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Introduction

The problem of optimal control for delayed systems has had a lot of attention recently.
Stochastic differential equations with delay are natural models for systems where the
dynamics depends not only on the current value of the state but also on previous values.
This is the case in population growth models in biology, for example. But it can also apply
to other situations where there is some memory in the dynamics, for example economics
and finance.

In general, stochastic delay differential equations are infinite dimensional, in the sense that
the state of a solution needs infinitely many variables to be fully specified.

There has been also an increased interest in finance models which also include jumps.
Such models can be represented in terms of stochastic differential equations driven by
Lévy processes.

In the finite horizon case, maximum principles for delayed systems with jumps have been
obtained by Oksendal & al [33], and for optimal control of forward-backward systems with
jumps by @ksendal and Sulem [31]. In the infinite horizon case there is no terminal time
condition for the BSDE, and it is not a priori clear how to compensate for this. It would
be natural to guess that the terminal condition in the infinite horizon case would be a zero
limit condition. But this is not correct. In fact, Halkin [2I] provides a counterexample.
Thus some care is needed in the infinite horizon case. We show that the missing terminal
value condition should be replaced by a certain "transversality condition" in the infinite

horizon case.



Introduction

This is a thesis for the degree of Doctorate (PhD) in Mathematics: Probabilities and

Statistics. It consists of two articles. It is organized as follows:

e In the first chapter, we give a short introduction to the jump processes.

e The second is devoted to study a stochastic control of jump diffusion processes in

finite and infinite horizon.

e In the third and fourth chapters, we give the two papers obtained during this PhD.



Chapter 1

An introduction to jump processes

To model the sudden crashes in finance, it is natural to allow jumps in the model because
this makes it more realistic. This models can be represented by Lévy processes which
are used througout this work. This term (Lévy process) honours the work of the French

mathematician Paul Lévy.

1.1 Lévy process

Definition 1.1.1 (Lévy process) A process X = (X(t))i>0 defined on a probability

space (2, F,P) is said to be a Lévy process if it possesses the following properties:

(1) The paths of X are P-almost surely right continuous with left limits.

(#43) Stationary increments, i.e., for 0 < s < ¢, X () — X(s) has the same distribution as

X(t—s).
(iv) Independent increments, i.e., for 0 < s < ¢, X (¢)—X(s) is independent of X (u),u < s.

Example 1.1.1 The known examples are the standard Brownian motion and the Poisson

Process.

Definition 1.1.2 (Brownian motion) A stochastic process B = (B(t));>0 on R? is a

Brownian motion if it is a Lévy process and if
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(i) For allt >0, has a Gaussian distribution with mean 0 and covariance matriz t1d.

(ii) There is Qy € F with P(Qy) = 1 such that, for every w € Qo, B(t,w) is continuous

n t.

Definition 1.1.3 (Poisson process) A stochastic process N = (N(t))i>0 on R such that

is a Poisson process with parameter A > 0 if it is a Lévy process and for t > 0, N(t) has

a Poissson distribution with mean \t.
Remark 1.1.1

1. Note that the properties of stationarity and independent increments imply that a Lévy

process s a Markov process.

2. Thanks to almost sure right continuity of paths, one may show in addition that Lévy

processes are also strong Markov processes.

Any random variable can be characterized by its characteristic function. In the case of
a Lévy process X, this characterization for all time ¢ gives the Lévy-Khintchine formula

and it is also called Lévy-Khintchine representation.

1.1.1 Lévy-Khintchine formula

The Lévy-Khintchine formula was obtained around 1930’s by De Finetti and Kolmogorov
in special cases where its simplest proof was given by Khintchine. It was later extended

to more general cases by Lévy.
Theoreme 1.1.1 (The Lévy-Khintchine formula)

1. Let X be a Lévy process. Then its Fourier transform is

E [eiuX(t)} _ etw(u)’ ueR@E =vV-1), (1.1)
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with the characteristic exponent

Y(u) = iau — %ao2u2 + /||<1(€iuz — 1 —iduz)v(dz) + / (e™* — Dv(dz), (1.2)

|z[>1

where the parameters o € R and 0¢*> > 0 are constants and v = v(dz), z € Ry, is a

o-finite measure on B(Ry) satisfying

. min(1, 2%)v(dz) < oo. (1.3)

It follows that v is the Lévy measure of X.

2. Conversely, given the constants o € R, 09> > 0 and the o-finite measure v on B(R,)

such that (1.3 holds, the process X such that (1.1)-(1.2)) is a Lévy process.

Laplace transform

The Laplace transform can be obtained from the Fourier transform, as follows

E [e"X0] = ey e R, (1.4)

with

1
Y(—iu) == au + 5002u2 + /

|z|]<1

(€% — 1 — uz)u(dz) +/ (" — Dp(dz).  (L5)

lz[>1

1.2 Stochastic integral with respect to Lévy process

Let (2, F,P) be a given probability space with the o-algebra (F;):>o generated by the un-
derline driven processes; Brownian motion B(¢) and an independent compensated Poisson

random measure N, such that

N(dt,dz) := N(dt,dz) — v(dz)dt. (1.6)

For any t, let N(ds,dz), z € Ry, s < t, augmented for all the sets of P-zero probability.
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For any F;-adapted stochastic process 0 = 0(t,z), t > 0, z € Rq such that

// 0%(t, 2)v(dz)dt | < oo, for some T > 0, (1.7)
Ro

we can see that the process

// (s,2)N(ds,dz), 0<t<T (1.8)
21> 4

is a martingale in L?(P) and its limit

M(t) := lim M,( // s,2)N(ds,dz), 0<t<T (1.9)
Ro

n—oo

in L?(P) is also a martingale. Moreover, we have the It isometry

2 T

/ 0(s, z)N (ds,dz) =F / 02(t, 2)v(dz)dt | | . (1.10)

Such processes can be expressed as the sum of two independent parts, a continuous part
and a part expressible as a compensated sum of independent jumps. That is the It6-Lévy

decomposition.

Theoreme 1.2.1 (Ité6-Lévy decomposion) The It6-Lévy decomposion for a Lévy process

X is given by

X(t) = bot + 0o B(t) + /

|z|<1

ZN(dt,dz) + / zN(dt,dz), (1.11)

|z|>1

where by, 09 € R, N(dt,dz) is the compensated Poisson random measure of X (.) and B(t)

is an independent Brownian motion with the jump measure N(dt,dz).

We assume that

E[X*(t)] <oo, t>0, (1.12)
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then

/ 12| *v(dz) < oo.
|z|>1
We can represent ((1.11)) as

X(t) = byt + oo B(t) //R (ds, dz), (1.13)

where b = by + f 2|>1 7 zv(dz) . If og = 0, then a Lévy process is called a pure jump Lévy
process.

Let us consider that the process X (t) admits the stochastic integral representation as

X(t)=a+ ]b(s)ds —i—] //Ro s,2)N (ds, dz), (1.14)

0 0

follows

where b(t), o(t), and 6(t, ) are predictable processes such that, for all ¢ > 0,z € Ry,

t

/ [|b(s)| +o?(s) + /R 02(s, z)y(dz)} ds <o P—as. (1.15)

0

Under this assumption, the stochastic integrals are well-defined and local martingales. If

we strengthened the condition to

t

/{|b(s)|+02(s)—|—/ﬂ% Hz(s,z)y(dz)} ds| < oo, (1.16)

0

for all t > 0, then the corresponding stochastic integrals are martingales.
We call such a process an [t6—Lévy process. In analogy with the Brownian motion case,

we use the short-hand differential notation

dX (t) = b(t)dt + o(t)dB(t) +/ 0(t, 2)N (dt,dz),

X(0) =z €R.

(1.17)

The conditions satisfied by the coefficients to obtain existence and uniqueness of the so-

lution of a SDEs with jumps, are given in the following theorem.
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1.2.1 Stochastic differential equations driven by Lévy processes

By the It6-Lévy decomposition, we can introduce the SDE for Lévy process.

For simplicity, we only consider the one dimentional case. The extension to several di-

mensions is straightforward.

Theoreme 1.2.2 (Existence and uniqueness) Consider the following Lévy SDE in

R:

dX (1) = b(t, X (£))dt + o(t, X (£))dB(t) + / o(t, X(t7), 2)N(dt, dz)

X(0) ==z €R,

where
b:[0, 7] xR —R,
0:[0,7] xR — R,
0:0, T xR xRy — R.

We assume that the coefficients satisfy the following assumptions

1. (At most linear growth) There exists a constant Cy < oo such that

lo(t, 2)||* + [b(t, 2) | + [ 10(t, 2, 2)|* vd(z) < Cy(1 + |z]?), = € R.

Ro
2. (Lipschitz continuity) There exists a constant Co < 0o such that

lo(t,2) = a(t.y)|I* + [b(t, x) — b(t,y)|* + ot 2) —6(ty, 2)* vd(2)

< Co(1+ [z —yl”),
forall z,y € R.

(1.18)

(1.19)

Then there exists a unique cadlag adapted solution X (t) such that (1.12)) is satisfied.

In the next chapters, we will study the use of those processes in the theory of optimal

control.



Chapter 2

Stochastic control of jump diffusion

processes

The fundamental problem of stochastic control is to solve the problem of minimizing a

cost or maximizing a gain of the form

J(u) = B /f(t,x<t>,u<t>>dt+g<X<T>> , (2.1)

where X (t) is a solution of a SDE associated to an admissible control v and the
terminal time is possibly infinite (7' < 00).

The two famous approach in solving control problems are the Bellman Dynamic Program-
ming and Pontryagin’s Maximum principles. The first method consists to find a solution
of a stochastic partial differential equation (SPDE) which is not linear, verified by the
value function. It is called Hamilton-Jacobi-Bellman (HJB) equation. We refer to [11]
and [I7] for more details about this method.

The second method which will be the center of our interest in this work which consists to
find necessary conditions of optimality satisfied by an optimal control u*.

The dynamic programming method works fine both in finite and infinite horizon, but if
the system is not Markovian, then dynamic programming cannot be used, and one is left
with the maximum principle approach. However, the classical formulation of this method
is based on a finite horizon time 7', because it is at this time 7" the terminal value of the

BSDE is given. If the horizon is infinite, it is not clear how to compensate for this missing
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terminal condition?

2.1 Finite horizon

In the deterministic case, the maximum principle was introduced by Pontryagin & al [41]
in the 1950’s. Since then, a lot of works have been done for systems driven by Brownian
motion such as Bismut [12], Kushner [22], Bensoussan [10] and Haussman [21].

Peng [38] derived a general stochastic maximum principle where the control domain is not
necessarly convex and the diffusion coefficient can contain the control variable.

Mezerdi [28] generalized the principle of Kushner to the case of a SDE with non smooth
drift.

It was also extended to systems with jumps by Tang & al [24], and later by Framstad &
al [18].

We are interested in the study of the stochastic maximum principle with jumps for partial
information where the consumer has less information than what’s represented by the filtra-
tion generated by the underline driven processes. Let u(t) be our control process required
to have values in U C R, it is adapted to a given filtration (&;);>¢ such that & C F;. For
example, we can take & the delay information F(tﬂﬁ for t > 0, where v > 0 is the given
constant delay. However, there is an other case where the consumer has more information
than what can be obtained by observing the driving processes such that F; C &;. This
information is called inside information and the consumer is called an insider.

