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Abstract— We consider a direct fuzzy adaptive control of
continuous-time nonlinear systems. The proposed adaptive
scheme uses a Takagi-Seguno (TS) fuzzy controller, which
allows the inclusion of a priori information in terms of quali-
tative knowledge about the plant operating points or analyt-
ical conventional regulators for those operating points. The
closed loop dynamic is proven to be asymptotically stable,
and robust against external disturbance and approximation
error. The proposed approach performance is evaluated on
an induction motor control problem.
Keywords— Non-linear systems, TS fuzzy system, Adap-

tive control, Stability, Robustness, Induction motor.

I. Introduction

During the last decade, fuzzy systems have shown to be
useful tools for solving the nonlinear systems identi…cation
and control problems [1-8]. This is due essentially to three
features: First, fuzzy systems are nonlinear, and in this
fact are more adapted to nonlinear systems representation,
second, fuzzy systems are free model approach, and …nally,
fuzzy systems provides a simple mean to handle qualitative
knowledge in the control design.

Adaptation is used in fuzzy control systems when, qual-
itative knowledge do not provide enough information to
determine all the parameters of the control system. In
last years, various kind of fuzzy adaptive systems,which use
Mamdani or TS fuzzy systems, were developed and their
stability and robustness were checked in the Lyapunov [1-6]
and hyperstability [8] frameworks.

This work develops a new stable fuzzy direct adap-
tive control for disturbed nonlinear continuous systems.
The proposed Fuzzy Control system uses an adaptive TS
fuzzy system to approximate the nonlinear optimal con-
troller. This adaptive scheme presents the following ad-
vantages: i) the qualitative information about the plant
operating points can be used to design the fuzzy controller
antecedents, ii) if for some operating points, linear regula-
tors are available, they can be directly incorporated into
the fuzzy controller rule consequences, and iii) it allows
fast control update, which is a limit factor for some ap-
plications. The stability and robustness properties of the
proposed fuzzy adaptive scheme are proved, in presence of
approximation error, external disturbance and input gain
variation. The simulation results, for the induction mo-
tor control problem, show that the fuzzy adaptive control
maintains a consistent performance under approximation
error, external disturbance and parameters variation.

II. Problem statement

Consider the continuous-time nonlinear system given by
:
xn= a (x) + b (x)u+ ´ (1)

where a (x) and b (x) are smooth unknown functions, ´ is
unknown bounded external disturbance, u 2 R is the input
of the system, and x 2 Rn is the state vector of the system,
which is assumed to be available.

The stable, linear time invariant and controllable refer-
ence system is de…ned by the following state equation

:
xm= Amxm + bmr (2)

where xm 2 Rn is the state vector of the reference model,
r is a bounded reference input, and Am, bm are given by

Am =

·
0 In¡1
¡am

¸
; bTm =

£
0 ::: 0 bnm

¤
where

am =
£
a1m a2m : : : anm

¤
The control problem can be stated as: design the control

input u such that the states of the plant (1) follow those
of the reference system (2), under the condition that all
involved signals in the closed loop remain bounded.

The tracking error dynamic is given by
:
e= Ame¡ bc [a (x) + b (x)u+ amx¡ bnmr + ´] (3)

where e = xm¡x and bc =
£
0 : : : 0 1

¤T
. If the plant

(1) is free of disturbance (i.e. ´ = 0), and a (x) and b (x)
are known, then, the optimal control input given by

u¤ =
1

b (x)
[bnmr ¡ amx¡ a (x)] (4)

assures the asymptotic convergence of (3) to zero. Since
the nonlinear functions are not known, the optimal control
will be approximated, in the following, with a TS fuzzy
controller.

III. Fuzzy control

The controller to be designed is Multi-input single-
output TS fuzzy system [9], constituted by a set of If-Then
fuzzy rules of the form

Ri: If v is Vi Then uf = aiz i = 1 : : :m (5)
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where

ai =
£
ai1 ai2 ::: ain+1

¤
z =

£
xT r

¤T
and v 2 Rp is the fuzzy controller input vector, which may
contain all or only a part of the plant states following the
importance given to each state. The fuzzy sets Vi operate
a fuzzy partition of the fuzzy controller input space.

The …nal output of the fuzzy controller (5) is inferred as
follows

uf =
mX
i=1

'iaiz (6)

where

'i =
¹i (v)Pm
j=1 ¹j (v)

(7)

and ¹i (v) is the grade of membership of v in Vi. In this
paper, it assumed that there exist always at least one active
rule, i.e.

Pm
j=1 ¹j (v) > 0.

