Courrier du Savoir — N°06, Juin 2005, pp.21-27

THE USE OF ANGULAR VELOCITY VECTOR
IN SHELL STRUCTURES

R. CHEBILI, B. MEZGHICHE, M MELLAS, O. IZEMOUREN

Laboratoire de génie civil, Université Mohamed khider,
BP 145 RP, Biskra 07000, Algérie

ABSTRACT

In the following work, the principle of deformation is investigated using a new parameter called the angular velocity. The
deformed element of surface is fully defined by this new parameter that is whenever the element of the reference surface
undergoes a motion the three components of angular velocity define completely this motion.

1 INTRODUCTION

A number of different approaches carrying different points
of view concerning the deformation and strain measures of
surfaces have been suggested for the treatment of the
subject of sells and plates. Basically two of them have to be
distinguished namely, a derivation based on the general
three-dimensional measures of strain and deformation, and
a derivation based on three concept of oriented bodies
founded by Duhem and adopted later to one and two-
dimensional problems by the brothers Cosserat.

In a derivation based on the three-dimensional theory, exact
measures of strain are usually either using deformation
gradients or using the components of the displacements
vector, after the manner of Love (1). Naghdi (2) argued
that, the strains and deformation derived on the basis of the
deformations gradients are not necessarily convenient
measures. However, the use of the displacement
components enables us in the application of boundary value
problems to express the boundary conditions in terms of
displacement components.

In the oriented bodies, on the other hand, the basic
ingredients for obtaining the Kinematical quantities of the
deformation are the vector functions r and d, which
represent respectively the position vector of the surface and
the single deformable director. These two vectors are
assumed to be differentiable as many times as requested,
with respect to t (time) and the surface coordinates 6“

In the present work, however, the theory which represents a
particular case of the Cosserat model, in which no director
is assigned to the materiel points of the surface, is basically
followed. However, the angular velocity of an element of
surface is introduced to give Kinematical results which will
facilitate the discussion of the boundary conditions of
shells.

The deformation of the shell is that of the reference surface,
just as it is assumed in the statics of shell. Therefore no
assumption or approximation is made through the following
work, except the shell being two-dimensional.

Special results from differential geometry and tensor
notation are used here without proof. For further details see
Green & Zerna (3), Williams (4) and Chebili (5).

2 RATE OF CHANGE OF SURFACE
QUANTITIES

A point in the space of figure (1) is defined by the
following relation

R=r+0n (1)

Figure 1 : position vector of a surface

In (1) r and n depend on the two coordinates (0', 6%), and
the latter is vector of unit magnitude perpendicular to the
reference surface.

As we are mainly concerned with a reference surface, then
we put 0°=0.
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The surface 6° = 0 will be defined by the position vector
7(0',6%). The position vector #(0',0%t), will indicate
Kinematically the position of the deformed surface. The
variable 7 will define the position of the base vectors at any
time ¢, during the process of deformation. it is to be noted
that the surface geometry given in [2] and [3], in which the
first and second fundamental forms of the surface and some
other quantities involving r , n and their derivatives remain
valid, except that now these functions depend on the
parameter ¢ characterising time. In the forthcoming work, a
dot over symbols indicates partial differentiation with
respect to time.

Let the vector field v corresponds to the velocity of the
surface, and denote.
i

v=va =v.a
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vF Vg and v are respectively, the contravariant, covariant

and the normal components of the velocity vector V

The gradients of the velocity vector are its derivatives and

are given by

=r, =a =v, a,+v’a, +v, n+wn 3)
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Using the formulate of Weingarten and Gauss, equations
(3) becomes

a, =V, a

a

AT Bt Y
sV a, +Viby n+v, n—vb,a, (4)

With little manipulation, and using the principle of the
covariant differentiation, we get the rate of change of the
base vectors written in the following manner

a, :[vﬂ ‘a—vbf]aﬂ+[v

a+vﬂbﬂa}n 5)

Where the stroke in v |a denote covariant differentiation
with respect to the surface.
The base vectors scalar and products continue to hold as the
surface deforms, i.e

a,a,=0

Then differentiating with respect to time and using (5) we
write

n=—| va+vﬁbf la® (6)

Equation (5) and (6) are respectively the rate of change of
the surface base vectors and the unit normal to the surface.