We study the stochastic maximum principle for jump diffusions which maximizes
with T' < oo

T
T = E | [0, u0)de + 9(X(T) | 22)
0
The dynamic of the system satisfies the following controlled stochastic differential equation

dX (1) = b(t, X (£), u(t))dt + o(t, X (£))dB(t) + / 0(t, X (t7), u(t), 2)N(dt, dz),
i (2.3)
X(0) =z € R,

10
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where
b:[0,T] x RxU — R,

o:[0,T| xRxU — R,
6:[0,7] x RxU xRy — R.

We define the Hamiltonian H : [0,7] x RXxU x Rx R x R x Q — R; by

H(t,x,u,p,q,7(-)) = f(t,z,u) + b(t,z,u)p + o(t,x,u)q +/ O(t, z,u, 2)r(z)v(dz) (2.4)

Ro

where fR is the set of the nice functions r : Ry — R such that the corresponding integral in
(2.4]) converges. We assume that H is differentiable with respect to x and for all u € Ag,

then we can introduce the adjoint equation which is a BSDE as follows:

Ap(t) =~ 4, (0) u(t) 1), 0(0) 0, ) + (1) B()
T i (2.5)
+/ r(t,z)N(dt,dz);0 <t <T,

P(T) = ¢ (X(T). (2:6)

To this problem, necessary and sufficient conditions of optimality were established by
Baghery & Oksendal [5] in n dimention. For simplicity, we only consider the one dimen-

tional case.

2.1.1 Sufficient conditions of optimality

We show that under some assumptions such as the concavity of H and g, maximizing the

Hamiltonian leads to an optimal control.

Theoreme 2.1.1 (Sufficient maximum principle) Let @ € Ag with corresponding state

process X (t) = X@(t) and suppose there exists a solution (p(t),{(t),7(t,-)) of the corre-
sponding adjoint equation (2.5) — (2.6)) ;

dp(t) = =G (¢, X() () (), q(t),7(t, -))dt + q(t)dB(1)
+ fo, Pt 2)N(dt,d2);0 <t < T,
B(T) = ¢ (X(T))
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Suppose that the following growth conditions, hold

E [/OT {@2(75) + /Rof»?(t, z)u(dz)} (%) - x0) (ar

E { /0 ' {02(t,X(t),ﬂ(t)) + /R 092@,)2@),@@), z)y<dz)ﬁ2(t)} dt} < 0, (2.8)

i

Moreover, assume that H(t,x,u,p(t),q(t),7(t,-)) and g are concave with respect to x, u

< 00, (2.7)

and

oH ,

—— (6, X (@), a(t), p(t), 4(t), 7(t,-))

FE
ou

2] < 00. (2.9)

and x respectively.

(Partial information mazximum condition)

B | S0, (0,000,500, 0, 7. )] (210
[8}[

= E| ==
max au

veU

Then 4 s an optimal control.

Proof. Let u € A¢e. We can write J(u) — J(4) = I, + I , where

A

L=E /{f(t,X(t),u(t))—f(t,X(t),a(t))}dt , (2.11)

and
I = E[g(X(T)) — g(X(T))] (2.12)

By the definition of H (2.4]), we get

[1 = [1,1 - 11,2 - [1,3 - 11,47

12
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with
Il,l =F f{H<t7 X(t)v u@)vﬁ(t)v Q(t)’ f(tv )) - H(t7 X(t)’ ﬁ(t),ﬁ(t), Cj(t)v f(t7 ))}dt
Lo = B [ Jy {b(t, X (8),u(t)) — b(t, X(2), () ()]

(

(
L;=E S o, X (8), u(t) — olt, X (8), a(t))}q(t)dt] (2.15

(

Lo = B[ Ju 100 X(8),u(t), 2) = 0(t, X (1), (1), 2)}i(t, 2)w(d2)de|

Since H is concave, we have

H<t7 X<t)7 u(t)vﬁ(t)a (j(t), f(tv )) - H<t7 X(t)v ﬂ(t),ﬁ(t), Cj(t)v f@? )) (217)
OH

< (X (), 0(0), (1), 4(), 7 (2, ) (X(5) — X (1))
+ 20,00, 0), 50, 4(0), 71 ) () — )

Using that H is maximal for u = u(t), and (2.9)), we get

u

0> E [%—H@,X(t), w, 5(8), d(8), 7 (. ->>|f:t} IRCCRED) (2.18)

- 2| 9 0000, 500,00 7. wl0) - )]

Combining (2.5)), (2.7)), (2.13)), (2.17)and (2.18), we obtain

ho < B | [ 200,800,500 70, C40) — K1)

__g VOTQ((t) _ X()dp(t)| = =

13
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Using ([2.6) and the fact that g is concave together with the It6 formula, gives

~

I = E[g(X(T)) — g(X(T))] < Elg (X(T))(X(T) - X(T))]
= E[(X(T) — X(1)(T)]

=F l/o (X(t) — X(t))(—aa—ﬂ(t,f((t),ﬁ(t),ﬁ(t%q(t)ﬂ;(t’ 3)))dt

i

+ / {b(t, X (1), ut)) — b(t, X (£), (1)) }p(t)dt

A

n /0 {o(t, X (), u(t)) — o(t, X (), a(t)) }q(t)dt

—l—/o g {6(t, X (t),u(t),z) — H(t,X(t),ﬁ(t),z)}f(t, 2)v(dz)dt
=N +ho+hizg+ 1.

We conclude that

Juw)—J@)=h+L=hy—lLao—lhzg—TLis+ 1

IN

~h—ho—Ls—hLati+Lao+Liz+114=0.

Then u is an optimal control. m

2.1.2 Necessary conditions of optimality

A drawback of the sufficient maximum principle is the concavity condition which does
not always hold in applications. We prove now a result going in the other direction. We

assume the folowing:
(A1) For all ¢, h such that 0 <ty < tog+ h < T, for all bounded &;,-measurable random
variable «, the control 5(¢) defined by

B(t) == Lgp04+n) (1), (2.19)

belongs to Ag.

(A2) For all u, 8 € Ag with 8 bounded, there exists 0 > 0 such that @ + s € Ag for all
s € (—0,9).

14
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We define the derivative process £(t) = 9 () by

Note that

(2.20)

Theoreme 2.1.2 (Necessary maximum principle) Suppose that @ € Ag is a local

mazximum for J(u), meaning that for all bounded B € Ag, there exists 6 > 0 such that

U+ sB € Ag for all s € (—0,0) and that

d .
%‘K“ + 58)[s=0 = 0.

Suppose there ezists a solution (p(t),q(t),7(t,-)) of (2.5) — (2.6).

Moreover, suppose that the following growth conditions, hold

E [/OT {QQ(t) + /Rof’é’(t,z)y(dz)} é%t)dt} < o0,

/OT { (%)2 (t, X (t),a(t) + é (%)2 (t, X (1), a(t), 2)v(dz)

(%)Q(t,)%(t),a(t)) +/RO (%)2(t,X(t),ﬂ(t),z)V(dz)}ﬁQ(t)dt] < 00.

(2.21)

(2.22)

(2.23)

Then w is a stationary point for E[H|&| in the sense that for a.a.t € [0,T] we have

£ [8—H<t,X<t>,a<t>,ﬁ<t>, i(0). i, ma} o,

ou
Proof. Put X (¢) = X(®(t). Using (2.20)) , we have

d .
0= EJ(U + Sﬁ)|s:0

e[ [ %0 20, a0) L (x5 1)) g
0 ox d

A

ou

15

FoL 0, (0. 60)5(0) + o (XD (XD ]

(2.24)
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By (2.6),(2-22),(2.23)), and apply It6’s formula to g(X(£)E(t), we have
B g (X(T)ET)] = B [p(T)En)]
= | [ o (Gre X1 a0 + 5 K@, a0
+£<t><—a—f<t,X(t>,a<t>,@<t>,c.i(t),f(t, 9)) + () (—(t X (1), a(®)E()

/\QJQJ

We have that

oH of ab 90
%(t,x,u,p,q,r) - %(t,[ﬁ,U) + %(t,l’,’d)p—F %(t,.ﬂ,U)q
060
+ 01 —(t,z,u, 2)r(t, 2)v(dz),

and similarly for 2 S (t T,D,q,T ( ))

Combining with ([2.23]) and ([2.25 , gives

0=E { [ ke @i+ s0% ¢ x.a0)
FIOG (X0, a0) [ 71t 5 1. X0, 0 () | a(0ar]

=E[/ B (X (0,500,501, 000). 7. ) 30t

We apply the above to

B(S) = al[to,toJrh](S); s € [O7T]’

where ty + h < T and « is bounded, &;,-measurable. Then ([2.27)) leads to

E[/ O K(5). (). (). d(5). (5. Yads| =0

0
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Chapter 2. Stochastic control of jump diffusion processes

Differentiating with respect to h at h = 0 gives

OH o
B | Sot 6, X(0,000). 500, 0). 71, o] =0
Since this holds for all bounded &;,-measurable «. Using ,we conclude that
OH , o«
B | G0 X (0,200,500, 600, 71t Dl | =0

The result follows. m

2.1.3 Infinite horizon

Conversly to the finite horizon case, there are few papers dealing with the infinite horizon
stochastic optimal control problems. Haadem & al [19], introduced a maximum principle
for infinite horizon jump diffusion processes for partial information. They proved necessary
and sufficient maximum principles for this problem. The results obtained are applied to
several problems which appear in finance.

However, Maslowski and Veverka [26] establish a sufficient stochastic maximum princi-
ple for infinite horizon discounted control problem. As an application, they study the

controlled stochastic logistic equation of population dynamics.

In our papers, we show that in the infinite horizon case the missing terminal value should
be replaced by an appropriate transversality condition at infinity, and we obtain corre-
sponding infinite horizon sufficient and necessary versions of the maximum principle. We
also extend the results to systems with delay. The results are illustrated by applications,

e.g. to infinite horizon optimal consumption with respect to recursive utility.

2.2 Summary of the papers
This thesis contains two papers dealing with the theory of stochastic optimal control

problems in infinite horizon, organized as follows:

2.2.1 Maximum principle for infinite horizon delay equations

e First we formulate the problem.

17



Chapter 2. Stochastic control of jump diffusion processes

e Then we establish first and second sufficient maximum principles with an application
to the optimal consumption rate from an economic quantity described by a stochastic

delay equation.

e Next we formulate a necessary maximum principle and we prove an existence and
uniqueness of the advanced backward stochastic differential equations on infinite

horizon with jumps.

2.2.2 Infinite horizon optimal control of FBSDEs with delay

e We proceed to study infinite horizon control of forward-backward SDEs where we

obtain sufficient and necessary maximum principles for this problem.

e Finally, we apply the result to a recursive utility optimisation problem.

18



Chapter 3

Maximum principle for infinite

horizon delay equations

We prove a maximum principle of optimal control of stochastic delay equations on
infinite horizon. We establish first and second sufficient stochastic maximum principles as
well as necessary conditions for that problem. We illustrate our results with an application

to the optimal consumption rate from an economic quantity.

3.1 Introduction

To solve the stochastic control problems, there are two approaches: the dynamic program-
ming method (HJB equation) and the maximum principle.

In this paper, our system is governed by the stochastic differential delay equation (SDDE):

(

dX(t) = b(t, X (1), Y (1), A(t), u(t)) dt
Yo (8, X (1), Y (), A(t), u(t)) dB(t)
+ fo, 0 (8, X (1), Y (1), A(t),u(t), 2) N(dt,dz), te[0,00),

(3.1)
X(t) = XO(t)v te [_57 0]7
Y(t) = X(t—9), t €[0,00),
At) = [ e DX (r)dr, t € [0, 00),
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Chapter 3. Maximum principle for infinite horizon delay equations

with a corresponding performance functional;

J(u) =F /f (t, X(t),Y(t), A(t),u(t)) dt|, (1.2)
where u(t) is the control process.

