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Abstract: Detection of the boundary of an object in medical images, then the segmentation from the background class, is a 

major challenge in medical image processing. Our work present an adaptive B-Snake model for object contour 

extraction. A cubic B-snake model is developed for extracting 2D deformable objects from medical 

images, with an adaptive control points insertion algorithm that is suggested to increase the flexibility of 

B-Snake to describe complex shape and different. And we using different energy function B-Snake 

(GVF(s)) is able not only to grow through long and thin concavities but also it does not miss the correct 

boundaries. Moreover, this algorithm avoids computationally expensive optimization stages with used 

just the external force (GVF). That is what is known as the B-Snake. 
يشكل تحديا كبيرا في معالجة الصور من الخلفية و تحديد حدود التشوه في الصور الطبية من االساليب االساسية في تجزئة التشوه  :ملخص  

مكعب الستخراج  B-Snake تم تطوير نموذجالستخراج حدود التشوه.  B-Spline مع B-Snakeوفي عملناهذا قدمنا تكيف نظرية   الطبية.

 لوصف شكل معقد B-Snakeمن الصور الطبية، مع نقاط السيطرة على التكيف خوارزمية اإلدراج الذي اقترح لزيادة مرونة  D2كائنات تشوه 

هي قادرة ليس فقط على النمو من خالل التقعر طويلة ورقيقة ولكن أيضا ال  (GVF(s))ولقد استعملنا معادالت مختلفة للطاقة .من أشكال مختلفة

فقط خارجية القوة ال وذلك باستعمالمكلفة حسابيا  يتفوق من خالل تجنب عملياتوعالوة على ذلك، هذه الخوارزمية  يحة.يغيب عن الحدود الصح

(GVF.) وذلك ما يعرف بB-Snake. 
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Abstract  

 Detection of the boundary of an object in medical images, then the segmentation from 

the background class, is a major challenge in medical image processing. 

Our work present an adaptive B-Snake model for object contour extraction. A cubic B-

snake model is developed for extracting 2D deformable objects from medical images, with an 

adaptive control points insertion algorithm that is suggested to increase the flexibility of B-Snake 

to describe complex shape and different.  

And we using different energy function B-Snake (GVF(s)) is able not only to grow 

through long and thin concavities but also it does not miss the correct boundaries. Moreover, this 

algorithm avoids computationally expensive optimization stages with used just the external force 

(GVF). That is what is known as the B-Snake. 

Keywords: Object Boundary, Energy Function, B-Snake, B-Spline, GVF, 2D. 

 ملخص

يشكل تحديا كبيرا في و  تجزئة التشوه من الخلفية من االساليب االساسية فيتحديد حدود التشوه في الصور الطبية 

  معالجة الصور الطبية.

-B تم تطوير نموذج الستخراج حدود التشوه. B-Spline مع B-Snake وفي عملناهذا قدمنا تكيف نظرية 

Snake  مكعب الستخراج كائنات تشوهD2  من الصور الطبية، مع نقاط السيطرة على التكيف خوارزمية اإلدراج الذي اقترح

 .من أشكال مختلفة لوصف شكل معقد B-Snakeلزيادة مرونة 

هي قادرة ليس فقط على النمو من خالل التقعر طويلة ورقيقة  (GVF(s))ولقد استعملنا معادالت مختلفة للطاقة .

مكلفة حسابيا  يتفوق من خالل تجنب عملياتوعالوة على ذلك، هذه الخوارزمية  الصحيحة.ولكن أيضا ال يغيب عن الحدود 

 .B-Snakeوذلك ما يعرف ب (.GVF)فقط خارجية القوة ال وذلك باستعمال

 .,Spline-Snake, B-,B GVF2D ,معادالت الطاقة,حدود التشوهة  كلمات داللية:

Résumé 

 Détection de la frontière d'un objet dans les images médicales et de segmentation à 

partir de la classe de base est un défi majeur dans le traitement d'images médicales. 

Notre travail présente un modèle B-Snake adaptative pour l'extraction de contour de 

l'objet. Un modèle B-serpent cube est conçu pour extraire des objets déformables 2D à partir 
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d'images médicales, avec un algorithme d'insertion des points de contrôle adaptatif qui est 

suggéré d'augmenter la flexibilité de B-Snake pour décrire une forme complexe et différent. 

