan (g) +1

—/ L 2 t—/ dt—/ dt
= t2+2t+1(1+t2) o t2+2t+1 - (t+1)2
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2. /ﬂdz’. Let

— cos? x
cos (m —x) = —cosx.
We put
y = sinx = dy = cos xdx,
sin?z +cos’z=1= cos’z =1 —sin®z.
Then

cos T d / 1
—dx =
2 —cos?z 2 — [1 — sin® 7]

1
cosxdx:/i_ 5— cos xdx
1+ sin“zx

1
= / Ty dy = arctany + ¢ = arctan (sinx) + c.

The second form
1= /sin”xcosq xdx, p,q € Z.

To calculate the integral above, we use a change of variable according to the part of the

numbers p and ¢. A distinction is made between

1. If p is odd, we put u = cosz.
2. If ¢ is odd, we put u = sin x.
3. If p and g are odd, we put u = cos 2.

4. If p and ¢ are odd, we put u = tanx.

Or we linear it integrating using the formulas

Ly 1 —cos’zx . 1 4 cos 2z
sinzr = ———— cos’r = ————.
2 2
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Example 3.15
Calculate the integral

I = /Sin2 x cos? zdz.

The integral is an even function with respect to the sinx and cos x

By linearizing the right line of this equality, we obtain

. 9 4 1—|—0082m>2 <1+0082x)3
sin“zcos’ vt = |—F7— ) —|—F5—

2 2
2 (1 + cos 22)* — (1 + cos Qxﬂ

2 + 4 cos 2z + 2 cos? (2z) — 1 — cos® 2z — 3 cos 22 — 3 cos? 2:(:]

cos® — cos® (2x) + cos (27) + 1] :

oo\»aoo\»—oo\»—oo\»—/\

Then

=5 [2¢
[2 + 2 cos 2z + cos (2:1:)) - (1 + cos® 22 + 3 cos 2 (1 + cos 23:))3
=5l
=sl-

2 3
SlIl2 ICOS4 T = (1 — COS2 LL’) COS4 T = COS4 T — COS6 T = (COS2 I) — (COS2 JI) .

|

1
/sin2 x cos* zdr = §/ [ cos® (2x) — cos® (2x) + cos (27) + 1} dx
1
:8[ /cos (Qx)da:—/cos (2x) dx—i—/cos )dw—{—/lda:
1 1 4 1
== l—/ (1 — sin? (2:10)) 2 cos (2x) dx — / de + —sin (2z) + x} :
8 2 2
Let
3 o2 _ .2
cos® (2z) = cos® (2x) cos (2z) = (1 — sin (2x)> cos (2z) .
Then
1] s r sin(4x) 1 .
I= S _— / (1 — sin (29&)) cos (2x) dx — 5" % + 5 sin (2x) + x]
1[ in (4 1
== /— cos (21) — cos (2z) sin” (27) dx + v _ sin(42) + —sin (2z) + x
8| 2 8 2
11 1 in (47) 1
=3 _—5 sin (2z) + 6 sin® (2z) + z — g — smé z) + 3 sin (2x)1
1 [z sin(dz) 1
=3 g — smé z) + ésin?’ (Qx)l :
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Integration the form [ = /sin () cos (Br) dx

The integral, which is a product of 2 trigonometric functions, could be transformed into

a sum of trigonometric functions using the following formula:

sin (azx) cos (Bx) = = [sin ((a + B) x) + sin ((a — ) x)],

— DN =

sin (az) sin (Bx) = = [cos ((av — B) x) — cos ((a + 5) )],

cos (o) cos (Bx) = = [cos ((av + ) ) + cos ((a — B) )]

N — DO

Example 3.16

Let
. o (z) 1 —cosz
sin“ [ = ) =
2 2
. 9 ( ) (3x> (1 — Cosx) (3x)
sin“ | = )cos|— ) = —
2 2 2
1 3z
=3 [cos () — cos () cos ()
Then

Integration the form [ = /e(w)P (z)dz,a € R, P () = apa" + ap_12" '+ ...+ ag
Integrating n times per part, we get

P(x) P(x) P ()

I = /e(‘”)P (x)dx = (o)

= eQ (z) +c.
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Example 3.17

K:/ezx <x2+3x+5)dx.
So

K=Q(x)e* +c= (a2x2 +a1x + ao) e* +c.

Drifting we have:

{(agﬁ + a1z + a0> egﬂl = (2a97 + ay) ** + 2 (ang + a1z + ao) e

= [2@21’2 + (2ag + 2a1) v + (a1 + 2a0)} e
= (x2 + 3z + 5) e,

Then
{2a2x2 + (2ag + 2a1)  + (a1 + ZQO)} e (x2 + 3z + 5) e
Then
1
2a0 =1 a2 = 92
— 391
2y + 2 =3 =4 ay =292 _ 2 —
) 2 a ) 21
ay +2ap =5 == =2
0= 2
Then

1
K= <2x2+x+2)62w+c.

Example 3.18

To calculate I (x) = /6_2:0 cos (x) dz, we use integration by parts. We put

f/ (x) = cos(x) f(x) = sin(x)
= .
glx)= e g (x)= —2e*
Then

I(z)= /6_2”C cos (x) dx = e **sin (z) dx + 2 / e ¥ sin (z) dx.
To calculate J (x) = /6_237 sin (z) dx we use integration by parts. We put
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Then
—e % cos (r) dr—2 / e ** cos (1) dx = —e * cos (v) do—21 (z) .
Substituting into the statement I (z), we find

r) = e **sin (z) dv + 2 [—6_295 cos (z) dx — 21 (x)}

r) = e *sin (z) dwv — 2~ cos (v) dov — 41 (z)

3.5 The integral of polynomials

Definition 3.7

Let P,(z) be a polynomials of degree n, the following form

— oty

Po(2) = anz™ + ap_12" "t + ... + a12 + ap, we have /xo‘dx =
1+«

Then

/Pn(x)dx = In gt Snlon B2 gt
n+1 n 2

2
/(2x2+1)dx:2/x2dx+/1dx:§x3+x+c.

3.6 Defined integral

3.6.1 Riemann sum

Definition 3.8

Let f be a real-valued function defined on the interval [a,b]. The Riemann sum of f

with respect to the tagged partition x, ..., x, together with tg,...,t,_1 is
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k=n

Hm S = Jim > f (c) Az

where Axy, = x), — xp—1, and ¢ € [Tp_1, Tk .

G gla) gib)

'1"

I : flx)dg(x)

by Viasdimir evsii

3.6.2 Riemann integral

Definition 3.9

The function f is Riemann integral over the interval [a,b], if

k=n

lim S,, = JL%Zf (cr) Az,
k=1

n—oo

b
where Axy, = xp, — xg_1, and ¢ € [x_1, Tk ,/ f(t)dt = nh_)n(glosn exists (# £00).

Definition 3.10 (Defined integral)

Let the function f(x) defined on interval [a,b], let F' be an antiderivative function of

[a,b]. We call the defined integration for f with a and b is the value F (b) — F (a), and

note by
b
| f@)de=[F @) = F ()= Fa),
we call the numbers a and b the terms of the integration. The defined integral

[ s

geometrically represents the area between the curve of function f, the axis of intervals

y = 0, and the lines with equations * = a and y = b.
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_Lbf(x) ax

Definite Integral
(from a to b)

Example 3.20
Calculated the following integral

1 1
dx = t
/%§ T2 x = arctan ()]

| —_
—
B

3.6.3 Properties of the defined integral

Proposition 3.8

Let f be a continuous function on the domain of [a,b], Then
1. /af(x)dx:O.
b a
2. / f(z)dx = —/ f(z)dx.
a b

3. /Cf(:n)dx-l—/bf(:v)dx:/bf(:v)dx,ifagcgb.
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3.6.4 Properties of the integral of a positive function

Proposition 3.9

1. Let f be a continuous function on the domain of [a,b], where a < b, such that

Va € [a,b], f (x) = 0, then V¢ € [a,b] :
/Cf(t)dtio.