The SDDE is not Markovian so we cannot use the dynamic programming method. How-
ever, we will prove stochastic maximum principles for this problem. A sufficient maximum
principle in infinite horizon with the trivial transversality conditions were treated by Haa-
dem & al [I9]. The natural transversality condition in the infinite case would be a zero
limit condition, meaning in the economic sense that one more unit of good at the limit
gives no additional value. But this property is not necessarily verified. In fact Halkin
[20] provides a counterexample for a natural extension of the finite horizon transversality
conditions. Thus some care is needed in the infinite horizon case. For the case of the
natural transversality condition the discounted control problem was studied by Maslowski
and Veverka [26].

In real life, delay occurs everywhere in our society. For example this is the case in biology
where the population growth depends not only on the current population size but also on
the size some time ago. The same situation may occur in many economic growth models.
The stochastic maximum principle with delay has been studied by many authors. For ex-
ample, Elsanosi & al [16] proved a verification theorem of variational inequality, Qksendal
and Sulem [31] established the sufficient maximum principle for a certain class of stochastic
control systems with delay in the state variable. In Haadem & al [19] an inifinite horizon
system is studied, but without delay. In Chen and Wu [13], a finite horizon version of a
stochastic maximum principle for a system with delay in both the state variable and the
control variable is derived. In Oksendal & al [33] a maximum principle for systems with
delay is studied in the finite horizon case. However, to our knowledge, no one has studied
the infinite horizon case for delay equations.

For backward differential equations see Situ [43] and Li and Peng [23]. For the infinite
horizon backward SDE see Peng and Shi [40], Pardoux [36], Yin [45], Barles & al [§] and
Royer [42].

For more details about jump diffusion markets see @Oksendal and Sulem [35] and for back-
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Chapter 3. Maximum principle for infinite horizon delay equations

ground and details about stochastic fractional delay equations see Mohammed and Scheut-
zow [30)].

In this work, we establish two sufficient maximum principles and one necessary for the
stochastic delay systems on infinite horizon with jumps.

Our paper is organized as follows. In the second section, we formulate the problem.
The third section is devoted to the first and second sufficient maximum principles with
an application to the optimal consumption rate from an economic quantity described by
a stochastic delay equation. In the fourth section, we formulate a necessary maximum
principle and we prove an existence and uniqueness of the advanced BSDEs on infinite

horizon with jumps in the last section.

3.2 Formulation of the problem

Let (2, F, P) be a probability space with filtration (F;);>¢ satisfying the usual conditions,
on which an R-valued standard Brownian motion B (:) and an independent compensated

Poisson random measure N (dt,dz) = N(dt,dz) — v(dz)dt are defined.

We consider the following stochastic control system with delay

.

dX(t) =0b(t, X(t),Y (), A®), u(t))dt
o (t, X(1),Y(t), At),u(t)) dB(t)
Y (1), A(t), u(t), z) N(dt,dz); t € [0,00),

(1), t € [=4,0],

~
~

S~
N—

A X (r)dr, t € [0, 00),

H—
I

/
Xo
X(t—=9), te|0,00),
[
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Chapter 3. Maximum principle for infinite horizon delay equations

where X(t) is a given continuous (deterministic) function, and

0 > 0, A > 0 are given constants,
b:[0,00) x RXxRXxRxUXN—R,
0:[0,00) X RXRXxR XU xQ—R,
0:00,00) x RXRXRXUXRyxN—R

are given continuous functions such that for all ¢, b(t, z, y, a, u), o(t, z,y,a,u), and 0(t, z,y, a, u, 2)
are Fi-measurable for allz € R, y € R,a € R, u € U, and z € Ry := R\ {0}. We assume
that b, 0,0 are C! (i.e., continuously differentiable/ Fréchet differentiable) with respect to
x,y,a,u, and z for all ¢t and a.a.w. Let & C F; be a given subfiltration, representing the
information available to the controller at time t. Let U be a nonempty subset of R. We let
Ag denote a given family of admissible &-adapted control processes. An element of Ag is

called an admissible control. The corresponding performance functional is
Ju)=FE /f (t, X(t),Y(t), A(t),u(t)) dt| ,u € Ag, (2.2)
0

where we assume that

oo

E/ {\f (¢, X (), Y (t), A1), u(®))| + ‘ﬁ (¢, X (1), Y'(1), A1), u(?))

aﬂfi
0

2} dt < oco. (2.3)

We also assume that f is C! with respect to z,%,a,u for all t and a.a. w. The value

function @ is defined as

®(Xy) = sup J(u). (2.4)

ucAg
An admissible control u* is called an optimal control for (2.1) if it attains the maximum
of J (u) over Ag. (2.1) is called the state equation, and the solution X*(¢) corresponding

to u* is called an optimal trajectory.

3.3 A sufficient maximum principle

In this section our objective is to establish a sufficient maximum principle.
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Chapter 3. Maximum principle for infinite horizon delay equations

3.3.1 Hamiltonian and time-advanced BSDEs for adjoint equa-

tions

We now introduce the adjoint equations and the Hamiltonian function for our problem.

The Hamiltonian is defined by

H(ta xr,Y,a,u,p,q, T()) = f(t, x,Y,a, U) + b(t, z,Y,a, u)p + O'(t, x,y,a, U)q
+/9(t7$7y7a,U,Z)T(Z)V(dz), (3.1)

Ro

where

H:0,00) X RXRXRXUXRXRXxRXxN—R

and R is the set of functions 7: Ry — R such that the integral term in (3.1) converges and
U is the set of possible control values.

We suppose that b, o, and 6 are C! functions with respect to (x,y,a,u) and that

E /{‘gj (t, X (1), Y (t), A(t),u(t))| + ‘g; (t, X (), Y (1), A(t), u(t))
’ 5 (3.2)
12 0, x0, v, 40,00 [ vt ] < oo

for x; = x, y, a, and u.
The adjoint processes (p(t),q(t),r(t,-)), t € [0,00), z € Ry, are assumed to satisfy the

equation

dp(t) = Eu(t) | F)dt + q(t)dB(t) + / r(t, 2)N(dt, dz),t € [0,00), (3.3)

where
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Chapter 3. Maximum principle for infinite horizon delay equations

pu(t) = —%—Ij (t, X (1), Y(t), A1), u(t), p(t), q(t),r(t,-))

— %—]; (t+0,X(t+0),Y(t+09),Alt +0),u(t+0),pt +0),q(t+ ), r(t+0,-))
t+6

_ M %_H (5, X (s),Y(s), A(s), u(s), p(s), q(s), 7(s, ) e *ds

t

(3.4)

Remark 3.3.1 Note that we do not require a priori that the solution of (3.3)-(3.4) is

UNIQUE.

The following result is an infinite horizon version of Theorem 3.1 in [33].

3.3.2 A first sufficient maximum principle

Theoreme 3.3.1 Let i € Ag with corresponding state processes X (t), Y (t) and A(t) and
adjoint processes p(t), G(t) and 7(t,-) assumed to satisfy the advanced BSDE (ABSDE)

(3.3)- (3.4). Suppose that the following assertions hold:
(4)
im £ | p(T)(X(T) — X(T))] >0

T—o00 -

for all uw € Ag with corresponding solution X (t).

(i) The function
(z,y,a,u) — H(t, z,y, a,u,p(t), (), 7(, )
is concave for each t € [0,00) a.s.
(i47)
T

E / Pt (o(t) — 6(t)* + / P2(t, 2)(0(t, 2) — O(t, 2))?v(dz) § dt| <

0 R

forall T < co.

24
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Chapter 3. Maximum principle for infinite horizon delay equations

(iiii)
maxt? [H (£, (), X (¢ = 6), A1), v, (1), (1) 7(1.))

-y [H (t, X (), X(t—6), A®), a(t), p(t), d(t), (¢, -))

3

|

for allt € [0,00) a.s.

Then @ is an optimal control for the problem (2.4).

Proof. Choose an arbitrary u € Ag¢, and consider

where

L=E [/{f(t,X(t),Y(t),A(t),u(t))—f(t,X(t),f/(t),A(t),a@e))}dt L (38)

0
By the definition (3.1) of H and the concavity, we have

L<E [ / {%—fu)mw - () + G O (€)= T(0) + 5y (00D - A0)

0

+ a—f{(t)(u(t) —a(t)) — (b(t) — b()p(t) — (a(t) — 6(t))d(t)
— / (0(t, ) — 0(t, z))f(t,z)y(dz)} dt] : (3.9)

where we have used the simplified notation

O 0y = 2 (1 %0, ¥ (@), A, i), (1), 400), 7))

and similarly for b and o.
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Chapter 3. Maximum principle for infinite horizon delay equations

A

Applying the Ito formula to p(t)(X(t) — X (¢)) we get, by (3.5) and (3.6),

=ImE (/T(b(t) —b(t))p(t)dt+/T(X(t) — X)) E ) | 7] dt

+ /T (o(t) — 6(1))d(t)dt + /T / (O(t, 2) — O(t, 2))i(t, z)z/(dz)dt)

= lim E [ ( /T (b(t) = b(t))p(t)dt + /T (X(t) = X ()i(t)dt

+/T(0(t) —o(t))q(t)dt + T/(f)(t, 2) = 0(t,2))7(t, Z)V(dZ)dt)} : (3.10)

Using the definition (3.4) of u we see that

( / (X(t) - X (t))ﬂ(t)dt)]
(/<X<t5)f<(t5))ﬂ(t5)dt)]
T46

_ / %—Zl(t) (Y)Y (1)) ar

)

_ 75( | %_Z(S)eksds> M=) (X(t —0) — X(t - 5)>)dt]. (3.11)

6 -4

lim E

T—oo

= lim E

T—o00

a—H(t —O)(X(t—06) — X(t —8))dt

T

= lim E

T—o00

%\2

26



Chapter 3. Maximum principle for infinite horizon delay equations

Using Fubini and substituting » = s — 9, we obtain

_ / ( %—Z(s)e)‘SCLS) NN (X (- 6) — X(t — 4))dt. (3.12)

Combining (3.10), (3.11) and (3.12) we get

0< Iim B| p(T)(X(T) - X(T))

T—oo

Il
&5

o0

+ O/R/(H(t,z) —0(t, 2))r(t, z)u(dz)dt)] : (3.13)
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Subtracting and adding [ 92 (¢)(u(t) — a(t))dt in (3.12) we conclude
0

Hence

L<E [715 [%—JZ(@ | 54 (u(t) — a(t))dt] <0.

0

Since u € Ag was arbitrary, this proves Theorem 3.1. =

3.3.3 A second sufficient maximum principle

We extend the result in @ksendal and Sulem [31I] to infinite horizon with jump diffusions.
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Chapter 3. Maximum principle for infinite horizon delay equations

Consider again the system

dX(t) = b (t, X(£), Y (£), A(t), u(t)) dt
Vo (6, X(1),Y (1), A(t), u(t)) dB(t)
) o, 006X (), Y (1), A(t), ult), 2) N(dt, d2), t € [0,00),

X(t) = X0<t>v te [_57 O]a
Y(t) = X(t— ), £ [0,00),
= [! e DX (r)dr, t € 10,00).

We now give an It6 formula which is proved in [16] without jumps. Adding the jump parts

is just an easy observation.

Lemma 3.3.1 (the It6 formula for delayed system) Consider a function
G(t) = F(t, X(t), A(t)), (3.14)

where F is a function in C*1(R3). Note that

A(t) = /0 e X (t + s)ds.