The rate of change of the metric tensor will be

Aop=0,0,+a,0;=V,,.0,+04,V,,

O]

A,y =Vy ‘a+va 5=2.Vb,,. ()

The Kroneccker delta is constant, then
R sre _
a,a” +a,a” = 0 )

Equation (9) with (8) together give the rate of change of the
contravariant metric tensor of the surface as:

a” :—daﬂa””aﬂp :_|:vﬂ|a+va|ﬂ —ZVbQﬂ}a‘”a.ﬂp(lO)
Raising and lowering of indices in tensors will be modified
when differentiation with respect to time is considered

hence:

qa _ cay ay ..
Aﬁ. =a Aﬂ7+a Aﬂy Raising

: : . (11
a _ - ya ra
A =, 4" +a, A" lowering
The rate of change of the determinant (a) will be
a=a,a,, +a,d,, —2a,,4d,,. (12)

Introducing the values of the rate of change of metric
tensors from equations (8) into (12), we end up the
following expressions,

s~ Vb, ] =2a [v“

a’ =a™ {[v‘lﬂ/ﬁb/ﬂ n — [vl ‘ﬂ—vbﬂﬂ}aﬂ}(M)
Lastly, the rate of change of an element of area dS is:

1

2Ja

a=2aa” [va

a—vbg] (13)

ds =

ad9d P =Ja [v“

a—va] ds (15)

3 RATE OF
TENSOR

The surface r when subject to deformation may undergoes

elongation or contraction in its plane. Differentiation of

both sides with respect to time of the first fundamental form
of the surface, gives

26565 = a,,60"56” (16)

MEMBRANE  STRAIN

Using (8), we write

Vil, TV,
5555 = M—Vb 5050 = y,,,60"56" (17)

2 P

Where



Vg =V pu =—L L —vb,, (18)

Equation (18) is the rate of the membrane strain tensor,
which has three independent components,

YV =V and
Dividing the second equation of (17) by Js°
oS yaﬂ59a59ﬁ
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os a;bp5t9)“59p >
Let us imagine three adjacent points A, B and C which lie
on and move with the surface. We will further imagine that
the line CA is instantaneously perpendicular to AB and has
the same length as AB at the same time at which we
examine the surface. We will now find the rate of change of
the angle, a, between AB and AC which is equal to 7/ 2 at
the instant we are considering, fig .2.

c(.91 +do',0? +d.92)

A(é‘,gZ) B(9‘+60‘,92+502)

Figure 2

From the base vectors scalar rule, we write;

AC=nx AB

aﬂdﬁﬁ = nxap59”

p iy (20)
do” =a"¢ 60"
And the angle, o, between these two lines is given as:
a,,60°d6"
cosa = 21

Ja,00'50"] [a,d0"ao" ]

In differentiating (21) with respect to time 60 and d@”
are taken as constants since the points are convected, that is

move with the surface. Thus since aaﬂﬁﬁadﬁﬁ is

instantaneously equal to zero,
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: W 50°50°
—~( a )= Vapd %ﬁ )
2 a, 06"56"
Using (18) and (20), equation (22) becomes
a a,,60°d6"
(3 )= 23)

[a,,00°50" | [a,,d0"d6" ]

Equations (19) and (23) have the same structure as the
equations which represent the normal and twist curvatures.
They are the rates of direct strain as shear strains

respectively, they both depend on the tensor Vop in the
same way as the curvature and twist depend on the second
order tensor b, ; .

4 MEMBRANE STRAIN TENSOR

By analogy to the rate of the membrane strain tensor, which
is found to be one half the rate of change of the metric
tensor, the membrane strain tensor will be given by

1
Ga/i’ =E[aaﬂ _Aaﬂ]

Where a,g is the deformed metric tensor (final state of the
deformed surface at some fixed time) which is function of

24

0% and . where as A, is the value of the metric tensor in
some reference configuration (undeformed metric tensor)
which is independent of . Also, it is to be noted that

G,.=y = 4oy 25)
aff 7/05,6’ - 2

5 THE CONCEPT OF ANGULAR
VELOCITY

The deformation of surface induces not only stretches but
also rotations, and as we used velocities of instead of
simple displacement, let us introduce the concept of angular
velocities.

From (18) we have

Vla Ve
2
Substituting the above quality in the second equation of (5)

we get the following expression for the derivative of the
velocity

B

Vb= —Vupt (26)

p { vﬁ|a—va

Vi = Vo + ! }aﬂ+{ v‘a+vﬁbf}n.(27)
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We next introduce a new scalar quantity based on the
derivatives of the velocity i.e the velocity gradient v,

™a,v,
2
Substituting the value of v, , from (5) into the above
expression we get

a

Q=- (28)

&”a, [[vﬂ a—vbaﬁ] a’ + [v a+vﬂbf]n}
Q-- (29)
2
With by = by, , then (29) becomes :
ey
Q=———l2, (30)
2
Also we introduce a second pair of quantities, Q" defined as
Of=-c%n . v, . (31)