2. Let f and g are a continuous functions on the domain of [a,b] ,Vz € [a,b], f (z) <

g (x), then

/abf(t)dtg/abg(t)dt.

3. Linearity of the integral: Let f and g be two integrable functions over [a, b] and

A i € R, then
b b b
LA @+ ng@lde=x [ f @yt [ gt
4. Let f and g be two integrable functions over [a,b], but in general

/abf(t)g(t)dt# (/abf(t)dt> (/abg(t)dt)

5. Let f be a integrable function over [a,b], then

[ < [ la

3.6.5 Remarks on the computation of definite integrals

The techniques for computing definite integrals are the same as those used for indefinite

integrals.
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For example: Change of variables

b
/a f(z)dx =7
We put
r= 0= =07 () > e = @ (1
Then
b d—1(b) /
/a [ (z)dx = AI(G) f(D(#)® (t)dt.

Example 3.21

Calculate the following integral
4
/ \/de.
o 1+
We put
t=+vz =2 =t"= dx = 2tdt.
Then
4 2t 2 2 22 4+1-1 21 +¢2 1
/ ﬁdz:/ 2tdt = 2 dt:Z/ +dt:2/ L
o 1+x o 1+1¢2 o 1+1¢2 o 1+41¢2 o 1+t 141t
2 2
=2 [(1dt—2 [" ——dt = 2 1]} — 2 arctan ]} = 4 — 2arctan2,
0 o 1412
Example 3.22

We put Vn >0, I,, = /2 sin” xzdx
0

1. Calculate I; and Is.

1
Ly S

2. Proved that For alln > 2, I,, =

Solution 3.2

We put Vn >0, I,, = /2 sin” zdx.
0

1. Calculate Iy and I;.

[0:/581n0$d$:/51d$’:$|§:
0 0 2

dt
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And

L :/5 sinlxd:c:/i sin xdx = —COSJ}’(? = —COS (g) +cos(0)=—-0+1=1.
0 0

-1
2. Foralln > 2,1, = r I,,_5. By integration by parts. Let
n

jus

VYn>0,1, = /2 sin” zdzx.
0

We put
f(z)=sin™ Yz = f(z)=(n—1)coszsin™? g
g (z) =sinz = g (x) = —cos .
Then
= /g sin” zdr = — coszsin™ ™V z +/ cosx (n — 1) cos xsin"? zdx

E]

=04+ (n—1) /2 cos? zsin™? zdz.

Let
sin?x 4 cos’r =1 = cos’x = 1 — sin’z.
Then
I, = /0’2' sin”" zdx = (n — 1) /072r {1 — sin® x} sin™ =) xdy
=(n-1) /og {1 — sin® x} sin2) zdx
=(n—-1) l/og sin=? xdy — /0g sin" xdx]
=(n—1)[12—1,].
Then

Li=n—-1)I, o—(n-1)1,=L+nh-1)L,=mn—-1)I,
(n—1)

= nl, = (7’L — 1) I, o= 1,= I, .
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Matrices and Determinates

4.1 Ordinary differential equations

Definition 4.1

[2] An ordinary differential equation (in short ODE) is called an equation establishing

a relationship between the independent variable x and the unknown function:

y = f(x),

"

and its derivatives yl, y”, Y yeeny y(”), and we write

’ "ooom n dy "o n
F(Ivy7yay Y 7-‘-7y( )) :0, OI'F(l’,y,dm,y , Y ,...,y( )> =0.

Definition 4.2
[3] We call the order of an ordinary differential equation, the highest order of the

derivative contained in that equation.

Example 4.1

The differential equation y + 2y = 0, the first order.

The differential equation y" — Qxy/ +y = 0, the second order.

Definition 4.3
We apply the solution or integral of an ODE to any functiony : I C R — R. It is

capable of being differentiated n times and satisfies

F(fv,y,y Y Y ,---7y(”)) =0.

90
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4.2 First-order differential equations

Definition 4.4

[4] A first-order ordinary differential equation is written in the form

F(w,y,y/> =0,0ry = f(x,y).

4.2.1 Solving a first-order ODE

Differential equations with separated variables

Definition 4.5

The ordinary differential equations with separated variables are in the following form:

M (z)dxz + N (y) dy = 0.
By integrating this equation, we can find the general solution:

/M(a:)d:c—l—/N(y)dy:c.

Example 4.2

.1'2 y2
xdx+ydy=0:>?+§:c:>x2+y2:202k2.

Differential equations are separable

Definition 4.6
[7] The ordinary differential equations that are separable are defined by the following

form:

My (z) N1 (y) dz + Ms () N2 (y) dy = 0.

If Ny (y) My (x) # 0, we can transform it into an equation with separated variables by

dividing both sides of the equation by Ny (y) Ms (z), and we find that

My @) Nify) ;M@ Noy) )

W Ny (y) My ()
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then
M; () N2 (y)
M, () d N1 (y)

By integrating this equation, we can find the general solution:

M,y (55) Ny (?/) .
TCkad har i

dy = 0.

Example 4.3
Let

(1+2)yde + (1 —y)zdy = 0.
Let’s separate the variables by dividing both sides by xy. We find that

(Hx)ydwr(l—y)wdy:o: A+a), G-y,

Ty Yy Z Y

1 1
:><+1>dx+<—1>dy=0.
x Yy

y=10

By integrating, we obtain

/(;+1)dm+/<;—1>dy:/0.

Then

1 1
/<x+1>d9§+/<y—1)dy:/deéln\x|+x+ln|y\—y:c.

Injz|+Inlyl+z—y=c=hn|zy|+z—-y=c

This is the general solution.

Differential equation homogeneous

Definition 4.7
[7] We say that a differential equation

’

y = f(v,y),
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is homogeneous if
YA ER, f(Az, \y) = f(x,y).
We put
A= l, where x # 0.
x
Then

e ) =1 (zoou) = £ (1Y)

T

Method solution

Proposition 4.1 (Method solution)
We put

Yy dy  du
U = f:>y—xu:>y = —x +u.
T

Substituting in a differential equation yields

/ d , du d
Y= fLu)=TZodu=y = f(Lu)= Totu= f(Lu)—u= o

= [f(1,u) —u]dr = zdu = [f (1,u) — u] dz — zdu = 0.
This is differential equation are separable.

[f(l,u)—u]dx:xdué[f(lci) = :>/ lu—u:/dxx—i_c‘

We find the function u (x), and then substitute this function by y = u (x) z.

Example 4.4
Let
y/ — e% + y
x
We put
Y / dy du
=Z=y=ru=y = = —T+ u.
x dr ~ dz
Substituting in a differential equation yields
Y du du
u==-=y=csu=e"+u=—r+u=-e"=—ux.
x dx dx
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It is a separable equation. Therefore, by separating the variables, we find

u

6_du dx_% dﬁ

dx
= —r= — = =e “du= — —e “du=0.
dx T ev T T

It is a separable equation. Solving by integration, we find
dx
/——/e‘“du=cz>ln|x\+e_“:c.
x

By substituting u = y, we find the general solution to the proposed equation to be
x

ln|x|+6_%:c:>e_%:c—ln|m|:>—gzln(c—ln|x|):y:—mln(c—lnm).
T

Example 4.5
Let
, 22 2 /1 — (% 2
Y = y+y_ () +y: 1 <?/) +y.
T T T T x z
We put
o d d
u:yjy:xu:y——y——ux‘ U
T dr dx

Substituting in a differential equation yields
Y du du
u:—:>y:a:u:>\/1—u2+u:d—x+u:>\/1—u2:d—x,
x x x

It is a separable equation. Therefore, by separating the variables, we find

1 (u)2 _ d7ux N dﬁ du dx 1 dx 1

:7:>7:7 J—
dzx x vV1—u? T V1 —u? T Vv1—u?