-6

Then

dG(t) = (LF)(t, X (1), Y (), A(t), u(t))dt (3.15)
OF

n O(t’X(t),Y(t),A(t)aU(t))%

(t, X (1), A())dB(t)

+/ {F(t,X(t‘)+Q(t,X(t),Y(t),A(t),u(t),z),A(t_))

— F(t, X(t7), A(t™))
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_ g—i(t,x(t‘), A0, X (1), Y (), A(t), u(t), Z)},,<dz)dt

+/ {F(t,X(t‘)+Q(t,X(t),Y(t),A(t),u(t),z),A(t‘))

— F(t, X(t7), A(t7)) }N(dt, dz)

+ [X(t) — MNA(t) — e_MY(t)]aa—];(t, X(t), A(t))dt,

where

OF oF 1, 02 F
LF = LF(t,x,y,a,u) = e + b(t,az,y,a,u)g + 50 (t,az,y,a,u)w.

In particular, note that
dA(t) = X(t) — NA(t) — e ™Y (t); t > 0. (3.16)
Now, define the Hamiltonian, H : Ry X Rx RXx R xU x R®* x R x R — R, as

H,(ta z,y,a,u,p,dq, T())

A0

= f(tvxayaaau) + b(t’xayaa7u)p1 + (ZL‘ —Aa—e” y)p?)

+o(t,x,y,a,u)q + O(t, x,y, a,u, z)r(z)v(dz), (3.17)
Ro

where p = (p1,p2,p3)T € R? and ¢ = (q1,¢2,q3) € R3. For each u € Ag the associ-

ated adjoint equations are the following BSDEs in the unknown F;-adapted processes

(p(t), Q(t)v T<t7 )) given by
OH'
dpl (t) = _W(tv X(t)v Y(t>’ A(t)’ u(t),p(t), Q(t)v T(t, ))dt + ¢ (t)dB(t)
+ / r(t, 2)N(dt, dz), (3.18)
dp2(t) = __(t7 X(t)> Y(t)a A(t)’ U(t),p(t), Q(t)v T(t, '))dt7 (319)

dp3 (t) = __(tv X(t)v Y(t)’ A(t)’ u(t),p(t), Q(t)v T(t, ))dt + Q3(t)dB(t)7 (320)
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Chapter 3. Maximum principle for infinite horizon delay equations

Theoreme 3.3.2 (a second infinite horizon maximum principle for delay equations)

A

Suppose i € Ags and let (X (t),Y (t), A(t)) and (p(t), §(t),7(t,-)) be corresponding solutions

of (3.18)-(3.20), respectively. Suppose that

=
| — |
ol
—~
\‘W
><>
Y
~
N—
>~<>
—~
SN—
B
—~
~
SN—
>
—~
~
SN—
3>
—~
~
S—
LN
—~
~
o
3>
—~
\.H-
SN—
-
)
| I

— max E [H’(t,f((t), Y1), A(t), u, p(t), 4(t), 7 (¢, -))|5t} .

ueU

Further, assume that

lim E[py(T)(X(T) = X(T)) + ps(T)(A(T) = A(T))] = 0.

T—o0

In addition assume that

for allt. Then @ is an optimal control for the control problem (2.4).

Proof. To simplify notation we put

and

Let
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Chapter 3. Maximum principle for infinite horizon delay equations

Then we have that

T—o00

= J e | [ 0G0 000.000.20.70.) — 1 (4. u(0.000), 200,70, )]
- [ [ 000,600 0 ~ 6.0 w1

- [ [ 000 — 20 - 9 0) - 040~ 240 — Y ()il

~E -/T{a t,C(t),a(t)) — o(t, C(t), u(t))}q}(t)dt}

B / /R (1 E(8), alt), 2) — Ot ¢ u(t), ))f(t,z)y(dz)dt}

= Il+]2+]3+.[4+]5. (323)
Since (¢,u) — H'(t,¢,u, p(t), §(t),7(t,)) is concave, we have by (3.21) that
H, (t7 <7 U,ﬁ(t), Cj(t)7 f(t7 )) - Hl <t7 éa aaﬁ(t)7 qA(t)7 72<t7 ))

< VeH (8,0, (1), 4(t), 7(t, ) - (C— ) + 8H (t ot p(t), 4(t), 7(t,-)) - (u — @)
< VeH' (¢, p(t), 4(t), 7(t, 7)) - (¢ =€),

where V. H' = (88%, %iy, a{f ). From this we get that

hz g | —vCH'u,é<t>,a<t>,ﬁ<t>,q<t>,f<t,->>'<<<t>—é(t>>dt]

_ ImE /0 (C(t) — C(t))dp(t)

T—oo

=F

/0 (X () — X(0)dpi (1) + / A - A(t))dﬁs(t)] . (3.24)
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From (3.18), (3.19), and (3.20) we get that
0> — Jim E[py (T)(X(T) = £(T) + pu(T)A(T) = A(T))

= —lim E

T—o00

= [ et uo) - ote.Co a0 e
+/0 /R(Q(t,C(t),u(t),z)—H(t,é,ﬁ(t},z))f(t,z)y(dz)dt

n / (A(t) — A(t)dps(t) + / Pa(B)A(A(E) — A(1))). (3.25)

Combining this with (3.23) and (3.24) and using (3.16), we have that
—I:Il—|—[2—{—[3—|—j4—|—f5 SO

Hence J(u) — J(u) =1 > 0, and @ is an optimal control for our problem. m

Example 3.3.1 (a nondelay infinite horizon example) Let us first consider a non-

delay example. Assume we are given the performance functional

J(u)=F { /0 N e_pt%u”(t)dt] (3.26)

and the state equation

dX(t) = [X()p - u(t)]dt
Yot X (1), u(t)dB(t), t > 0, (3.27)
X(0) =X, >0,

where Xo >0, v € (0,1), p> 0, and u € R are given constants. We assume that
wy < p. (3.28)

Here u(t) > 0 is our control. It can be interpreted as the consumption rate from a cash flow

X(t). The performance J(u) is the total expected discounted utility of the consumption.
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For u to be admissible we require that E[X(t)] >0 for allt>0.

In this case the Hamiltonian (3.17) takes the form
/ 1
H (t,x,u,p,q) = e " —u" + [zp —ulp
v

+o(t,x,u)q,

so that we get the partial derivative

a—H(tua: )=e U — 0o
au » 7paq -

!

H
Therefore, if 8— =0 we get
ou

(1) = P 6) + 90, X (1), u(t)a).

We now see that the adjoint equation is given by

dp(t) = — |pl0) + 96 X(0), u(t))a(t)| dt + a()dB).

Now assume that
o(t,x,u) = op(t)x

for some bounded adapted process o¢(t). Let us try to choose ¢ = 0. Then

dp(t) = —pp(t)dt,
which gives

for some constant p(0). Hence, by (3.30)

1 (u—p)t

i(t) = p () 5
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for all ¢ > 0. Inserting @(t) into the dynamics of X (t), we get that

dX(t) = {MX(LL) —piT (O)eﬁw—w] dt + oo () X (t)dB(t).

So
X(t) = {X(O)I‘(t) _ i (0) /O t ié?) exp <(“1 __’;)S> ds} | (3.33)
where
[(t) = exp </Ot oo(s)dB(s) + ut — %/Ot ag(s)ds) : (3.34)
Hence

B[X(0)] = o [X(O) i (0) /0 Cexp <M> ds} |

1 -y

Therefore, to ensure that £ [X (t)] is nonnegative, we get the optimal p(0) as

~y—1

X(0)
e (%) s

We now see that limy_.. E[p(T)X (T)] = 0, so that we have

p(0) =

(3.35)

lim E[p(T)(X(T) - X(T))] > 0.

T—o00

This tells us that @ with p(0) = p(0) given by (3.35), the control @ given by (3.32) is

indeed an optimal control.

Example 3.3.2 (an infinite horizon example with delay) Now let us consider a case
where we have delay. This is an infinite horizon version of Example 1 in Oksendal and

Sulem [31)]. Let

Y

J(u) = E [ /0 h eptluwdt] | (3.36)
and define
dX(t) =dXW) = [X(p+Y ()8 + aA(t) — u(t)dt
Fo(t, X (1), Y (1), A(t),u(t))dB(t),t > 0, (3.37)
X(t) = Xo(t) >0,te[=60]
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We want to find a consumption rate u*(t) such that
J(u*) = sup { J(u); E[X™(#)] >0 for allt > 0}. (3.38)

Here v € (0,1), p,0 >0, and 8 € R are given constants.

In this case the Hamiltonian (3.17) takes the form

/ 1
H (t,x,u,y,a,p,q) = e"ﬂt§u7 + [zp+ Py + aa — ulpy (3.39)

+ [z — Aa— 6_)‘53/]193 +o(t,z,y,a,u)q,

so that we get the partial derivative

oH' do
—(t,z,u,y,a,p,q) = e "W —p + —q1.
I ( Y,a,p,q) p1 8uql

This, together with the maximality condition, gives that

do
— ,—pt -1, 72
pi(t) = e Pu(t)™ + 5y 11
We now see that the adjoint equations are given by
[ do
dpi(t) = — |up1(t) +p3(t) + 5o au(t) | dt + au(t)dB(2),
: —Xé do
dpa(t) = — | Bpu(t) — e ps(t) + 8_yQ1(t) dt,
: do
dps(t) = — jap(t) = Aps(t) + 5 a (t)l dt + g3(t)dB(t).

Since the coefficents in front of p; and ps3 are deterministic we can choose ¢; = g3 = 0.

Since we want ps(t) = 0, we then get

e—/\é

pi(t) = 7193(75),
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which gives us that

dpy(t) = — [ppa(t) + Bepa (1)) dt,

o
dps(t) = — 56_A6p3<t> — Aps(t) | dt,
and
u(t) = ex=pl (). (3.40)
Hence, to ensure that
o0
pi(t) = 5 p3(t) (3.41)
we need that
a = Be(u+ N+ ped). (3.42)
So
pi(t) = pa(0)e At (3.43)

for some constant p;(0). Hence by (3.40) we get

1 A _
u(t) = tp,(0) = p1(0)7T exp <(“ - fe_ 7 p)t> (3.44)

for all ¢ > 0 and some p;(0). Now assume that
a=0, ie. A+ e = —p (3.45)

and that
o(t, X(t),Y(t),A(t),u(t)) = KA(t) (k constant). (3.46)

Then (3.37) gets the form

AX (1) = [uX (1) + BY (t) — u(t)|dt + kA()AB(t), t >0, )
X(t) = Xo(t), t € [-4,0], '

and

pi(t) = p(0)e™. (3.48)
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Let 6 be the unique solution of the equation
p+0+18e” =0, (3.49)

Then by Corollary 4.1 in Mohammed and Scheutzow [30] the top a.s. Lyapunov exponent
A1 of the solution X (©)(¢) of the stochastic delay equation (3.47) corresponding to u = 0
satisfies the inequality

M <4 Lo (3.50)
T T ‘

Therefore we see that

lim p;(7)X(T) < lim py(T)XO(T)

T—o0 T—o0

12
< const. lim exp | — ( —A+0—- —e'“)T =0

if

At 2 ells < g (3.51)
2|8 ' '

By (3.41) condition (3.51) also implies that
Jim ps(T)A(T) = 0. (3.52)

We conclude that (3.22) holds. It remains to determine the optimal value of p;(0). To
maximize the expected utility of the consumption (3.36), we choose p;(0) as big as possible

under the constraint that E [X' (t)] > 0 for all ¢ > 0. Hence we put
p1(0) = sup {p:(0); E[X(ﬂ)(t)} >0 for all t > 0}, (3.53)

where )

1
dXW(t) = | XO )+ Y@ ()3 —p; " (0) exp <_(1A—+vp)t>] dt

+rA®()AB(t), t >0, (3.54)

X)) = Xo(t) >0, t €[-5,0].