Using the input control

u = uf + us (8)

where us is a switching control term yet to be de…ned, the
error dynamic becomes

:
e = Ame¡ bc[a (x) + b (x)

mX
i=1

'iaiz + amx

¡bnmr + b (x)us + ´] (9)

then, adding and substracting b (x)u¤ from the right side
of (9) yields

:
e= Ame¡bc

"
b (x)

Ã
mX
i=1

'iaiz ¡ u¤
!
+ b (x)us + ´

#
(10)

Following the universal approximation results, the fuzzy
controller (6) can approximate the optimal controller u¤

on a compact operating space to any degree of accuracy
[1,5,10 and 11]. Next, we de…ne the fuzzy controller optimal
parameters a¤i be such as

u¤ =
mX
i=1

'ia
¤
i z + ! (11)

where ! is the minimum approximation error achieved by
the fuzzy controller with the optimal parameters. Intro-
ducing (11) in (10) yields

:
e= Ame¡bc

"
b (x)

mX
i=1

'ieaiz + b (x)us + ´ ¡ b (x)!
#

(12)

where ea = a¡ a¤ is the parameters error.

IV. Stability Analysis

To establish the stability of the feedback system given
by (12), the following assumptions are needed:
1. The input gain is bounded by 0 < b · jb (x)j · b, and

its variation is bounded by
¯̄̄ :
b (x)

¯̄̄
· ¯ (x) where b and b

are positive constants and ¯ (x) is a known function.
2. The approximation error and external disturbance are
upper bounded by ! ¸ j!j and ´ ¸ j´j, respectively.

Consider the following Lyapunov function

V =
°

b (x)
eTPe+

mX
i=1

eaieaTi (13)

where P is symmetric positive de…nite matrix solution of
the Lyapunov equation

ATmP +AmP = ¡Q (14)

The evaluation of time derivative of (13) along (12) yields

:

V = ¡ °

b (x)
eTQe+ 2

mX
i=1

eaiµ :eaTi ¡°'izeTPbc¶
¡2 °

b (x)
[b (x)us + ´ ¡ b (x)!] eTPbc

¡°
:

b (x)

b2 (x)
eTPe (15)

using the following update law

:
ai= °b

T
c Pe'iz

T (16)

in (15) yields

:
V = ¡ °

b (x)
eTQe¡ °

:

b (x)

b2 (x)
eTPe

¡2 °

b (x)
[b (x)us + ´ ¡ b (x)!] eTPbc (17)

Finally, taking the switching control term as

us =
¯ (x)

2b2
eTPe+

µ
! +

´

b

¶
sgn

¡
bTc Pe

¢
(18)

yields
:
V· ¡°

b
eTQe (19)

Therefore,
:
V is always negative in the e space if e 6= 0, then

e and eai are bounded, thus V is bounded.
Since xm is bounded by design, x is bounded also, ! is

bounded by the universal approximation theorem and un-
der the assumption of bounded external disturbance, then
:
e is bounded ('i are bounded by the de…nition of the TS
fuzzy controller), and so e is uniformly continuous. There-
fore

:

V is uniformly continuous.
Hence, using the Barbalat’s lemma [12], yields: lim

t!1
:
V=

0 and lim
t!1 e = 0.
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Remark :
Since the switching control is discontinuous, chattering

control may occurred. In practice, chattering is undesir-
able, because it involves high control organ solicitation,
and may excite the plant unmodeled dynamics. To avoid
this problem, the switching control is smoothed as

us =
¯ (x)

2b2
eTPe+

µ
! +

´

b

¶µ
1 +

¾

¯

¶
bTc Pe

jbTc Pej+ ¾
(20)

where ¾ and ¯ are positive constants. The constant ¾ is
chosen based on engineering considerations to achieve an
admissible tracking error. Using (20) in (17) gives

:
V · ¡ °

b(x)
eTQe

¡2 °

b(x)

"µ
! +

´

b

¶µ
1 +

¾

¯

¶ ¡
bTc Pe

¢2
jbTc Pej+ ¾

+

µ
´

b(x)
¡ !

¶
bTc Pe

¸
(21)

Then, if
¯̄
bTc Pe

¯̄ ¸ ¯ we get

:
V· ¡°

b
eTQe (22)

If
¯̄
bTc Pe

¯̄
< ¯ then

:

V· ¡ °

b (x)
eTQe+ 2

°

b (x)
¾

¯̄̄̄
´

b(x)
¡ !

¯̄̄̄
(23)

and the tracking error converge to the bounded region given
by

(e) =

8><>:eÁ kek ·
0@2¾

³
! + ´

b

´
¸min (Q)

1A1=2
9>=>; (24)

In this case, the parameters boundedness is no longer
ensured, and it is necessary to modify the update law (16)
to remedy to this problem. Various modi…cations are pos-
sible, such the dead zone or the projection [12].