Again substituting the value of v,, from (5) into (31), we
write

QF =—g¥ [v|a +v, b ] (32)

Equation (30) and (32) will be written as follows:

Qe,, = M (33)
e,y = vbl +v|,] (34)
Then,
Vi = Vo +Qe, 0" -, on (35)
= ygﬂaﬂ +O(na, ) Y (aa,xaﬂ) = yoﬁaﬂ +[QB a +Q’z]xaa
(36)

The quantity in bracket represents a space vector €2,i.e

O —_0OF8

Q=Q%,;+Q n (37)
Differentiation of (37) with respect to a gives
O —0OF B
Q,,=Q"%,, a,+Q%, , +Q, n+Q n,,. (38
We make use know of the two formulate of Gauss and

Weingarten. We note then, the two following special results
for future convenience

Q,,.a"=0",-Q b/ (39)

Q,,.n =Q%b, +0Q,. (40)

Equations (36) and (37) together form
V,y = Vopa” +Qxa, A1)

Where the right hand side of the velocity gradient is
composed from two parts.ye a® represents the rate of

membrane strain and Q.xaa , due to the vector Q which

represents an angular velocity of the surface, fig. (5.1)
40

v
>

(91’92) a,00”

Figure 3

The meaning of equation (41) and particularly the term of
the angular velocity can be better explained by the
following arguments. Let us imagine the location of two
adjacent points A and B on the surface with coordinates
60“ and 0“ +0660” . The line AB between these points is
perpendicular to the surface normal n and as the surface
deforms both lines AB rotate but remain perpendicular to
each other. The rate of change of the unit normal was
expressed in (6) on the basis of

[n.aa ] =0.
Then with the use of (34), it becomes

n=0%%a". (42)

As the normal retains its original length after deformation,
then 72 must lie in the plane of the surface. Then the
component of the angular velocity of the pair of lines, AB
and n, in the plane of the surface is given by

5 — OF a_ 0OFf
nxn=Q"% gnxa” =Q"a,.

The normal component of the angular velocity of the pair
lines, as and n, i.e. their rotation about the normal, is given
by
[ (a,60°)x(v., 50" )] n(a,xv,,)n 50°56"
alya“e%e’ a/wé'HAﬁH’




Using the base vectors product rule, (28) and (33), we write
the above expression after having simplified it as:

5aﬂa”p7/ﬁp56’“&9ﬁ
a,,00" 56"

Which is the normal component of angular velocity plus the
rate of shear strain given in equation (23).

Differentiation of (41) with respect to A and then use of the
principle of covariant differentiation, gives

- (43)

’aﬁ

=Vop |20 +;/aﬂbﬁn+Q X a, +Q, xa,

Now interchanging o and A in the above equation and
subtracting, we write.

(44)

[yaﬂ ,a +yaﬂbﬂn+Q xa} 0.

By replacing the value of 5 from (37) into (44), we obtain

& ak |: 7[15

Zaﬂ +yaﬂbfn+(Qﬁ,l aﬂ+Qﬁaﬂj+Q,in+Qn,i)xaa}=O.

(45)

Again, by using the formulae of Gauss and Weingarten, we
write

=yl @ 7 b+ (], 4, 4y n+ Q) n-C¥a,)xa, ]=0

=¢ {)/W‘ﬂa’{Qﬂ .+, e, @ +{ ], - e "+7o¢fbﬂ”}
(46)

Where Q7| =QF, +Q°T% .

Scalar multiplication of (46) by a, and respectively gives

70|, +Q/’bﬂy+§2‘y =0 47)

(@7, —Qb; [+&%y,,bf =0 (48)

The above two equations (47), (48), become when
comparing them to (39) and (40)

Q, n=-e%,|, (49)

Q, a =&"y,b!

5}/'

(50)

6 THE RATE OF BENDING TENSOR

Consider the rate of bending tensor, expressed as the
following second order surface tensor

B =¢"Q, a’. (51)
Using (39), equation (51) becomes
B = g [ 0% ‘;Qbf ] (52)
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Now if we multiply, (51) by Eup then, use (50), we take

gaﬁﬁaﬂ = aﬁgayﬁ,y a’ =§,ﬁ a’ (53)

gaﬁﬁaﬂ =¢&" yaﬂbﬂ (54)
Therefore,

B* % BP* (55)

We proceed to evaluate the rate of change of the
coefficients of the second fundamental form of the surface

b, =V, nta,,n

After substituting (42) and (43) into equation (55), we write

L B B

by =Vapbl +€,,65B". (56)

‘o _ af apy.

by =a”b,; +a”b,, (57)
Substituting (10) and (56) into (57), then

by =—y, b +¢,,6,B"a”. (58)

The rate of change of the mean and the Gaussian curvatures
are:

. bY =y b +e,,8 B a”
[H:%: 7pa ;a 7B (59)
K=y, [b"b) —b"b. |+b, B” (60)

6.1 The compatibility equations

The compatibility equations is the relations between the
deformation of the reference surface and the overall
displacements. The deformation of the reference surface
has been expressed by the bending tensor B and the
membrane strain tensor yg,. These tensors are also functions
of displacements and rotations of the surface which
involves the first and second fundamental forms of the
surface that are the related by gauss and codazzi equations.
Thus we also expect to find a relations between the
membrane and bending tensors to ensure the continuity of
deformation of the surface.