It is a separable equation. Solving by integration, we find
dx 1
— — | ——=du = c = In|x| — arctan (u) = c.
I = ] (u)
By substituting u = g, we find the general solution to the proposed equation to be
x

arctan <y> =Inlz|+c.
x
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A first-order linear differential equation

Definition 4.8

We say the first-order linear differential equation if it is written in the following general

form
y +P(a)y=Q(x),
where P (x) and @) (z) are continuous functions (or constants) over the interval I given.

IfVx € I,Q (z) = 0. Then we call the equation

y/+P(:v)y:O,

a homogeneous equation without a second term.

Method solution

The theory is based on the following principles:
Proposition 4.2 (Method solution)

For every first-order linear differential equation, its general solution can be written in

the form

Yo = Yu +yp,

where yg is the general solution of the equation without the second term, and yp is a

particular solution of the equation with the second term.

Proposition 4.3 (How to find yg)

If it suffices to solve the equation without the second term:

' d d
Yy +P(x)y:0:>di+P(x)y:O:>yy—i-P(ac)dx:O.

By integration, we find:

/63+/P(x)dx:O:>ln|y\:—/P(:c)d:c—i-c

= yg = k:e_fp(x)dx, k : real constant.
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Proposition 4.4 (How to find yp)

We make the constant k appearing in the expression yy a function of the variable x.

We put
k=k(z).

We suppose that
yp = k (.T) effP(x)dx’

is a particular solution to the equation with the second term.

To determine k(x) differentiate the expression yp, we find

’

yp =K (2) eI PO — (@) P () e S PO = | (2) = k (2) P ()] e P,

and substitute it into the equation with the second term, we find:

y;;'*‘P(x)yp:Q r
(2) — k() P(x)] e/ P@% 4 P(2) ki (2) e [ PO = Q (a

!

K

So

Then

yp = effP(z)d:c'

/Q (l’) ef P(x)dzdm

Then the general solution can be written in the form

Yo = ke—fP(z)dx + |:/Q (l’) efP(x)da:dx] e—fP(m)dx'
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Example 4.6
Let

’ y_
Yy —— =1,
T

it is general solution can be written in the form

Yo = Yu +Yp,

How to find yy: If it suffices to solve the equation without the second term:

By integrating, we find:

d 1
/—y—/—dx:O:ln|y| —Injz|=c=hnly|=|z|+c=yn = keJ lxldx
Y x
= yg = kx,k : real constant.
How to find yp:

We put
k=k(z).
We suppose that
yp =k (z)z,

is a particular solution to the equation with the second term.

To determine k(z) differentiate the expression yp, we find
yp =k (x)z+k(2).
After substituting it into the equation with the second term, we find:

K () o+ k (2) — F&)

—z=k@)=1=k@) == yp=a>
T

Then

yo = kx + 22,k : real constant.
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Example 4.7

y —==Inx. (4.1)

SHES

The general solution of (H) :

Yo =Yyp +Yu.

Since the particular solution yp of (H) is not obvious, and yy is the general solution of
the equation without the right-hand side. (H/) Yy — g 0 is a differential equation
x

with separable variables. By remark, y = 0 is the solution of (Hl> Jfy #£0,

/ / d 1 1
y—y=0©y=y@ Y g@*dy:—dm.
x de «x Y x

Then
1 1 c
/fdy:/—dxiln\y]:ln\x|+C,C€R:>\y]:|a:]e ,CeR
Yy x
=y==+e,C eR=y =k keR"
Because y = 0 is solution of (H/) , then
yg = kx, k € R.

To find the particular solution yp, we apply the method of variation of parameters.

This method involves replacing the constant K with a function K (x). We put
yp = K () x.
Then
y =K (2)z+ K (z).

We replace y and y in equation (H) to obtain K (z) :

K (z)x

K (z)z+ K (z) - —nz=K (2)z+K(z)-K()=lhz= K (z)z=Inz

jK’(m):m:K(x):/md

x
To calculate it, we put
U=lhz=dU = 1dyc.
x
Then

(Inz)”
2

Inz

K(m)f/—d:c—/Ude +O=

+C,C eR.
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Then
(Inz)?
yp =K (z)x = 5 r+Cx,C eR.

Therefore, the general solution of (H) is given by:

10 7)2
yG:yH+yP=/€$+(n2x) x4+ Cx,C €R.

Bernoulli equation

Definition 4.9 (Bernoulli equation)

We say the Bernoulli equation if it is written in the following general form:

y +P(x)y=Qx)y",

where P (x) and Q) (z) are continuous functions (or constants) over the interval I given,

and n = 1.

Proposition 4.5 (Method solution)
We convert it into a linear differential equation by dividing both sides by y"; it

becomes in the form

WP @)y = Q).
We put
2=y "
then
dz dy
e T
dz (=n+1)y dx
By substituting and then multiplying both sides by (—n + 1), we find
d
y () 2+ (-t )P @)y T = (cn 4 DQ (@),
then
dz
%—l-(—n—i—l)P(:c)z: (—n+1)Q(x).

And it’s a linear differential equation. We seek its general solution as mentioned in
the previous paragraph, then substitute by

z =y "
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Example 4.8
Let

y/ + Yy = x3y3.
To solve it, we divide both sides by y>, and we find

y Sy oyt =at

We put

Then

dz dy
— =2y =,
dx 4 dx

By substituting and then multiplying both sides by —2, we find
—2y_3y, — 2wz = —22°,

then

= —2xz = 2%
d Tz X

It is a quadratic equation whose general solution is in the form
Zqg = zZg + zZp.

How to find zy:

If it suffices to solve the equation without the second term:

%—sz:()é%—%vdxzo.
dx z

By integrating, we find:

d 2
/i_/Qxd$=0:>ln|Z|—x2:c:>ln’Z|:I2+C:>ZH=k€x
z

= zy = k’eIQ, k : real constant.

How to find zp:
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We put
k=kEx).

We suppose that

zp =k (z)e”,

is a particular solution to the equation with the second term.

To determine k(z) differentiate the expression yp, we find

/ /

2p =k (2)€” + k() 2ze".
After substituting it into the equation with the second term, we find:

= —2xz =223
du Tz X

E (x)e” +k(z)2ze®” — 2zk (z) e = —22%. = k' (2) = =22 =k (z) = /—2I3€_x2dl‘.
To calculate it, we use integration by parts, where we put

f(z)=a"= [ (2) =2z,

/

g ()= =2z = g(z) =",

Then
k(x)= /—2x3e’x2dx — g2 _ /er’”zdx — 22 + e
Then
Zp = .732 + 1.
So

a=xt+1+ kemz, k : real constant.

By substituting with z = y~2. We find the general solution for the proposed equation

in the form
1

v VaZ + 1+ ke?®
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4.3 Second-order differential equations with constant
coefficients

It’s an equation of the form

F (:E,y,y,,y”) =0, or yu =f (m,y,y/> )

4.3.1 Second-order linear equation

Definition 4.10

[7] We call a second-order linear equation an equation of the form

ay +by +cy=Q(x),

where a,b,c and f (x) are given functions of x or constants, and ag # 0. We will

assume hereafter that a,b,c and f (x) are continuous, Yz, and a = 1.