Et nous utilisons la fonction d'énergie différent B-Snake (GVF (s)) est capable non 

seulement de croître grâce à concavités longues et fines, mais aussi il ne rate pas les limites 

correctes. Par ailleurs, cet algorithme permet d'éviter les étapes d'optimisation onéreuse en calcul 

utilisée avec juste la force extérieure (GVF). C'est ce qui est connu comme le B-Snake. 

Mots-clés: limite de l'objet, la fonction d'énergie, B-Snake, B-Spline, GVF, 2D. 
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Introduction 

Many works in the literature had as main goal to improve the snake model in its 

representation and its performances. Amini et al, [1] proposed dynamic programming (OP) 

algorithm to guide the snake curve throughout the minimum of energy, later, Kang et al, in [2] 

presented an enhanced OP algorithm. An alternate improvement was introduced by Menet et al. 

[3], the B-snake, and it consists in representing the curve by cubic B - splines, with his model 

they have improved the stability and the convergence speed of the contour. Kass [4] introduced 

Active Contour Model, or Snake, which is a deformable model for approaching object 

boundaries. 

  Active Contour Model, or Snake, which is a deformable model for approaching object 

boundaries, is a curve defined within an image domain which can move under the influence of 

internal forces from the curve itself and external forces from the image data. Once internal and 

external forces have been defined, the Snake can detect the desired object boundaries (or other 

object features) within an image. From the original philosophy of Snake, many techniques have 

been proposed as an alternative method for presenting a curve: Fourier descriptors [5], B-Splines 

[6, 7], auto-regressive model [8], moments [9], HMM models, and wavelets, etc. Among these 

methods, B-Spline representation of the curve stands for an advantage as such a formulation of a 

deformable model allows for the local control and a compact representation. 

The important of the method of b-spline guide us to choose this subject and learn how the  

flexibility of the curve increases as more control points are added while it still has a small 

number of parameters compared to other model, Moreover, the internal force is not needed as the 

smoothness requirement has been implicitly built into the model.  

  The project, present an adaptive B-Snake model for object contour extraction. A cubic B-Snake 

model is developed for extracting 2D deformable objects from medical images, with an adaptive 

control point insertion algorithm that is suggested to increase the flexibility of B-Snake to 

describe complex shape. This method overcomes the problems that exist in other B-spline based 

model that have to decide beforehand or exhaustively search over a range of value for the 

number of control points. Hence, these methods are less flexible to describe unknown complex 

shapes. A minimum energy method which we called Minimum Mean Square Error (MMSE) is 

proposed for B-Snake to push it to the target boundary. The internal forces are not required in 

deforming B-Snake since the representation of B-Spline has guaranteed smoothness by hard 

implicit constraints. The proposed B-Snake model has been tested on object contour extraction 
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such as human brain ventric1e in Magnetic Resonance (MR) images. The experimental results 

demonstrate the capability of adaptive shape description and object contour extraction. 

  Our work divided into five chapters as the following: 

Chapter 1: Definition of Segmentation and Active Contours  

Chapter 2: Background of B-Spline method (to Access to cubic B-spline). 

Chapter 3: Energy of image (Focus External Force GVF and present different 

forms), and study of different models deformable.  

Chapter 4: Presentation of B-snake model. 

Chapter 5: Conception and results.  

In this work we faced difficulties to conversion the mathematic equations to real ideas 

then translate them to program, the difficulty to get some references important and the main 

difficulty was in calculate the GVF which are complex and it have a lot of cases , we like to note 

that we used the documents, we have chosen two titled: 

- “Object Contour Extraction Using Adaptive B-Snake Model”, by YUE WANG AND 

EAM KHWANG TEOH. 

- “Deformable Models with Application to Human Cerebral Cortex Reconstruction 

from Magnetic Resonance Images”, by Chenyang Xu. 
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I.1.Introduction 

Vision is the most advanced sense among the five senses of human beings, and 

plays the most important role in human perception. Although the sensitivity of human 

vision is limited within the visible band, imaging machines can operate on the images 

generated by sources that human vision cannot associate with. Thus, machine vision 

encompasses a wide and varied field of applications, even in areas where human vision 

cannot function, e.g. infrared (IR), ultraviolet (UV), X-ray, magnetic resonance imaging 

(MRI), ultrasound.  

  Although there is no clear distinction among image processing, image analysis, and 

computer vision, usually they are considered as hierarchies in the processing continuum. 