As the Gaussian curvature is a bending invariant, therefore
any change in its final expression is due to the change of
the lengths and angles corresponding to the intrinsic
geometry of the surface.

Gauss’s theorem permits writing the expression of Gaussian
curvature in terms of the coefficients of the first
fundamental form only thus, from equation (60) we expect
to be able to find a relation between the rate of bending
tensor and the rate of membrane strain tensor.
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Then, substituting the value of B from (52) into the second
term of equation (60), using (30) and (32), we write.

G

£ vg‘
bl |- T }(61>

b,,BY = —blpg'”{ e” [v

Taking the second covariant differentiation of (18) and
applying the codazzi equations, we write

\% +v
gaugwyaﬂ » :ga“gw %ﬁb o “Uéjﬁbaﬂv "
(62)
Subtracting (62) from (61) and simplifying, we get
%y
av 0 3 G a
b BY =& ey |, =B, {8w [Vé’baJ y _2bf}_
Vst Vs,
gaug/lﬂ B 2 ﬂ| " (63)
Having in mind the following relations,
nga = —vpa’ﬂgmk
(64)
av _ pU
Vg a=V,a""€,,k
And
vﬁ‘ Mu—vﬁ\ wi =K .mvp‘aﬂ?’m}vﬂ‘ p=a@£$em]@p\a+fg@%16}ﬂ‘ e
(65)
Then, (63) becomes
A av Af _
bipo—g E7Y gl =0 (66)

Finally (6.10) takes the following form

K= Vs [b}‘pbf —bwb/f}rg““gw}/aﬂ e (67)

If we take the covariant differentiation of equation (52) we
write

BY|, =[], ~C¥) | =Y~ ¥,

(68)
Using (40) and (49), we get

aff _ a2 1. 80 _ _apl.BA
B |a——£ b;Q, n=a"b [7/pa|1—7/m

p] (69)

Thus, we write finally the set of compatibility equations
from (54), (66) and (69) as follows
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aff _ Lal B
EpB™" ="y 5

Ap _ av Af
b,, B =&"e"y,,

Ao (70)
Baﬁ a :aapbﬁ% |:7pa |/‘{ _}//Ia p:|

This set of equation comprises 4 equations with 7
unknowns, 4 components of bending strains 3 components
of membrane strains equations (47) and (48) are also

compatibility equations and Q” can be eliminated to form
a single equation in the normal component of the angular
velocity Q. The procedure starts first by eliminating the
tangential component of the angular velocity from (47).

multiplication of (47) by &g bép ,

78", | &7, |,+Q], |=-sQ’ =k (1)
Also
&n Loy — S
ee bépbﬂy —5ﬂk (72)

Hence, equation (61) becomes

én oy al
&g b@[ EX Y oy | 112

, } = —07kQ =—kQ".(73)

For surfaces, where K is different from zero i.e surface
which are not developable, we write the following

[ ‘C"Myay,/l +Q‘7 ]

| —_ en P
Q| = ele bgp . L?.(74)
Using the codazzi relations, equation (74) becomes
[5“” Yoo | €2 }
n 7
Q' ,=—¢"¢"b,, ‘ (75)

P

Substituting (75) into (48), we obtain a second order partial
differential equation in the normal component of the
angular velocity

'7+Q|7 ]
k

[ gm]}/ay

&%e”b,, ; +Qby +5y, bl =0

(76)

The above equation is applicable provided K (the gaussian
curvature) is different from zero. For developable surfaces a
distinct procedure has to be followed. The solution of such
equation depends strongly on the form of the surface of the
shell, in particular on the sing of gaussian curvature.



7 CONCLUSION

The use of the angular velocity vector in the derivation of
the shell’s equations permits, to express all the deformed
quantities on the shell surface, to write the deformed state
in a single equation and hence discuss possible solutions
using appropriate boundary conditions. It also leads to
particular states of stress as the membrane theory and
inextensional theory of deformation by simply omitting
quantities like y,5 from the general equations.
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