Homogeneous equation

Definition 4.11 (Homogeneous equation)
If Q (x) = 0, we call the equation

ay’ +by +cy=0,

is a homogeneous equation.

4.3.2 Method solution

The theory is based on the following principles:
Proposition 4.6

The general solution yg to a second-order linear differential equation, can be written

in the form:
Ye = Yu +yp,

where yg is the general solution of the equation without the second term (ay” + by/ +cy = 0),

and yp is a particular solution of the equation with the second term.
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Proposition 4.7 (How to find yg)

The general solution of

ay” + by/ +cy = 0.

The theory is based on the following principles: If y; and ys are particular solutions

to the homogeneous linear differential equation
ay’ +by +cy=0.
and they are linearly independent constants:

o # cste.
Y2

Then, its general solution takes the form:

yr = Ciyr + Cayp,

where C; and Cy are real constants.

Proposition 4.8 (Research on two specific solutions y; and ys)

From the shape

where k is a real constant. To determine its value, it suffices to differentiate y twice

and then substitute into the homogeneous equation, i.e.

! "

y = ket y = k%M.

By substituting into the equation without the second term or the homogeneous term,

we find

(ak:2 + bk + c) ekr = (.

where e #£ 0, then ak® + bk + ¢ = 0.

Mohamed Khider University of Biskra.



4.3. SECOND-ORDER DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS 104

We name the equation

ak® + bk +c=0.

An associated characteristic equation for the homogeneous differential equation. Its

solutions depend on the discriminant A = b* — 4ac. We identify three cases:

If A > 0: then the characteristic equation admits two distinct real solutions:

b+ VA L ~b—VA
:77 2:7.

k
! 2a 2a

Then

k1

=€ a:7y2 — ek:g:c'

There are two distinct particular solutions for the homogeneous equation, that are

linearly independent. Indeed
@ _ eklx

=== eb1=k)T oL Cste, because ky # ko.
Yo e

Therefore, the general solution to the homogeneous equation is
g = CreM'® + Coe>e,

where C; and Cy are real constants.

If A =0: then the characteristic equation admits a repeated real solution:

—b

k= —.
2a

Then

Y = ek”, Yo = zek®,

There are two distinct particular solutions for the homogeneous equation, that are

linearly independent. Indeed

Yo xek?

Y1 ekw

= x # C'ste.
Theretfore, the general solution to the homogeneous equation is

Yg = Cre™ + szekx,

where C; and Cy are real constants.
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If A < 0: Then the characteristic equation admits two complex conjugate solutions:
kl :Oé+?:6,]€2 :Oé—iﬁ,

where

- V=A
by |

o=—),
2a 2a

Then
y1 = e* cos (Bx),ys = e sin (Sx) .

There are two distinct particular solutions for the homogeneous equation, that are

linearly independent. Indeed

Y2 e*sin(Bx)
Yy eo®cos (Bx)

= tan (fz) # Cste,
because ki # ky. Therefore, the general solution to the homogeneous equation is
yg = e [Cy cos (Bx) + Cysin (fx)],

where C; and Cy are real constants.

Proposition 4.9 (How to find yp)

A particular solution for

ay +by +ey=Q(x).

There are two methods: a general method and a specific method.

General method

Definition 4.12 (General method)

We assign the constants appearing in the expression yy continuing with respect to x,

any:
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We put
Cl = Cl (l’),CQ = Cg (I‘)

And we assume that
yp = C1 (z) y1 + Ca () yo.

It is a particular solution for

ay +by +ey=Q(x).

To determine the constants C (x) and Cy (x), we differentiate yp twice with respect

to x, then substitute into the equation with the second term, and finally we obtain:

Oi (x)y1 + C; (x)y2 =0,
O, (2) g, + Cy (a) gy = 21,

a

And it is a linear equation in two variables that we solve using the substitution method.

Example 4.9
Let

y” +4y/ + 3y = .

The general solution can be written in the form
Yo = yu +yp.

Determining yy : The general solution of

y// + 4y/ + 3y = 0.
The associated characteristic equation for it is

k*+ 4k +3=0.

Its discriminant is A = 4 = 0, so it admits two roots

ky = —1,ky = —3.

Then

Y = C’leklx + CQek” = yg = Cie " + 026_3“”,

where C; and Cy are real constants.
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Determining yp : We put
C,=0C(z),Cy=Cq(x).
And we assume that
yp = C1(x)e ™+ Cy () e,
It is a particular solution for
y 44y +3y =z
To determine Cy (x) and Cy (z), it suffices to solve the equation:

O (z)e™™ + C,y (z) e > =0,

—C, (z)e™® — 3C, (z) e~ = z.
By adding the two equations side by side, we find

—20, (z) e =z = C) (z) = —ge?"”

Y

yp = C) (z) e + Cy (z) e
1 1
=[5 - g e [+ e e
_e loe 1
2 2 6 18
_r 4
3 9

Cr(x) e+ Cy(z) e =0=C(z) = —-Cy(z) e = O (z) = ge%e—% =
We use integration by parts to calculate Cy (x), where we put
x ’ 1
= —— :> —
Fla)=—5 =) =,
/ 1
§ (@)= = g(x) = 5
1 x 1
3z 39: 3z 3z 3z 3z
— dr = — / dr = —— —e’" = (! =—— —
/2 v T5/30 T 66 TR 2(1) = =57+ 15
We use integration by parts to calculate C (x), where we put
Xz ’ 1
fla)=5=1 )=
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So the general solution to the proposed equation is

x 4
Z/G:yH+yp:Cl(x)e*x+c2(x)@*3x+§_67

where C; and Cy are real constants.

Specific method:
She relies of the second party @ (x) .
If Q (x) = P, (z) ¢**, where P, is a polynomial of degree n, ) is a real constant

We distinguish three cases:

Proposition 4.10

First case: )\ is not a root of the characteristic equation, we look for a particular
solution of the form

yp = (Ag + Ay + ... + Ayz™) .

Second case: ) is the simple root of the characteristic equation, we look for a

particular solution of the form:
yp = x (Ag + Az + ... + Aya™) e

Third case: ) is the double root of the characteristic equation; we look for a

particular solution of the form:
yp = 2 (Ag + Az + ... + Apa™) e

To determine the constants Ag, Ay, ..., A, we differentiate the expression yp twice

and substitute it into the equation on the right-hand side, then equate.

Example 4.10
Let

yu —|—4y, + 3y = .

The general solution can be written in the form

Yo = Ya +Yp.
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yg has been computed in the previous example, then
Yg = Cle*‘” + 0267317

where C; and Cy are real constants.
Determine yp by using the special method.

We have the second term @) (X) = x, and it can be expressed in the form

withn =1 and A = 0.
We note that A = 0 is not a root of the characteristic equation. Hence, we look for

a particular solution of the form:
yp = Ag + Ajx.
To determine Ay and Ay, we differentiate yp twice to find
yp = Au, y;; =0.
Then we substitute the equation on the right-hand side
y 4y + 3y ==z

So we obtain

O+4A1 +3A0+3A1$ = T.

And by matching, we find

1 4
A1 = *,AO = —§
Then
4 1
Yp = —§ + gfﬂ

Therefore, the general solution to the proposed equation is

4 1
yo = yu +yp = Cre™" + Coe™>" — 9 + 3%

where C; and Cy are real constants.
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If Q (x) = P (z) e coswx+ R (x) " sinwzr  where P and R are polynomials and p and
w are real constants. We distinguish two cases:

Proposition 4.11

First case: (1 + iw) Not a root of the characteristic equation; we look for a particular

solution of the form:
yp = Ry (x) e"* coswz + Ry (z) e'® sinwz.