In this case, however, in lack of a solution formula for E[X () (t)], we are not able to

find an explicit expression for p;(0), as we could in Example 3.3.1. We conclude that our
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candidate for the optimal control is given by

3.4 A necessary maximum principle

In addition to the assumptions in sections 3.2 and 3.3.1, we now assume the following:

(A;) For all u € Ag and all 5 € Ag bounded, there exists e>0 such that

u+sfeAg  forall s € (—ece).

(Ag) For all ¢y, h such that 0 <ty <ty + h < T and all bounded &;,-measurable random

variables «a, the control process [(t) defined by

B(t) = aljrg o0 (1) (4.1)
belongs to Ag.
(A3) The derivative process
d uT+s
E(1) = XM |, (4.2

exists and belongs to L?(m x P), where m denotes the Lebesgue measure on R.

It follows from (2.1) that

(1) = {%@s(w SO -9+ 50 [ X etryar+ %(t)ﬁ(t)} R

n {%@m + GO = 8)+ 5o t0) [ etryar+ G W“)} )

t—4&

+ {%(t, €M)+ 5 (0 2)€( = 0) + 5 (6.9) [ e+ S Z)ﬁ(t)} V(dt, )

U
Ro t—0

where, for simplicity of notation, we define

0 0
5-(t) = 2-b(t, X (1), X (t = 6), A(t), u(t)),
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and use that

d d
_Yu-i-sﬁ — _Xu+5/8 _ — — 44
SV | y= X 0) | = € ), (4.4
and
t
 pursaiy |, = L / N x5 () | | (4.5)
ds =0 ds =0
s
t
_ e—A(t—r) iXu-l-sB (T)d?”
ds =0
=5
t
= /e)‘(t”f(r)dr.
t=s
Note that
£(t) =0 for t € [-4,0]. (4.6)

Theoreme 3.4.1 (Necessary maximum principle) Suppose that 4 € Ag with corre-
sponding solutions X (t) of (2.1)-(2.2) and p(t), §(t), and #(t,-) of (3.2)-(3.3), and corre-
sponding derivative process & (t) given by (4.2). Assume that for all u € Ag with corre-
sponding (X (t),p(t),q(t),r(t,-)) the following hold:

T

/152(75){(%)2(2?)52(t)+(%)2@)52@—5 / =Dgryar) (4.7

() 0+ [{G) ear0 - (5) e
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and

lim E [ (T)g(T)} ~0. (4.8)

T—o0
Then the following assertions are equivalent:

(i) For all bounded B € Ag,

(i7) For allt € [0, 00),

B [‘%H (t, X0,V (1), AW, w, 5(0), 4(1), 7(1,))

Proof. Suppose that assertion (i) holds. Then

d .
O - %J(u—i—sﬁ) |s:0

_ d%E [ / F(t, X2 (8), Y0 (1), ATH0(1) at) + Sﬁ(t)dt] =0

= E [/ {gi( )E(t) + gi( )E(t —0) + %(t)/eA(tr)g(r)err %(t)ﬂ(t)} dt] .

t—6

We know by the definition of H that

ity = 20— op) ~ 200t~ [ St () (49)

s
Ro

af . of of
and the same for o (1), P (), and 5 (t).

Applying the Ito formula to p(t)€(t), we obtain by (4.8) and (4.9)
0= lim E [ (T)é(T)]
7 o o ab
— 5| [t { €(0)+ (05l —8) + 520) [ e+ %(t)ﬁ(t)} at

0 t—6
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+ [ OB @ | £
+ [ ato {%ms@ # GO =8)+ Got0) [ M)+ g—jumw} it

+ //T(t, z){%(t, 2)E(t) + ?(t, 2)E(t—0) + ?(t, z) / e_’\(t_r)f(r)dr

y a
+ Sul 2500 poldz)a
d . T OH
= L it 58) |y +B ( / %(t)ﬁ(ﬂdt) -
0
Therefore

(4.10)

s=0

E (/%—Z(t)ﬁ(t)dt) _ %J(msﬁ)

Now apply this to
B(t) = Ly to+h) (t) )

where « is bounded and & -measurable, 0 < ty < t, + h < T. Then if (i) holds we get

O o
to

Differentiating with respect to h at 0, we have

5 (%) =0

This holds for all &, -measurable « and hence we obtain that

E <%—Z(t0) | &0) ~0.

This proves that assertion (i) implies (ii).

42



Chapter 3. Maximum principle for infinite horizon delay equations

To complete the proof, we need to prove the converse implication; which is obtained since
every bounded § € Ag can be approximated by linear combinations of controls 3 of the

form (4.1). m

3.5 Existence and uniqueness of the time-advanced

BSDEs on infinite horizon

The main result in this section refers to the existence and uniqueness for (3.3) — (3.4)
where the coefficients satisfy a Lipschitz condition.

Given a positive constant 0, denote by D([0, ], R) the space of all cadlag paths from [0, ¢]
into R. For a path X(:) : Ry — R, X; will denote the function defined by X;(s) =
X(t+s) for s € [0,8]. Let H = L*(v) be the set of all functions r : Ry — R such that
Ja, 2 (2)v(d2) < co. Consider the L? space Vi := L*([0,6] — R;ds) and V; := L*([0,4] —
H;ds). Let

FRXRXRXVIXRXRXVIXHXHXxVaxQ—-R

be a function satisfying the following Lipschitz condition: There exists a positive constant

C such that

’F(taplap%p? q17QQ>Q7r17T27T7w) _F(t>ﬁ1>p_2>]3a 517627(%?1777277770})’
< C(lpr =il + |p2 = D] + Ip = Plvi + |ar — @l + @2 — &| + g — qlw

+|7”1—f1|7-{+|7’2—7:2|7-(+|7“—f|v2> a.s. (51)

Assume that (t7 W) - F<t7p17p2)p7 q1,42,4,71,72,7, W) is prediCtable fOI‘ all P1,P2,P,491,42,4,71,T2,T.

Further we assume the following:
E/ eM|F(t,0,0,0,0,0,0,0,0,0)|%dt < oo (5.2)
0

for all A € R. We now consider the following BSDE in the unknown F;-adapted, R x R x H-
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valued process (p(t), q(t),r(t) = r(t,-)):

dp(t) = E[F(t,p(t), p(t + 0), p, q(t), q(t + 6), ge, v(t), 7(E + 6), 7¢) | o] dit

+ q(t)dB(t) +/ r(t, z)N(dt,dz), (5.3)
where .
E [ /O (1) Pt (5.4)
for all A € R.

Theoreme 3.5.1 (Existence and uniqueness) Assume the conditions (5.1)-(5.2) are

fulfilled. Then the BSDE (5.3) - (5.4) admits a unique solution (p(t),q(t),r(t,-)) such that

E UOOO IpF +la@®F + [ [r(t.2)Pr(dz)}dt| < oo

Ro

for all A > 0.

Proof.
Existence:

Step 1:
First, assume F' is independent of its second, third, and fourth parameters.
Set ¢°(t) := 0, r9(t,-) := 0. For n > 1, define (p"(t),q"(t),r"(t,-)) to be the unique
solution of the following BSDE:
dp"(t) = E [ ("M (), "t +6), g0 Tt ), T+ 6, ), () | Fe] dt

) + / (¢, 2)N(dt, dz), (5.5)

E [/ e’\t|p”(t)|2dt} < o0
0

The triples (p™(t),q"(t),r"(t,-)) exist by Theorem 3.1 in Haadem & al [19].

for ¢ € [0, 00) such that

Our goal is to show that (p"(t), ¢"(t), " (t, -)) forms a Cauchy sequence. By the It6 formula
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we get that

0= B[N0 - " OF + [ A s) - p(s)ds
t

b [T s
+ /too As /RO|(T"+1(S,Z) —1"(s, 2)) Pdsv(dz)

+ 2 /too e (p"“(s) — p”(s)) E [F”(s) — F"(s) | ]:S} ds] )

Rearranging, using that for all a,b € R: 2ab < % + eb?, we have by the Lipschitz require-
ment (5.1)

E [eMp"(t) — p"(t)]?]

| [ Aewp““(s)—p"(s)Fds]
t

cu | [T - ks

[ 6 = ) Prlazas)
<cr|[ e - ppel

+ €6F /too e*|q"(s) — q”_1(3)|2ds}

+E

+ e6F / g™ (s +0) — ¢" (s + 5)|2ds}

L/t
r roo 5+90

+ e6E / e / lq" (u) — q"_l(u)|2duds}
LSt s

+ e6E / e (s) — r”_l(s)ﬁ{ds}
L/t

+ e6E / eMr(s +8) —r" (s + 5)|3{d8:|

¢

- () 5+9
+ e6E / e’\s/ |7 (u) — r"l(u)ﬁiduds} ,
LSt s
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where C, = %2 and we used the abbreviation
Fn(t) = F(tv qn(t)v qn(t + 6)7 q?? Tn(tv ')7 Tn(t + 57 ')7 T?())

Note that

B[ o) - s o)k

<] [T e - o).

Using Fubini

i " ) - ¢ duds|

<ol [T e -grasi

<5a-em | [Tl - o)
<i| [T - ops)

Similarly for »® — r"~1. It now follows that

EleM|p"(t) — p" (1))

B | [T - P

+E Vtw /R (7 (s, 2) — (s, 2) |2y(dz)d5]
< (C-nE| [T M) - )]
vt | [T - o))

+e6(2+ e M) E { /t e pn(s) — rnl(s)mds] .
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Choosing € = m we get
E[eM|p™(t) - p"(t)]7]
SB[ ) - g (o) P
E[/too/R M| (r" (s, z) — (s, 2)) |Pr(dz)ds]
< (= NEL[ T Xls) = oPds]+ 3B e - a7 o) P

1K / " eMrn(s) — 171 (5) 2 ds). (5.6)

From this we deduce that

~ g (e | [T - priopas) )

veep ] [Tt - o] as
(CN [ /t h /R N 2) = (s, 2) \QV(dz)ds]
deop | [7 et - )fas

1
2
1 o0
+ € (Ce=Ntp [/ M| (s) — r”_l(s)ﬁcds} )
t

Integrating the last inequality we get that

B[ [" o - rral

w [Tecomp [ [T - s a

+/ €Nt g U /R 2| (1 (s, 2) — (s, 2)) [P (dz)ds]

[T e | [T e - sras) a

/ (C-Ni { /ooeASV"(S)—r”_l(s)@ds} dt. (5.7)

IN
1\3"—‘ ORI
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So that

(" oconp ]| [T et - oras)

+/ Ce-Ntp [/ /R e (r" (s, z) — (s, z))|2y(dz)ds] dt
e | [Tl - ¢ o) pas a

/ €N [ /t Ooe’\5|7””(s)—?""1(s)]%ds] dt.