V. Simulation

The fuzzy adaptive control is tested on an induction mo-
tor model. The dynamic of the current-controlled induc-
tion motor in the d¡q axis, and under the …eld orientation
assumption (the rotor ‡ux Ár is oriented according to the
d-axis, i.e. Ád = Ár and Áq = 0) is given by

:
!r = ¡ f

J!r +
p2M
JLr

Áru1 ¡ p
JTl (25)

:

Ár = ¡ 1
Tr
Ár +

M
Tr
u2 (26)

where !r is the rotor speed; u1, u2 are the stator current
d ¡ q components, and Tl is the load torque. The motor
physical parameters are described in the appendix.

The reference models for the speed and the ‡ux are given,
respectively, by

:
!m = ¡20!m + 20!ref (27)
:

Ám = ¡50Ám + 50Áref (28)

-2      -1      0       1      2

1
rVi

1

100
r

Fig. 1: Speed controller membership functions.

0     0.2    0.4    0.6

1
rVi

2

r

Fig. 2: Flux controller membership functions.

The controllers design steps are:

1. To design the speed and ‡ux fuzzy controllers, the rele-
vant region of the operating space is partitioned using fuzzy
sets as in Fig. 1 and Fig. 2.
The speed controller is constituted by …ve rules of the form

R1i : If !r is V 1i Then uf1 = a
1
i1!r + a

1
i2Ár + a

1
i3!ref

The ‡ux controller is constituted by four rules of the form

R2i : If Ár is V 2i Then uf2 = a
2
i1Ár + a

2
i2Áref

No a priori knowledge is assumed in this simulation, and
the controllers parameters are initialized to zero.
2. The selection of q1 = q2 = 10, and the solution of (14)
yields p1 = 1=4 and p2 = 1=10.
3. The adaptive controller (8) is used, with the switching
control term as de…ned in (18) with ks1 = 10, ¾1 = 0:05 for
the speed controller and ks2 = 2, ¾2 = 0:005 for the ‡ux
controller.
4. The fuzzy controllers parameters are updated using
(16), with °1 = 0:05 for the speed and °2 = 0:3 for the
‡ux.

The …rst test concerns the speed inversion under a load
torque change of 5 Nm, with the rotor ‡ux maintained
to the rated value. As can be seen from …g. 3(a) the
speed tracks closely the reference, with full rejection of the
load torque perturbation. Fig. 3(b) show the ‡ux fast
convergence to the reference ‡ux. As depicted in …g. 3(c-d)
the control inputs respond rapidly without any oscillations,
also it is remarkable from …g. 3(c) that u1 is above the
saturation value, i.e. the rated value.

The second test consider the motor working in the ‡ux
weakening region. As pointed out by the …g. 4(a) the
speed tracks accurately the reference speed, which passes
from 100 to 200 rad/s. The rotor ‡ux tracks closely the
reference ‡ux variation (…g. 4(b)). The control inputs
dynamics are depicted in …g. 4(c) and (d).
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Fig. 3: Speed inversion under load torque change:
(a) Speed, (b) Rotor ‡ux, (c) Speed controller input and
(d) Flux controller input.
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Fig. 4: Flux weakening under load torque change:
(a) Speed, (b) Rotor ‡ux, (c) Speed controller input and
(d) Flux controller input.
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Fig. 5: Speed inversion under load torque change and
inertia variation: (a) Speed, (b) Rotor ‡ux, (c) Speed con-
troller input and (d) Flux controller input.

The last test concerns the speed inversion under load
torque change and inertia moment variation (the inertia
is made four times its nominal value). Fig. 5(a) show
that the settling time increases but the speed tracks the
reference speed without steady state error. From …g. 5(b)
it is clear that the ‡ux response is the same as previously.
The control inputs are shown in …g. 5(c-d).

VI. Conclusion

Fuzzy direct adaptive control of nonlinear continuous-
time systems, is developed. The stability of this adaptive
scheme, under weak requirements on the nonlinear system
and the uncertainties, is established. Robustness against
approximation error, external disturbance and input gain
variation is shown using Lyapunov theory. Simulation re-
sults show that good performance is achieved even when
the plant parameters change. Major features of this ap-
proach are: low computation cost, e¤ective perturbations
rejection, and fast tracking performance. Further research
are directed to introduce an state observer and the exten-
sion of the approach to multivariable nonlinear systems.
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Appendix
Motor parameters Values

Inertia moment
friction coe¢cient
Poles pairs
Rotor inductance
Mutual inductance
Rotor time constant
Rated speed
Rated ‡ux

J = 0:013 kgm2

f = 0:002 Nm/rad/s
p = 2
Lr = 0:121 H
M = 0:1198 H
Tr = 0:083 s
!n = 152 rd/s
Án = 0:67 Wb
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