Second case: (p+ iw) is a root of the characteristic equation; we look for a

particular solution of the form:
yp = (Ry (x) e"* coswz + Ry (x) e’ sinwz) ,

where Ry and Ry are polynomials of degree max (deg P,deg P). To determine them,

we differentiate the expression yp twice, then substitute it into the equation on the

right-hand side, and finally match.

Example 4.11
Let

y =2y 4y =3e* cosu.
The general solution to the from
Ye = Y + Yp-

Determinant yy : The general solution for

y"—2y/+y:().
The corresponding characteristic equation is:

kW —2k+1=0.
Its discriminant is A = 0, so it accepts a double root

k=1

Then
Yyg = C’le”” + Cgl’ez,

where C; and Cy are real constants.
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Determining yp : We have the second term of the equation.

Q (x) = 3e** cos .

It can be expressed in the general form
Q(x) = P(x)e" coswz + R (x) e"* sinwz.
with
w=1,u=2,P(x)=3,R(z) =0.

We remark that

(u+iw=2+1).
It is not a root of the characteristic equation, and since

max (deg P, deg R) = 0.
We search for a particular solution of the form
yp = Rie* cosz + Rye*sinz,
where R, and Ry are constants, to determine them, we differentiate an expression
y;g = (RleQ‘” cos m)l + (Rgeh sin x),
= 2R1e* cosx — Rie** sinx + 2Rye* sin x + Roe® cos x

= (2R; + Ry) e** cosx + (2R, — Ry) e* sin .

yp = (2R, + R») cos x) + (2R, — Ry) (ezx sin x),

+

) (e
(2R; + R») (2 2 cosz — e*® sin x)
(2R (2 * ginx + e COSI)
=2(2R, + Ry) e** cosx — (2R, + Ry) e* sinx
2(2Ry — Ry) e* sinz + (2Ry — Ry) e* cosx
= (3Ry + 4Ry) e* cosx + (3Ry — 4R;) e** sin z.
And if we substitute it into the equation for the second term, we find
(3R; +4Ry) e* cosz + (3Ry — 4Ry) e* sinw
-2 ((2R1 + Ry)e** cosz + (2Ry — Ry) €** sin x) + Rie* cosz + Ree® sinx

= 36 cosx = 2Rye* cosx — 2R1e* sinz = 3¢** cos .
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Then, by comparison, we find

3
2R2 = 37 R2 = 3
= 2
—2R1 — 0 Rl = O
Then
_ § 2r _:
yp = je " sing.

And thus, the general solution to the proposed equation is

3
Yo = 56” sinz + Che” + Coxe”,

where C; and Cy are real constants.

IfQ(z) = fi (¥)+fo(2)+...+fn (2).

If y; is the solution of this equation: ay’ +by +cy =
fi(z).

If 5 is the solution of this equation: ay + by + cy = fo (z).

If y, is the solution of this equation: ay” + by + cy = f,, (x).
Then the equation

ay +by +ecy=Q(x),

accept a particular solution in the form

Yyp = Y1 + Y2+ ... + Yn.

Example 4.12
Let

Yy +y=e"45re® —3sinx.

The general solution is the from

Yo = Yu +yp.

Determinant yg : The general solution for

y +y=0.
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The corresponding characteristic equation is:

K 4+1=0.
Its discriminant is A = —4, so it admits two complex conjugate solutions, where o = 0.
Then
Then

yg = Cicosx + Cysin x.
where C; and Cy are real constants.
Determining yp :
yp = Y1 + Y2 + ys.
where vy, 1y, and y3 are the particular solutions of the following equations:

ylll + Yy = 62“’,3/2’ + Y2 = 5$€71,y§ 4+ y3 = —3sinx,

with respectively
Determining v, :

We have the second term of the equation.
Q(z) = P, (z) e = €**, withn =0 and \ = 2.

We remark \ = 2 is not a solution to the equation, then we search for a particular
solution of the form

1y = Age™.
To determine Ay, we differentiate vy, twice, and we find
Y, = 2407y, = 4Age*®.
And substitute it into the equation for the second term, and by comparison, we find
4A0€% + Ape®® = ¥ = 5Ape = e = 540 =1= Ay = ;

Then

1
Yy = 56236.

Determining ys :
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We have the second term of the equation.
Q(z) = P, (z) e =5ze™, withn=1and A= —1.

We remark that A = —1 is not a solution to the equation, then we search for a

particular solution of the form
yo = (Ag + Ay) e ™.
To determine Ag and A;, we differentiate yo twice, and we find

Yy = — (Ag + xA1) €™ + Aje ™ = (A} — Ay — zAy) e

"

Y = — (Al - AO - IA1> e’ — Aleix = (AO — 2A1 + Q?Al) e .

And if we substitute it into the equation for the second term, we find

(Ag —2A1 +2A1) e "+ (Ag+2Ay) e = bae ™™
(Ag — 2A; + A1 + Ao+ zAy) e =bxe™
(2A0 — 2A; +22A;) e =bae™

2A0 — 2A1 + 2(13141 = bx.

By comparison, we find

Then

Determining ys :
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We have the second term of the equation.
Q (r) = —3sinuz.
It can be expressed in the general form
Q (x) = P (x)e" coswz + R (x) e"* sinwz.

with

We remark that
(p+iw=1).
It is not a root of the characteristic equation, and since
max (deg P, deg R) = 0.
We search for a particular solution of the form
ys = x (Ry cosz + Rysinx),

where R, and Ry are constants, to determine them, we differentiate y3 twice

ys = (Rycosz + Rysinz) 4+ x (—Rysinx + Ry cos )
= Ricosx+xRycosx + Rosinz — xR sinx

= (Ry +zRy)cosx + (Ry — zRy)sinx,

yg = ((Ry + xRs) cosx + (Ry — zRy) sin x)l
= Rycosx — (Ry + zRg)sinx — Rysinz + (Ry — xRy) cosx

= (2Ry — xRy) cosz — (2R; + xRy) sin .
And if we substitute it into the equation for the second term, we find

(2Ry — xRy)cosx — (2Ry + xRs) sinz + x (Ry cosx + Resinz) = —3sinx
(2Ry — xRy + xRy)cosx — (2R + xRy — xRy) sinx = —3sinx

2Ry cosx — 2R sinx = —3sinx.
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Then, by comparison, we find

2R, = 0, Ry =
—2R1 — —3 Rl -

Then

Then the equation admits a particular solution of the form
1 5 3
yp = 562“ + ) (14+2x)e ™+ g% cos T,

And thus, the general solution to the proposed equation is

1 5 3
yg = Cycosx + Cysinz + geh + 3 (1+z)e ®+ §xcosx.

where C; and Cy are real constants.
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CHAPTER 5

Functions of Several Variables

In the applied field, single-variable functions are rare, while multivariable functions are
common.

For example:

The area of a rectangle with length x and width y is a function of two variables, x
and .

The volume of a rectangular prism with dimensions x, y, and z is a function of three
variables.

Temperature and density at every point in a three-dimensional room are functions of

three variables.

5.1 Multivariable Function

Definition 5.1

[3] [Multivariable Function]A real-valued multivariable function or a function of n

variables, is any real function f defined from R"™ to R, which assigns to each element

in R™ at most one real value.
f: R" =R,

(21, T2y oy ) = [ (21,29, .0, Ty)

Example 5.1

f: R* SR,
(z,y) = 2(z+y),
It is a real-valued function of two real variables, representing the perimeter of a rect-

angle with length x and width y.