IN

[\3|’—‘ =S

This gives that

/OOO o(Ce= Nt g {/too S|t (s) — q"(s)|2ds} it
+/Oooe<ceA>tE Utoo /RO e>\5|(7“”+1(572)—r”(g,z))|2y(dz)ds] i

1
< —C
= on3
if A > €. It then follows from (5.7) that

E |:/ )\t|pn+1( ) —pn(t)|2dt:| S 2%03
0

From (5.6) and (5.7), we now get

B [7 [ 60 = (o) Ptz

| [T - o] < i

From this we conclude that there exist progressively measurable processes (p(t), q(t), r(t,)),
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such that

lim E [eM[p"(t) — p(t)[*dt] =0,

1imE[/ eMp™(t) — p(t)|?dt| =0,
n—oo 0 i

i 2| [ Men(0) - )| <o,
hmEV / (s, 2) — (s, ) [2u(dz)ds| = 0.
n—oo RO ]

Letting n — oo in (5.5) we see that (p(t),q(t),r(t,-)) satisfies

dp(t) = E[F(t,qlt ), i, (t,-),r(t+6,-),m4() | Fildi

),q(t+0
+q(t)dB(t)+/ r(t, z)N(dt,dz),

for all ¢t > 0.

Step 2:

General F'.

Let p°(t) = 0. For n > 1 define (p"(t),q"(t),r™(t,-)) to be the unique solution to the
following ABSDE:

dp"(t) = F [F(t,p"_l(t),p”_l(t + 5),pf_l, q(t),q"(t+0),q,r"(t),r"(t +9), rf)|}"t} dt

+q”(t)dB(t)+/ r(t, 2)N(dz, dt)

for t € [0, 00). The existence of (p"(t),q"(t),7"(t,-)) was proved in Step 1.

By using the same arguments as above, we deduce that

E [eMptH(t) — p" ()]

vE | [T - ks

+E{ tooeAs /RO|(7””+1($,2’) —rn(s,z))y%(dz)ds]
< (C.— NE Utm X5 [p 1 (s) — p"(s)]%ls} + %E Utm 5 [p"(s) — p"=1(s)|2ds | -
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This implies that

So if A > C, then by iteration we see that

p[[" e el < gt o

for some constant K.

Uniqueness:
In order to prove the uniqueness, we assume that there are two solution triples (p*(¢), ¢*(s), (s, -))

and (p?(t), ¢*(s),7%(s,-)) to the ABSDE

dp(t) = E[F(t,p(t), p(t +6),pe,q(t), q(t +0), qu, (1), r(t + 6),72) | Fi] di

+ q(t)dB(t) —|—/r(t, 2)N(dt,dz);t € 0,00),

Ro

where
(o0}

E /e“|p(t)|2 dt| < oo

0

and
3C? 1
+ —-.
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By the It6 formula, we have

E [e)‘t 1p'(t) —pQ(t)ﬂ +E

[re i - ) ds]

t

+E 7@8\(]1(3)—&(3”%3 +E [76A8/|r1(s,z)TQ(S,Z)}sty<dz)]
=2F 7“[\? (s) — p*(s)|

t

x (E [F'(s5,p" (), 0" (s +0), P ¢ (5), 4" (s + 0), ¢, 7 (5), 7 (s + 0), 1) | ]

— E [F(s,p(s),p*(5 + 6), p2, ¢*(5), 2(s+5),q§,r2<s>,r2<s+5>,r§)|fs]>]dS]

<9F /e”[!pl(S)—ﬁ(S)}
><C'<|p1(s) (s)| + |p' (s +6) — S+5|+/}p p*(u)| du

+|q'(s) = *(s)| + |a" (s + 6) — ¢*(s + 0) |+/\q1 u) — ¢*(u)| du

546

+ |r'(s) = r*(s) ‘ + |r' (s + 8) — r¥( 3+(5 /‘7“ —r? du)]dsl-

By the above inequalities for (p, ¢, r) and the fact that 2ab < % + eb?, we have that
M|l 2(4\2 As |1 2 2
E[e p'(t) = p*(1)] } +E [/e |4'(s) — ¢*(s)| d8]
t
/eks/|7’1(s,z) - r2(s,z)}2dsy(dz)]
t Ro
302 i
< (T—)\ ) E [/e’\s !pl(s)p2(3)|2ds]

t

+E
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t

+(2+e M) eE [/ e [p'(s) — p*(s)[” d=5‘]

+2+e*)eE

/e)‘s “ql(s) — qz(s)‘2 + |r'(s, 2) — 7“2(3,2)};] ds] :

t

Taking € such that (24 ¢ ) e =1

E | @) - 20| + [ / e g (s) - q2<s>2ds]

t

76*8/\7»1(3,@ T2(s,z)2dsy(dz)]

+E

Lt
1 i 1 2 2
+§E !7’ (s,2)—r (s,z)|Hds :
L ¢
We get

B[ | (0) - PO + 58 [ |a'(s) — 2(5)" s

n %E [76)\5 / |7 (s, 2) — r2(572)2dsu(d2)]

t

3C? 1
<(— —-A+2)E [/ e [p'(s) p2(s)2ds] :
Using the fact that )\ > % + 1, we obtain for all ¢ € [0, c0),
Mt |[,01 20412
E e ') - p*0)°] =0,

which proves that p!(t) and p?(t) are indistinguishable. m

52



Chapter 4

Infinite horizon optimal control of

FBSDEs with delay

We consider a problem of optimal control of an infinite horizon system governed by
forward-backward stochastic differential equations with delay. Sufficient and necessary
maximum principles for optimal control under partial information in infinite horizon are
derived. We illustrate our results by an application to a problem of optimal consumption

with respect to recursive utility from a cash flow with delay.

4.1 Introduction

One of the problems posed recently and which has got a lot of attention is the optimal
control of forward-backward stochastic differential equations (FBSDEs). This theory was
first developed in the early 90s by [4], [25], [39] and others.

The paper [39] established the maximum principle of FBSDE in the convex setting and
later it was studied by many authors such as [3], [27], [32], [34], [44]. For the existence of
an optimal control of FBSDES, see [6].

The optimal control problem of FBSDE has interesting applications especially in finance
like in option pricing and recursive utility problems. The latter was introduced by [14]
and for more details about the recursive utility maximization problems, we refer to [9],
[39.

The recursive utility is a solution of the backward stochastic differential equation (BSDE)
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which is not necessarily linear. The BSDE was studied by [38], [37] etc.

All the papers above where dealing with finite horizon FBSDEs. Other related stochastic
control publications dealing with finite horizon only are [7], [29] and [24].

Related papers dealing with infinite horizon control, but either without FB systems or
without delay, are [2], [19], [26], [40] and [45].

We will study this problem by using a version of the maximum principle which is a com-
bination of the infinite horizon maximum principle in [2] and the finite horizon maximum
principle for FBSDEs in [32] and [27]. We extend an application in [27] to infinite horizon
and in [33] for the FBSDE.

We emphasize that although the current paper has similarities with [2], the fact that we
are considering forward-backward systems and not just forward systems creates a new
situation. In particular, we now get additional transversality conditions involving the
additional adjoint process A. See Theorem 3.1 and Theorem 4.1.

In this paper we obtain a sufficient and a necessary maximum principle for infinite horizon
control of FBSDEs with delay. As an illustration we solve explicitly an infinite horizon
optimal consumption problem with recursive utility.

The partial results mentioned above indicate that it should be possible to prove a gen-
eral existence and uniqueness theorem for controlled infinite horizon FBSDEs with delay.

However, this is difficult problem and we leave this for future research.

4.2 Setting of the problem

Let (Q, F,F = (F:)i>0, P) be a complete filtered probability space on which a one-dimensional
standard Brownian motion B (¢) and an independent compensated Poisson random mea-
sure N(dt,da) = N(dt,da)—v(da)dt are defined. We assume that I is the natural filtration,
made right continuous generated by the processes B and N.

We study the following infinite horizon coupled forward-backward stochastic differential

equations control system with delay:
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FORWARD EQUATION in the unknown measurable process X*(t):

dX(t) =dX"(t) =b(t, X"(t),u(t))dt + o (t, X“(t),u(t)) dB(t)
X"(t), u(t), a) N(dt, da); t € [0,00), (4.1)

+ [61(t,
X(t) = Xo(t); te[-6,0],
where
X(t) = (X"(t), X1'(1), X5(1))
with

XU(t) = Xt —6), Xt fe PU=T) X (1) dr,

t—

and X is a given continuous (and deterministic) function on [—4, 0].

BACKWARD EQUATION in the unknown measurable processes Y*(t), Z%(t), K" (t,-):

dY*"(t) = —g (£, X*(8), Y"(t), Z2"(t), u(t)) dt + 2" (t)dB(t)
+ [K“(t,a) N(dt,da);t € [0,00).

Ro

(4.2)

We interpret the infinite horizon BSDE (4.2)) in the sense of Pardoux [38] i.e. for all
T < oo, the triple (Y"(t), Z"(t), K" (t,-)) solves the equation

yut) =Y(T) + f (s, X*(s), Y"(s), 2%(s), u(s) ds—fZ” )dB(s)

T (4.3)
fK“ N(ds,da); 0<t<T.

%

O

We call the process (Y"(t), Z"(t), K" (t,-)) the solution of (4.3)) if it also satisfies

Elsup e (Y*)? —i—fe”t ((Z")? () + [ (K")?(t,a) v(da))dt] < oo (4.4)
t>0 Ro
for some constant k > 0. We refer the reader to Section 4 in [38] for assumptions of the
coefficients that insure the existence and uniqueness of the solution of the FBSDE system.
Note that (4.4) implies in particular that tlim YU(t)=0 .

Throughout this paper, we introduce the following notations
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0 > 0,p > 0 are given constants,
b:[0,00) x R3xU x Q) — R,
0:[0,00) x R¥ x U x Q — R,
g:[0,00) xRS xU x Q — R,

Ry := R — {0},

0,K :[0,00) x R3 x U x Ry x Q — R,
F:]0,00) x RP X R xU x Q — R,
h:R—R,

where the coefficients b, 0,0 and g are Fréchet differentiable (C') with respect to the
variables (z,y, z,u). Here R is the set of all functions k : R, — R. In the following, we
will for simplicity suppress the dependence on w € §2 in the notation.
Note that if ¢ does not depend on Z%(s) then the Itd representation theorem for Lévy
processes ( see [19]), implies that equation is equivalent to the equation
T
YUt) = ElY(T) + [g (s, X"(s),Y"(s),u(s))ds | F]; t <T, for all T < oc. (4.5)
t
Let E = {&}iso with & C F; for all t > 0 be a given subfiltration, representing the
information available to the controller at time t.
Let U be a non-empty convex subset of R. We let A = A¢ denote a given locally convex
family of admissible E-predictable control processes v with values in U, such that the

corresponding solution (X, Y, Z* K") of (4.1) — (4.5 exist and

E[/|X“(t)|2dt] < .
0
The corresponding performance functional is

J(u) = E[:fof (t, X (1)) dt + h(Y(0))], (4.6)

where f (¢, X (t)) is a short-hand notation for f (¢, X*“(t), Y¥(t), Z*(t), K" (t,-),u(t)).
We assume that the functions f and h are Fréchet differentiable (C') with respect to the
variables (x,y, z, k(+),u) and Y'(0), respectively, and f satisfies
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B[ If (t,X(8) | df] < oo, for all u € A, (4.7)

The optimal control problem is to find an optimal control u* € A and the value function

o : C([—0,0]) — R such that

O(Xy) = iEEJ(U) = J(u"). (4.8)

We will study this problem by using a version of the maximum principle which is a com-
bination of the infinite horizon maximum principle in [2] and the finite horizon maximum
principle for FBSDEs in [34] and [32].

The Hamiltonian

H:[0,00) x R® x L*(v) xU x R® x L*(v) — R
is defined by

H<t7 Z,Y,z, k('),U,/\,p,q,T(')) = f(t7 Z,Y,z, k?“) +g(t7 Z,Y, Z,U)/\

+b(t,x,u)p+ o(t,x,u)q —I—Rfe(t, x,u,a)r(a)v(da).