117
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=
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5.1.1 Domain Definition of the Function

Definition 5.2
[1] We call Dy the domain definition of the function f, it is the set of points M =

(z1,x9,...,x,) in R" for which the multivariable function f has a real value. In other
words:

Dy ={M = (21,22, ...,x,) e R"/f (M) € R} CR".

Example 5.2

Let f be a real-valued function of two variables, where:

X
f(xvy) - 57

Then
Dy = {(:c,y) e R?/y # 0} =R x R".

It can be represented graphically as follows:

It represents all the points of the plane except the z (i.e., where y = 0) the shaded-

out part in red.
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Example 5.3

Let f be a real-valued function of two variables, where:

f(z,y) =Vr+y,

then
Dy = {(:c,y) ER*/x+y> O} = {(:c,y) cR*/y > —:U}.

It can be represented graphically as follows:

V=—x = ’/,:\:" -
- -
—
—
- ~
— P
-
-
— —X

It represents all the points of the plane lying above the line with the equation y = —x,
the shaded-out part in red.

Example 5.4

Let f be a real-valued function of two variables, where:

[l y) =1 —a? =y,

then
Dy = {(@,y) € RY1—a® —y? > 0} = {(,9) € R¥/a? + * < 1}.

It can be represented graphically as follows:

A
N
H‘F

It represents all the points of the closed disk centered at the origin (0,0) with a

radius of 1, excluding the cross-hatched (red) portion.
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Example 5.5

Find, and then represent graphically, the domains of the two functions f and g, denoted
respectively by Dy and Dy, which are defined as follows:

f(z,y)=In (xirg) g (x,y) =/f ().

Y

Dy

{(x,y) € ]RQ/m - O}

y—x

ﬂ%yﬂﬂw/@+y>0Ay—x<0%ﬂx+y<0Ay—w>O”

{(m,y)ERQ/(y>——x/\y%x)V(y%—x/\y>—m)}.

D, = {(z.y) € R*/f (x,y) 2 0} = {(x,y) €R?/In (“y> > o} - {(x,y) eR?/‘;“/ > 1}.

y—x -z

Ify—z>=0=y>=x thenx+y>y—x=x>0.

Ify—x<0=y=<x thenz+y<y—z=2x<N0.

5.1.2 Geometric Representation of a Real-Valued Multivariable

Function

Mohamed Khider University of Biskra.



5.1. MULTIVARIABLE FUNCTION 121

Definition 5.3

[3] Let f be a real-valued function of n real variables. We call the set of points that
belong to
(*1'17 L2s ey L,y f ('xla T2, -y xn)) )

where (x1, Za, ..., x,) € Dy. The graph of the function f, denoted by Gy, is defined as:

Gy ={(x1, 22, ...y, f (X1, 22, ..., 2,)) / (X1, T2, ..., x,) € Dy} C R

Definition 5.4 (For n = 1)

We represent the graph of a real-valued function of a single real variable by a curve in

the plane R?. In this case, we plot the points with coordinates (x, f (1)) :

1V

That is, the graph consists of all points whose first coordinate is the variable x,

and whose second coordinate is the value of the function f (x).

Example 5.6

The graph of the real-valued function of one variable

r — rsinz,

is represented in the plane R? as follows:

;
ot B ] ERED
!

Mohamed Khider University of Biskra.



5.1. MULTIVARIABLE FUNCTION 122

Definition 5.5 (For n = 2)
That is, for a real-valued function of two real variables, the graph is represented

as a surface in three-dimensional space R®. We plot the points with coordinates

(@, y, f (2,9)):

fley)

N

Yy .

s
¢
.

Ty fxy)

____________ 4

Example 5.7
The graph of the real-valued function f of two variables f (z,y) = 2®—y? is represented

in the three-dimensional space R?® as follows:

Example 5.8
The graph of the real function of two variables f defined by

f(z,y) =2 + 2y +sin (2zy) ,

is represented in the space R?® as follows:
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Definition 5.6 (For n > 3)

That is, for real-valued functions of three or more variables, there is no clear way to

represent their graphs geometrically. It becomes very difficult to obtain a visual or

graphical representation of such functions in space.

However, there is another method to represent real-valued functions of two or three vari-
ables.
Definition 5.7

Let f be a real-valued function of two variables. For a real number k, the set of all

points in Dy whose image under f equals k is called a level curve (also known as an
isoline) of the function f corresponding to the level k. This set is denoted by L; or
Cy, and it is defined as:

Ly ={(a.y) € Dy/f (a,y) = k} C B2

Example 5.9

The level curves k = {0,2.5, ..., 17.5,20} of the real-valued function f of two variables,
defined as

f(z,y) = 2® +2y” + sin (2zy),

We represent it in the space R? as follows:

Definition 5.8

Let f be a real function of three variables, and let a be a real number. We call the set

of points in the domain Dy of f whose images under f are equal to a the level surface

of f corresponding to a, and we denote it by S,, as:

Se = {(x,y,2) € Dy/f (z,y,2) = a} CR>
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Example 5.10

The level surfaces a € {1,2,3} of the real-valued function of three variables defined
by

f(z,y,2) =a* +y* + 22
in R* are represented in space (with a longitudinal section so that the interior surfaces

become visible) as follows:

5.2 Limit of a Real-Valued Function of Two Variables

Definition 5.9

Let f be a real-valued function of two variables defined on a subset of R?, and let
(a,b) be a point in R?. We say that the function f has the limit | at (z,y) if f (z,y)
can be made arbitrarily close to | whenever (z,y) is sufficiently close to (a,b) (but not
necessarily equal to (a,b)). This is written as:
lim x,y) =L
(z,y)—(a,b) f@y)
So
lim x,y) =1
((m,y)—%a,b) f (@) )

& (Ve=0,36-0,¥(z,9) €Dy (w—a)’ +(y—b> <6 = |f(v,9) — | < )

Remark 5.1

We say that the pair (z,y) approaches (a,b), this means that x approaches a, and y

approaches b.

Mohamed Khider University of Biskra.



5.3. CONTINUITY OF A REAL-VALUED FUNCTION OF TWO VARIABLES 125

5.2.1 Operations on Limits

Theorem 5.2

Let f and g be two real-valued functions defined on a neighborhood of (a,b) € R?,
and suppose that

lim x,y)+g(x,y) = lim x,y)+  lim x
e @y +g(eyl= lm Cf(y)+  lm o g(z,y).

lim x,Y) X g(x, lim x lim
(z,y)—(a,b) (@ y)xg@y)) = (z.y)—(a, b)f( )X (@)~ (a, b)g( )

lim af(z,y)=ax lim f(zr,y),aeR.

(@,y)—(a,b) (z,y)—(a,b)
1. X a bl
| L@ | ey @ f (@ y)’ lm  g(r.y) £ 0.
(@y)=(ab) | g (T,y) m (g ) (ap) 9 (2, ) (@y)—>(ab)

5.3 Continuity of a Real-Valued Function of Two Vari-

ables

Definition 5.10

[1] Let f be a real-valued function of two variables defined on a domain Dy, and let

(&, b) S Df.

o We say that the function f is continuous at the point (a,b) if:

" 1)m%ab f(z,y) = [f(a,b).

o We say that the function f is continuous on its domain Dy if it is continuous at
every point (a,b) € Dy.

Example 5.11

Let the function f : R® — R be defined by f (z,y) = xy, is continuous at the point
(0,0)

dm (@) = 0= £(0,0).
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Remark 5.3

- We say that a function f is discontinuous or not continuous at a point (a,b) if:

lim  f(x,y) does not exist or  lim f(z,y) # f(a,b).
(z,y)=(a,b) (z,y)—(a,b)

- The graph of a discontinuous function necessarily contains a hole or a break.