(4.9)

We assume that the Hamiltonian H is Fréchet differentiable (C!) in the variables ,y, z, k

and u.

We also assume that for all ¢ the Fréchet derivative of H (t, X“(t), Y"(t), Z*(t), k, u(t), p(t), q(t),r(t,-))
with respect to k, denoted by Vi H(t,-), as a random measure is absolutely continuous

with respect to v, with Radon-Nikodym derivative “:2 satisfying

2 / / T )

See Appendix A in [34] for details.
We associate to the problem (4.8) the following pair of forward-backward SDEs in the
adjoint processes \(t), ( p(t),q(t),r(t,-)):

2
v(da)dt] < oo, for all T < oo.

ADJOINT FORWARD EQUATION:
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OH OH -
dN(t) = ——(t) dt + ——(t) dB(t) + [ (¢ a)N(dt, da)
Oy 0z Hz (4.10)

A0) = 1'(Y(0))

where we have used the short hand notation

%_I;(t) = %H(tv Xu(t)v Y, Zu(t)’ Ku(t’ ')v u(t)’ )\(t),p(t), Q(t)> T(t7 )) |y=Y(t)

and similarly with 22(¢), 22 (¢), ...

ADJOINT BACKWARD EQUATION:

dp(t) = E[u(t) | Fdt + q(t)dB(t) + [r(t,a)N(dt,da);t € [0, c0) (4.11)
where
t+5
p(t) = —9%5(t) - g—ﬁ(t +6)—e”([ g—g(s)e’psds). (4.12)

~+

with terminal condition as in (4.4), i.e.

E[sup e"p?(t) + Te”s(q2(s) + [1%(s,a) v(da))ds] < oo,
>0 0 Ro

for some constant x > 0.

The unknown process A(t) is the adjoint process corresponding to the backward system
(Y(t), Z(t), K(t,-)) and the triple unknown (p(t), q(t),r(t,-)) is the adjoint process corre-
sponding to the forward system X ().

We show that in this infinite horizon setting the appropriate terminal conditions for the
BSDEs for (Y (t),Z(t), K(t,-)) and (p(t),q(t),r(t,-)) should be replaced by asymptotic

transversality conditions. See (Hj3) and (Hg) below.
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4.3 Sufficient maximum principle for partial informa-
tion

We will prove in this section that under some assumptions the maximization of the Hamil-

tonian leads to an optimal control.

Theoreme 4.3.1 Leta € A with corresponding solutions X (t),Y (t), Z(t), K (t,-), p(t), 4(t), #(t, )

and ;\(t) of equations (4.1)), (4.2)), (4.10) and (4.11)). Suppose that

(Hy) (Concavity)

The functions x — h(z) and

~

($7 Y, z, k()? U) - H<t7 Z,Y,z, k()a u, /\(t>aﬁ(t)7 d(t)a f(ta ))
are concave, for allt € [0,00).

(Hy) (The conditional mazimum principle)

A~

max B[H (t, X (1), Y (), Z(t), K(t,), v, \(t). p(2), d(), 7(,-)) | &)

~

Moreover, suppose that for any u € A with corresponding solutions X (t), Y (t), Z(t), K(t,-), p(t),
q(t),r(t,-) and A(t) we have:

(Hs) (Transversality conditions)

lim E[ p(T) A X(T)] < 0

T—o00

and

lim E [\(T) A Y (T)] > 0.

T—oo

where AX(T) = X(T) — X(T), AY(T)=Y(T)—-Y(T).
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(Hy) ( Growth conditions 1) Suppose that for all T < oo the following holds:

f{ (LY (1) { (2 +f Hka (t,a)

V(da)}

FAOUAZE) + [(AK(ta)*v(da)}

Ro

+ (AX(0)Ha*(t) + fo(ta a)v(da)}

+ () (NG (1)) + f AH (t,a))*v(da)}}dt] < oo. (4.13)

(Hs) ( Growth conditions II) Suppose that

sifiio aao] +[sroge] + [sz0ke
+Rf0‘kata)AK(ta> v(da) + ‘Aﬁ@‘Jr A(t)ﬁ(t)‘ (4.14)
oo it

‘AX o (4 ‘ ‘Au ‘}dt

where o(t) = o(t, X (t),u(t)) » 6(t) = o(t, X (1),a(t)) etc
Then @ is an optimal control for (4.8)), i.e.

J(u) = SgﬁJ(u) .

Proof. Assume that v € A. We want to prove that J(4) — J(u) > 0, i.e. @ is an optimal control.
We put
J(@) — J(w) = I + I, (4.15)

where

f {f(t) = F)} dt),

and
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By the definition of H, we have

A~

=K [ZO {AH ()= 2(0)A(E) - Db()A(t) - f ,a)v(da)}di], (4.16)
where we have used the simplified notation

H(t) = H(t, X (1), Y (t), Z(t), K (t,), a(t), A(t), p(1), 4(t), 7(t, -))
Y(t),Z(t), K

Since h is concave, we have

~

h(Y (0)) — R(Y(0)) > h'(Y(0)) A Y(0) = A(0) A Y(0).

By Ito’s formula, (Hy), (4.2)) and (4.10)), we have for all T

T T (4.17)
— [AZW)2E(tydt — [ [ ViH(t,a) A K(t,a)v(da)dt).

By (Hy) all the local martingales involved in (4.17]) are martingales up to time 7', for all
T < o0.
Therefore, letting T' — oo, we obtain by (4.14])

E©) £ 7(0)] = TlijgoE MT) A7) - EJ (-5 & 40

(4.18)
+AY(t )a—H( )+ AZ(t) 2 (t) + kaH (t,a) AK(t a)v(da)}dt].

Combining (4.16) — (4.18), we obtain

J(6) — J(u) > lim E [NT) AY(T

T—o0

)]+ E] f{AH — Ab(E)P(t) — AG(1)4(t)
_Rf A O(t,a)P(t, a)v(da) — AY ( )8—H( ) —AZ( )2 (1) —RfVkﬁ(t,a)Af((t,a)u(da)}dt].
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Since H is concave, we have

H@) = ) = Jim £ NT) AV(T) + EILAK O30 + A% 050
+ A X,(t )g—H( )+ AG(t) 2L (1) — Ab(t)p(t) — A6 (£)4(t) —Rf AG(t, a)P(t, a)v(da)}dt)].
i (4.19)
Applying now (Hy), (Hs) and (Hs) together with the Ito formula to f(t) A X(t)

we get

I

0> lim E [ p(T) & X(T)]

T~>oo

= £ f{Ab(t)ﬁ(t) — AXE[) | F]+ Ao1)q(t) + [ Ab(t,a)(t, a)v(da)}di]

Ro
f{Ab — AX(t)j(t) + Aa(t @f ,a)v(da)}dt].
(4.20)
By the definition of ji , we have
T+§

fAX Va(t)dt] = hm E| f AX(t— 8)j(t — 0)dt)]

T45 T4 .
= lim El- [ 24— 6) A X(t—d)dt — SIL(t) A X (t)dt (4.21)

T o1 R ’
— [ ([ 5 (s)ereds)er™ A X(t — §)dt].
t—6

Using Fubini’s theorem and the definition of X5, we obtain

T [A{ T46 t 8ﬁ'
/ ——(5) A Xy(s)ds = / ——(s)e ds | "D A X (¢ — 6)dt. (4.22)
8 81'2
0 =5

)

Combining (4.19) with ( - -, we deduce that

J(@) — J(u) > lim E [N(T) AY(T)] — lim E[p(T) A X(T)] +EfAu )L (1))

T—o0 T—o0

= lim B[ N(T) AY(T)] — lim E [p(T) A X(T) +EfE{A 2 (1) | & }dt].

T—o00 T—o00
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Then

J(@) ~ J(u) > Jim ENT)(V(T) = Y(T))] ~ Jim E [H(T) & X(T)]

T—oo

4 E[:foE O (1) | £} A a(t)dt].

By assumptions (/) and (H3), we conclude J (@) — J(u) > 0, i.e. @ is an optimal control.

4.4 Necessary conditions of optimality for partial in-

formation

A drawback of the previous section is that the concavity condition is not always satisfied
in applications. In view of this, it is of interest to obtain conditions for the existence of an
optimal control with partial information where concavity is not needed. We assume the

following:

(A;) Forall u € A and all § € A bounded, there exists >0 such that

u+speA  forall s € (—¢e).

This implies in particular that the corresponding solution X“+%(t) of (4.1)) — (4.5) exists.

(As) Forall tg > 0, h > 0 and all bounded &;-measurable random variables «, the control

process [(t) defined by

B(t) = alig to4m)(t) (4.23)

belongs to A.

(A3) The following derivative processes exist

§(t) = X1

oo (4.24)
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o(t) == ZY T (t)

+=o (4.25)

n(t) = 52" () ., (4.26)

P(t,a) == LK (t,a) | _, (4.27)

(A4) We also assume that

+

dxa

B3 0e)] + % (1)o(1)

+lgE@n)| + |5 ®B)] +Rf Vif(t, a)p(t, a)| v(da)}dt] < oco.

2Lt —0)| +

O (1) [ er-Ig (r)dr
t—o

(4.28)

We can see that

EXTT(E) [= €t 0)

and

d UTS8
%Xf °(t)

t
o= [ eI )dr.
t—6
Note that
&(t) =0 for t € [-4,0].

Theoreme 4.4.1 Assume that (A;) — (A4) hold. Suppose that i € A with corresponding
solutions X (t),Y (t), Z(t), K (¢, ), A(t), p(t), 4(t) and #(t,-) of equations @1, @.2),
and .

Assume that and the following transversality conditions hold:

(Hs)
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(H7) Moreover, assume that the following growth condition holds

E[Of{ﬁz(t)(nz(t) +Héfw2(t7a da)) + 62(1) ((42)2(1) + kaH (¢, a)v(da))

PP (E)(FZ(DE) + FZ (08t — 0) + 72 (t) f eI (r)dr + G2 (1)B(1)?

f{g— )+ ;—fl(t, a)é(t —0) + E?_ai t,a f e~ P (r)dr
t—0

+au(taa) B(t)}?v(da))}dt] < oo, for all T < co.

Then the following assertions are equivalent.

(i) For all bounded (5 € A,

d .
Ej(u +sp) |._,=0.

(13) For allt € [0, 00),

0 A - A . SN AL\ AL\ A
E[%H<t> X(t)a Y<t)7 Z(t)a K(t7 ')a u, )\(f),p(t), q(t)’ ’l“(t, )) ’ Et]u:ﬁ(t) = 0.

Proof. (i) = (ii):

In the following we use the short- hand notation %(t} = %b(t’ X, u(t))x=x() €tc; i = 1,2, 3.

It follows from (4.1) that

dg(t) = {S2(DE(t) + 2 ()t — 0) + 22 (1) f e~ PmNE(r)dr + S2(1)5(t) bt
H{EZ(1)E() + 2= ()4t — 6) + 22 (1) f e Pt=0¢(r)dr + 22(1)B(t) }dB(t)

—i—ﬂgf{%(t,a)f(t)—i—%(t,a)ﬁ(t—é + a@ (t,a f e PEIE(r)dr + 22 (t, a)B B(t)}N(dt, da),

and
dg(t) = {=5L(1)&(t) — FL(H)E(t — 6) — ng@) f e g (r)dr — G2 (1)o(t)
—2(1)3(t) — L()n(t) bt + n(t)dB(t) + fw (t, )N (dt, da),
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Suppose that assertion (i) holds. Then by (A4) and dominated convergence

0= %JOAL + 86) |s:0

= B0 + 5080 =)+ 35(0) [ 0oy + 3000) (40
+2L(tm(t) + L () B(t) + RkaftcO Yt > (da)}dt + h'(Y(0))¢(0)].