- From the properties of limits and the definition of continuity, we conclude that: The
sum, difference, product, and quotient (when the denominator is nonzero) of

continuous functions are also continuous on their domains.
- Every polynomial is a continuous function on the set of real numbers.
- Every rational function (i.e., a ratio of polynomials) is continuous on its domain.

- If f is a real-valued function of two variables, continuous on its domain Dy, and g
is a real-valued function of one variable, defined and continuous on the range

(image) of f, then the composite function h = g o f, defined by:

h(z,y)=g(f(2,9)),

is continuous on Dy.

- All the previous results can be generalized to real-valued functions of several vari-

ables.

5.4 Partial Derivatives

Definition 5.11

Let f be a real-valued function of n real variables, and let

(a1, ag, ...,a,) € Dy.

For each v = 1,2, ..., n, the partial derivative of f with respect to the variable x;

at the point (a1, as, ..., a,), is defined by the limit:
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hm f (al, Q1,44 + h, ai+1...,an) — f (al, ...,an)
h—0 h '

If this limit exists. We then denote it by:

af
al‘i

(a1, as,as, ...,a,) or f;l (a1, as,as, ..., a,) .

5.4.1 Partial Derivatives of Two-Variable Functions

Definition 5.12

Let f be a real-valued function of two variables, and let (a,b) be a pair of Dy.

o The partial derivative of f with respect to x at (a,b) is defined as the limit:

f;(a,b):gi(a’b) :}llg%f(a—l—h,b})L—f(a,b)’

If the limit exists.

o The partial derivative of f with respect to y at (a,b) is defined as the limit:

f;(a,b):gg(%b):}llil%f(a,anh})l—f(a,b)

Y

If the limit exists.

5.4.2 How to Compute a Partial Derivative in Two Variables

Definition 5.13

Let f be a real-valued function of two variables.

o To compute the partial derivative of f with respect to x, denoted by f;(x,y), we

consider y as a constant and differentiate f normally with respect to x.

o To compute the partial derivative of f with respect to y, denoted by f;(:t,y), we

consider x as a constant and differentiate f normally with respect to y.
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Example 5.12

of

ox

Example 5.13

2x

% (iL‘,y) =

Proposition 5.4

Then, the following properties hold:

Example 5.14

Then

af

0
5 (z,y,2) =cos(y), a‘; (z,y,2)

(z,y) = 627y7,

x2+y2+1’87y

Let the function f : R* — R defined as f (z,y) = 22°y*, then

of

o (z,y) = 42°y.

Let the function f : R* — R defined as f (z,y) = In (:172 + %+ 1) , then

2y
x2+y2+1

or (x,y) =

Let f and g be two real-valued functions of n real variables, and let o be a real number.

D o) = 2wy + 2w,
6(“29) (@) = §f (a)g (a) ggﬁ, (a) f (a).
() () = o2 ()
Ox; o0x; ’
ﬁ (a) = gﬂi (a) g (a) ggi (a) f (a)
O (9 ()’

Let f:R® = R be a function defined by

f(x,y,2) =xcos(y)+ zsin (y) .

—zsin (y) + z cos (y) , Z“Z (x,y,2) =sin(y).
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5.5 Differentiation

Definition 5.14

o Let f be a real-valued function of two real variables x and y. The differential of f,

denoted by df, is defined as

e+ Py

df = By

o Let f be a real-valued function of n real variables. If f has continuous partial
derivatives, then f is said to be differentiable, and we call df the differential of
f, is given by:
df = Z ar, dxl

Definition 5.15

Let f be a real-valued function of n real variables, and suppose that f has continuous

partial derivatives. Let a € Dy. We say that f is differentiable at the point a is defined
as the linear map, denoted by df (a), where:

d:vz

-5,

as the linear map (linear application) that best approximates the change in f near the

point a.

Proposition 5.5

Let f and g be differentiable functions at a point a € R", and let o, 5 € R be real

numbers. Then the following properties hold:

d(f+g)(a) =df (a) +dg(a).
d(af)(a) = adf (a).
d(f x g)(a) = f(a)dg(a)+g(a)df (a).
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Remark 5.6
Let U be a subset of R", and let f : U — R be a function.

o We say that f is differentiable on U if it is differentiable at every point of U.

o Every function that is differentiable at a point of U is also continuous at that point.

Example 5.15
Let f : R? = R be a function defined by

f(x,y) = —18y* — 1Tzy + 62°.

Then
of _ of _
p (x,y) = =17y + 12z, o (x,y) = —36y — 17x.
So
_of, ,of, _
df = agcalzzc - aydy = (—17y + 12z) dx + (—36y — 17z) dy.

5.6 Double Integral

Definition 5.16
Let f:R?* = R be a function, and let D be a closed and bounded domain of R?.

We call the double integral of f over D denoted by:

//Df (z,y) dxdy.

Theorem 5.7

The double integral has the same linearity properties as the single integral.

Let f and g be two continuous and bounded functions of two variables defined on

a closed and bounded domain
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D of R%. For any real numbers o and 3 of R, we have:

//D (af + Bg) (x,y) dedy = //Daf (z,y) d;cdy+//Dﬂg (z,y) dudy.
v<x7y)ED,fZOé//l)f(x,y)dxdyZO.

//Df(x,y)da:dyz//le($,y)dxdy+//sz(:v,y)da:dy,D:DlUD2‘

where D, and Dy are disjoint.

5.6.1 How to compute a double integral

Definition 5.17
A double integral is computed according to the shape of the domain of integration D:

If D is a rectangle, that is:

D = [a,b] x [¢,d] .

Then

For all D = [0,2] x [0,1], and f (z,y) = 2° +y. Then

2 1 2 y2
//f(:v,y)dwdy:/ [/ (I2+y>dy] dm:/ vy + = || dv
D o LJo 0 2/,
2 1 1 1 \?* 8 11
= 24 “de = (=23 ) = 41=_".
/o<x+2>x (3x+2x0 37°7%

And
2

e [ = [ [ ] s
— —/Ol(iJr?y)dy—<§y+y2):—§+1_161.
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Definition 5.18 (If D is a simple domain with respect to the ox axis (vertical simple
That is:

D = [a,b] x [u(z),v ()],

where u and v are continuous functions on [a,b] and satisfy

Vo € [a,b],u(z) <v(x).

A o——

v

Then

[t wnoas= [ [ ] as

Example 5.17

Compute the double integral

// 22dxdy,
D

D={(zy) eRze[0,1],y€|0,Vz]}.

where

Then

2

NI

1 N 1 1 1.
// :L'Qda:dy:/ z? U 1dy] da::/ z? {y\aﬁ} d:E:/ a:z\/gdxz/ r2dr
D 0 0 0 0 0
2
-T

o 7

Example 5.18

Compute the double integral

//D y (v — 2y — 1)dady,
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1. Find the domain of the function f, and then represent it graphically.
2. Calculate the following double integral

//D (2:52 — x) exp (zy) dzdy.

where

A:{(x,y)ER2,1§x§2}.

Consider the double integral

//D\/y(x — 2y — 1)dzdy.

1. The domain of the function f:

1 -1
D—{(x,y)ERz,(yEO/\yS%)V(ySO/\ny )}

\ A

2. Calculate the following double integral, where

/ /D (24 — x) exp (xy) dudy = /1 2 (22 —1) l /0 = xexp (ry) dy] dx

2

:/12(2:5—1) lexp(x 2_93> —1] da
:2/12<2$2_1>exp<x22_$> dx—/12(2x—1)dx
:2exp<x22_x>2 2 g

-zt -z
=2exp (1) — 4.

2

1

1
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Definition 5.19 (If D is simple domain with respect to the oy axis (vertical simple re
That is

D =la(y),B )] xled,

where o and 3 are continuous functions on [c,d] and satisty

Vy € [c,d],a(y) < B(y).

v

Then

J[ 5 vy dedy = [ Vf()) f(zy) dx] dy.

In each of the three cases above, we convert the double integral into two nested
single (iterated) integrals. The integration is performed from the inside out: at each

step we integrate with respect to one variable while treating the other variable as

constant.

Example 5.19
Calculate the value of the following double integral

//D2a: exp (—y) dxdy.

where
D:{(x,y) cR?*/z >0,y < 1,x—y§0}.

Let 0 <x <y <1, then

//DQ:veXp(—y)dmdy:/01 (/xllrexp(—y)dy) dx:/OlQm </:exp(—y) dy) dx

= /01 2z —exp (—y)|L do = /01 2z [exp (—x) — exp (—1)] dx
= 2/01 zexp (—x)dr —exp(—1).

Integrate by parts (or use a standard antiderivative):

g(z) =29 (2) =1,

H' (z) :PYP(—T\ H(r) = —PYp(—T\
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then

1
/ vexp (—z)dr = —zexp (—x)|y — exp (—x)|g = —2exp (—1) + 1.
0

Then
// 2zexp (—y) drdy = —5exp (—1) + 2.
D

Eemark 5.8

integral does not change.

5.6.2 Change of Variables
Definition 5.20

Let f be a function of two variables x and y.

as follows:
r =rcosb,
y =rsinf.
\\_f’_‘d—;

If the function f is continuous on a closed and bounded domain D of R?, then

//Df (7,y) dzdy = //Af (rcos@,rsin®)rdrdf.

Example 5.20
Let the function f : R* — R be defined by

If the domain D can be represented in two simple forms "simple with respect to the

y axis (oy) or simple with respect to the x axis (ox)" then the value of the double

Every point (x,%) in the plane R? can be represented by polar coordinates (r,0)
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1. Find the domain of f.

2. Using a change of variables, calculate the area of the region Dy.
Let the function f : R* = R be defined by
fla,y) =3 —y?— a2
1. The domain definition of f is

Dy ={(z,y) e R*3 -y -2’ > 0}
2

83—y —2?=0= (-0 +(y—07°=(V3)
is the circle centered at the origin (0, 0) with radius v/3. We use polar coordinates

z=rcosf = 3cosb,
y = rsinf = /3sin 6.

Hence, Dy is transformed into

Dy ={(r,0) eR*/0 <0 <2r,0<r< V3
3—y2—x2:0:>(x—0)2+(y—0)2=(\/§)2,

2. Compute the following

/()%/Oﬁrdrde— (/O%d@) </0\/§rdr> =27 %

5.7 'Triple Integral

Definition 5.21
Let R* — R be a function, and let A be a closed and bounded domain of R3.
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5.7.1 How to Compute a Triple Integral

Definition 5.22

If A is represented in the form

x € |a,b],
(7,9,2) €A & yeu(x),v (),
z € [a(z,y),B(z,y)],

where u, v, «, 8 are continuous functions such that

Vo € [a,b],u(z) <v(x),
V(2,y) € [a, 0] x [u(z),v(2)],a(z,y) < F(x,y),

We denote by

f(z,y,2)dedydz = V. B(Ly)f(:v,y, z)dz| dy| dx.
A a [Ju(@) |Jal(zy)

For the triple integral of the function f over A.

Definition 5.23

If A is represented in the form:

y € [a, 0],
(w,9,2) €A zeluly),vy)],
z € la(z,y), B (z,y)],

where u, v, o, B are continuous functions such that

Vy € [a,0],u(y) < v(y)
V(y,z) € [a,0] X [u(y),v(y)],a(z,y) < B(z,y),

We denote by

i = [ [ [0 [0 0] ]
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Definition 5.24

If A is represented in the form:

z € la,b],
(7,y,2) eA e zelu(z),v(z)],

y € la(x,2),5(x,2)],

where u, v, o, B are continuous functions such that

Vz € la,b],u(z) <v(z)
V(z,x) € [a,b] X [u(z),v(2)],a(x,2) < B(x,2),

We denote by

JJ].f @.y.2) dedydz = [ b l / (()) [ / f()) f(@,y,2) dy] dx] d-.

Definition 5.25

If A is represented in the form:

z € [a,b],
(1,y,2) €A g yelu(z),v(2)],

x € oy, 2),B(y,2)],

where u, v, o, B are continuous functions such that

vz e fa, b, u(z) <v(2),Y(2y) €la,b] x [u(2),v(2)],aly,2) < B(y,2),

We denote by

I3 omarasavas = [ [ [ 1 oy ae] )
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Definition 5.26

If A is represented in the form:

y € la,b],
(z,y,2) A& z€[uly),v(y)],
z € la(y,2), By, 2)],

where u, v, o, 8 are continuous functions such that

Vy € [a,b],u(y) <v(y),V(y,2) € a,b] X [u(y),v(y)],a(y,2z) < B(y,=2),

We denote by

b| po(y) | rB:2)
/// f(z,y,z)dedydz = / [/ l f(z,y,2) dx} dz] dy.
A a |Ju(y) [Ja(y,2)

Definition 5.27

If A is represented in the form:

x € |a,b],
(,y,2) e A= § z€[u(x),v ()],

y e [oz(x,z),ﬂ(ac,z)],

where u, v, «, 8 are continuous functions such that

Vo € la,b],u(z) <v(x),
V(z,2) € la,b] x [u(x),v(x)],a(x,2) < B (x,2),

We denote by

[t srastuas = [ [ [ o) o] |
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Example 5.21
Let the function f : R> — R be defined by

f(l’,y> =V y2 — 2

1. Find the domain of f and sketch its graph.

2. Compute the following triple integral A to complete

///A ((f (z,y))* + x2) drdydz.

where

Let the function f : R* — R be defined by
fley) = \y? — 22
1. The domain definition of f is

Dy = {(x,y) eR? y? — 22> O} = {(m,y) cR? (y —

2. Compute the following triple integral A

LLL (e
_ / / / Vdzdyds = /
ACHIEEEDI

dzdydz

4

)
/ ?) dyda

o 63

A = {(x,y,z) cER*exec0,1],y€0,17],2z¢ [0,\/§]}

) (y+1) >0}

={@y) eR [y ) Ay > —2)] VY <2) Ay < —2)]}.
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Example 5.22
Let the function f : R* — R be defined by

fz,y,2)=x.

Compute the following triple integral

/ / /A rdadydz.

where

A= {(az,y,z) ER*ez2€[0,1],y€10,2],z € [:E,Qx]}.

Let the function f : R* — R be defined by

fz,y,z2)=x.

Compute the following triple integral

1 rz p2z 1 2z pz 1 r2x
/ / / f(x,y, z)dzdydx = / / / xdydzdr = / / xzdzdx
0 JOo Jx 0 Jzx 0 0 Jz

11 2z 1 1
:/0 §z2xx dx:/o 2x3dx: (23:4) _3

o 8
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Example 5.23
Let the function f : R* — R be defined by

y—x
Compute the following triple integral
/e
———dxdydz.
AVY — x? Y

where
A= {(:B,y,z) ER* e ze[0,\1y],y < [O,zg] 2 € [1,2]}.

Let the function f : R* — R be defined by

fle,y,2) = ——=.
Yy xZ

Compute the following triple integral A

/ﬁ/ZQ/Qfxy,z ) dzdydz
A = [ [ ()
_// \/_dde—/l ngOdZ—/1§Z3dZ—<éZ4)

o
Ot
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