We know by the definition of H that

2Lt = 20y 2 0t) — 2 (0yplt) — 2 (1)alt) — [ 92 (1, a)r(t, a)w(da)

a
Ro

and similarly for %(t), g—xé(t), g—ﬁ(t), ‘35 (1), g—ﬁ( ) and Vi f(t, a).
By the It6 formula and (H7), the local martingales which appear after integration by parts

of the process A(t)é(t) are martingales, and we get

B[N (Y(0)$(0))] = E[A(0)¢(0)]
= lim E[&<T>¢<T>1

T—o00

— lim B (A0)(~206() — £ 006~ 5) — £2(0) [ e Ielrr — 01000
gi(t)ﬁ(t) Zi( )B(1)) + S()GL(t) +n(t) 52 +Rf Vi H(t,a)y(t, a)v(da)}dt].
' (4.30)

Substituting (4.30]) into (4.29) we get
0=ZJ(@+sb) |
—Ef{ (t) + g (&t = 0) + 55 (1)

+gwmw+%< )8 + | Vil (tault

[ e e(ryar + oot
a)v(da)
MO0 - F06( -0 - 0 [ e el - BBl

—52(t)n(t) — S2(0)B(1) + D(t) ZE(t) + n(t) 22 (1) +Rf Vi H(t, a)y(t, a)v(da)}tdt].
(4.31)
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Applying the It6 formula to the process p(¢)¢(t) and using (Hy), we get

(0. ]

J

0

00 t
J

0 Ro t—0

= —LJ(i+ 5B) |s=o +E[[ FL(1)B(t)d1].

Adding (4.31)) and ( - we obtain

Bl 0OH

S-(D)B(t)de) = 0.

Now apply this to
ﬂ(t) = al[s,s+h) (t)7

where « is bounded and &, ,-mesurable, s > ;. Then we get

E[/ %—Z[(s)ds al =

Differentiating with respect to h at h = 0 we obtain

E[%—IZ(S) al = 0.

Since this holds for all s > t; and all o, we conclude

OH

E[a

(to) | €] =

This proves that (i) implies (iz).
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= B[ p(t) gi(t)f(tH e (Dt —0) + Z2(1) f e~ PUIE(r)dr + gr (1) B(E) i

€ E(t) | Fldt + [ (1) (t)ﬁ(t)+§—g(t>§(t—5)+a—;‘2(t>t_flep(”)f(r)dHZ—Z(t)ﬁ(t)}dt
At ) {220t )6 (t) + 2t )8t — 8) + £2(ta) [ erE(r)dr + 2 (t,a)B(1)}v(da)d]

(4.32)
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The argument above shows that

o0

o B[ S 080t

0

d
%J(u—l—sﬁ)

for all u, § € A with 5 bounded. So to complete the proof we use that every bounded
f € A can be approximated by linear combinations of controls /5 of the form (4.23)). We

omit the details. =

4.5 Application to optimal consumption with respect

to recursive utility

4.5.1 A general optimal recursive utility problem

Let X(t) = X©(t) be a cash flow modeled by

dX (1) = X (t — 8)[bo(t)dt + oo(t)dB(¢) + / y(t, )N (dt, da)] — c(t)dt;t > 0,
2 (4.33)
X(0) =2 >0,

where by(t), oo(t) and (¢, a) are given bounded F-predictable processes, § > 0 is a fixed
delay and 7(t,a) > —1 for all (¢,a) € [0,00) x R.
The process u(t) = ¢(t) > 0 is our control process, interpreted as our relative consump-
tion rate such that X (¢) > 0 for all ¢ > 0. We let A denote the family of all E-
predictable relative consumption rates. To every ¢ € A we associate a recursive utility
process Y () (t) = Y (t) defined as the solution of the infinite horizon BSDE

T

Y()=E[Y(T)+ [g(s,Y(s),c(s))ds | F] forall t <T, (4.34)

t
valid for all deterministic 7 < co. The number Y (?(0) is called the recursive utility of
consumption process c(t); t > 0 (See e.g. Duffie & Epstein (1992), [14]).

Suppose the solution (Y, Z, K) of the infinite horizon BSDE satisfies the condition
and let ¢(s); s > 0 be the consumption rate.
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We assume that the function g¢(¢,y,c) : R¥ — R satisfies the following conditions:

1. g(t,y,c) is concave with respect to y and ¢

2.
T

JE|g(s,Y(s),c(s))]]ds < oo, forallc € A, T < . (4.35)

0

3. %g(t,y, ¢) has an inverse:

0 ifUEUU(tay)7

I(t,v,y) = !
(t,v,9) (é%,(t,y,c)) (v) if 0 < v < wo(t,y),

where vy(t,y) = %g(t,y,o) :

We want to maximize the recursive utility Y(?(0), i.e. we want to find ¢* € A such that

supY (?(0) = Y)(0). (4.36)
ceA

We call such a process ¢* an optimal recursive utility consumption rate.

We see that the problem (4.36]) is a special case of problem (4.8) with

f=0, hiy)=y, u=c and

b(t,x,c) = x1by(t) — c,
U<t7 T, U) = I'IO'(](t),

Q(ta T, u, CL) = $17(t7 CL).

In this case the Hamiltonian defined in (4.9)) takes the form

H(ta Z,Y,z,C, >\7p’ Q7T<)) = )‘g<t7y7c) + (‘leo(t) - C)p

+ z100(t)q + a1 /’y(t, a)r(a)v(da). (4.37)

Ro
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Maximizing E[H | &] as a function of ¢ gives the first order condition

dg

EN®HS

(t,Y(t),c(t) | &] = Elp(t) | &], (4.38)

for an optimal c(t).

The pair of adjoint processes (4.10) — (4.11)) is given by

D) = MOGAEY (1), clt)t (1.39)

and

dp(t) = E[u(t) | F]dt + q(t)dB(t) + /T(t, a)N(dt,da);t € [0,00), (4.40)

Ro

where

p(t) = —[bo(t + 0)p(t + 0) 4+ oot + 0)q(t + 9) + /7(t + 4, a)r(t+96,a)v(da)]. (4.41)

Ro

with terminal condition as in (4.4)), i.e.

E[stlilg e"p?(t) + :foe“(qZ(s) —l-RfTQ (s,a)v(da))ds] < oo,

for some constant x > 0.

Equation (4.39)) has the solution

t

Jg
A(t) = exp(fay(s Y (s),¢(s))ds);t >0 (4.42)
which substituted into (4.38]) gives

B2 (t,Y(t ) exp 6;8—9 5,Y(s),c(s))ds) | &] = E[p(t) | & (4.43)

We refer to Theorem 5.1 in [2] for a proof of the existence of the solution of the ABSDE
(14.40)).
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4.5.2 A solvable special case

In order to get a solvable case we choose the driver ¢ in (4.34]) to be of the form
9(t,y,¢) = —a(t)y +Inc,

where «(t) > a > 0 is an F-adapted process.
We also choose

0=0and & = F;;t >0,

and we represent the consumption rate c(t) as

where p(t) = )C(((tt)) > () 1is the relative consumption rate.

(4.44)

(4.45)

(4.46)

We restrict our attention to processes ¢ such that the wealth process, solution of (4.33)),

is strictly positive and p is bounded away from 0. This set of controls p is denoted by .A.

The FBSDE system now has the form

dX (t) = X (7)[(bo(t) — p(t))dt + o0 (t)dB(t) + /V(L a)N(dt,da)];t > 0,

X(0) =z >0,

and

Y(t) =YP(t) = E[Y(T) + [ (—a(s)Y (s) +In p(s)X(s)) ds | ],

”‘\ﬂ

l.e.

dY (t) = — (—a(t)Y(t) + Inp(t) + In(X(2))) dt + Z(t)dB(t);t > 0.

We want to find p* € A such that

supY V) (0) = Y (0).
peA
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In this case the Hamiltonian (4.9) gets the form

H(tJ'rvyapa A7p7Q7r> = )\<—Oé(t)y + lnp + ll'lflf) + (b()(t) - p)p

+ zoo(t)g + / v(t, a)r(a)v(da). (4.51)

Ro
Maximizing H with respect to p gives the first order equation

A(t)% — pHX(2), (4.52)

where, by (£.10) — (4.11) A(¢) and (p(t), q(¢), (¢, )) satisfy the FBSDEs

dA\(t) = —a(H)A()dt,

\O) 1 (4.53)
and
dp(t) = —w) S+ (bolt) - p<t>>p<t> T 00( )a(t)
- f a)r(a) )]dt+q B(t) + f a)N(dt,da), (4.54)
with terminal condition as in (4.4), i.e.
Blsup (1) + [ (¢ (5) + S s 0 vlda))ds) < oo (4.5)

for some constant x > 0.

The infinite horizon BSDE (4.54) — (4.55)) has a unique solution, (see e.g. Theorem 3.1 in
I19).

Then, the solutions of (4.53) — (4.54)) are respectively,

t

A(t) = exp(—ofa(s)ds), (4.56)

and, for all 0 <¢ < T and all T' < o0,

p(OT () = Elp(T)T(T) + tfw%ds |7, (457)
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where T'(t) is given by

dU(t) = T'(¢7)[(bo(t) — p(t)) dt + oo (t)dB(t) + /v(t, a)N(dt, da)];t > 0,
2 (4.58)

T(0) = 1.

(See e.g. [35]).
This gives

1(0) = exp ( ~ f(aB(s) + [{ta(s) — (o) ~ ot(e))as

] Jin(1 4 7(5.)) — (s )bo(dads (4.50)

0 Ro

—i—j [ In(1 + ~(s, a))N(ds, da)) it > 0.

0 Ro

Comparing with (4.47) we see that
X(t) = aL'(t);t > 0. (4.60)

Substituting this into (4.57) we obtain

s

p(t)X (t) = Elp(T)X(T) + Zexp(—bfa(r)dr)ds | Fil. (4.61)

Since p is bounded away from 0 we deduce from (4.52)) that

p(T)X(T) = % = ﬁ exp(—ja(r)dr} — 0 dominatedly as 7" — oc. (4.62)

Hence, by letting 7' — oo in (4.61]) we get

s

P X (1) = E[:fexp(— [a(r)dr)ds| 7] (4.63)

This implies that p(t) > 0 and hence p(t) given by (4.52)) is indeed a maximum point of
H.
By (4.52)) we therefore get the following candidate for the optimal relative consumption
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rate
t

exp(— [a(r)dr)
p(t) = p*(t) = — = it >0, (4.64)
E[tf exp(— [a(r)dr)ds | F]

0

If «v is such that this expression for p*(t) is bounded away from 0, then p* is optimal. Note

that the corresponding optimal net cash flow X*(¢) is given by

t

X*(t) = azexp({ag(s)dB(s) + Oft{bo(s) —p(s) — %ag(s)}ds);t > 0. (4.65)

In particular, X*(¢) > 0 for all t > 0, as required.

In particular, if a(r) = a > 0 (constant) for all 7, then
pr(t) =a;t > 0. (4.66)

With this choice of p* we see by (4.63), (4.56) and condition (4.4) for Y (¢) that the

transversality conditions (H3) and (Hg) hold, and we have proved:

Theoreme 4.5.1 The optimal relative consumption rate p* (t) for problem (4.44]) — (4.50))
is given by (4.64)), provided that p* (t) is bounded away from 0.
In particular, if a(r) = a > 0 (constant) for all r, then p*(t) = « for all t.
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