The low-level processing, which involves primitive operations such as noise filtering, 

contrast enhancement, and image sharpening, is considered as image processing. Note both 

its inputs and outputs are images. The mid-level processing, which involves segmentation 

and pattern classification, is considered as image analysis or image understanding. Note 

its input generally are images, but its outputs are attributes extracted from those images, 

e.g. edges, contours, and the identity of individual objects, called class. The high-level 

processing, which involves 'making sense' of an ensemble of recognized objects and 

performing the cognitive functions at the far end of the processing continuum, is 

considered as computer vision. We discuss the technologies used in the image analysis, 

and propose novel segmentation methods through this project. 

I.2.Image Segmentation: background  

There are two main approaches in image segmentation: edge- and region- based. 

Edge-based segmentation partitions an image based on discontinuities among sub-

regions, while region-based segmentation does the same function based on the 

uniformity of a desired property within a sub-region. In this chapter, we briefly discuss 

existing image segmentation technologies as background.  

I.2.1 Edge-based Segmentation 

Edge-based segmentation looks for discontinuities in the intensity of an image.It 

is more likely edge detection or boundary detection rather than the literal meaning of 

image segmentation. An edge can be defined as the boundary between two regions with 

relatively distinct properties. The assumption of edge-based segmentation is that every 

sub-region in an image is sufficiently uniform so that the transition between two sub-
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regions can be determined on the basis of discontinuities alone. When this assumption is 

not valid, region-based segmentation, usually provides more reasonable segmentation 

results. 

Basically, the idea underlying most edge-detection techniques is the computation 

of a local derivative operator. The gradient vector of an image I(x, y), given by 

                               ∇𝐼 = [
𝜕𝐼 𝜕𝑥⁄

𝜕𝐼 𝜕𝑦⁄
] : 𝛺 → 𝕽𝟐                                        (Eq I.1) 

is obtained by the partial derivatives 𝜕𝐼 𝜕𝑥⁄  and 𝜕𝐼 𝜕𝑦⁄  at every pixel location. The local 

derivative operation can be done by convolving an image with kernels shown in Fig I.1. 

  

 -1 

  0 

   1 

(a)                                            (b) 

Fig I.1: Examples of gradient kernels along: (a) vertical direction, (b) horizontal 

direction[1]. 

The magnitude of the first derivative  

                     |∇𝐼| = √(𝜕𝐼 𝜕𝑥⁄ )2 + (𝜕𝐼 𝜕𝑥⁄ )2 ∶  𝛺 → 𝕽𝟐                         (Eq I.2) 

 

determines the presence of edges in an image. 

 The Laplacian of an image function I(x, y) is the sum of the second-order derivatives, 

defined as; [10] 

  

                                                                                      .                                                (Eq I.3) 

 

The general use of the Laplacian is in fin ding the location of edges using its zero-

crossings [11]. A critical disadvantage of the gradient operation is that the derivative 

enhances noise. As a second-order derivative, the Laplacian is even more sensitive to 

noise. An alternative is convolving an image with the Laplacian of a Gaussian (LoG) 

function [12], given by 

    𝐿𝑜𝐺(𝑥, 𝑦) =
1

−𝜋𝜎4 [1 −
𝑥2+𝑦2

2𝜎2 ] 𝑒𝑥𝑝 (−
𝑥2+𝑦2

2𝜎2 )  ∶ 𝛺 → 𝕽𝟐               (Eq I.4) 

-1  0 1 
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where a two-dimensional Gaussian function with the standard deviation 𝜎 is defined as 

                𝐺(𝑥, 𝑦) =
1

2𝜋𝜎2 𝑒𝑥𝑝 (−
𝑥2+𝑦2

2𝜎2 )  ∶ 𝛺 → 𝕽𝟐                         (Eq I.5) 

The LoG function produces smooth edges as the Gaussian filtering provides 

smoothing effect. 

Sobel operation [13] is performed by convolving an image with kernels shown in 

Fig I.2. Sobel operators have the advantage of providing both a derivative and a smoothing 

effect. The smoothing effect is a particularly attractive feature of the Sobel operators 

compared to the gradient kernels shown in Fig I.2 because the derivative enhances noise.  

 

 

                                      

(a)                                     (b) 

Fig I.2: Sobel operators along: (a) vertical direction, (b) horizontal direction [13]. 

 

Canny edge detector [14] is based on the extrema of the first derivative of the 

Gaussian operator applied to an image. The operator first smoothes the image to 

eliminate noise, and then finds high gradient regions. After non-maximum suppression, 

the edges are finally determined by two thresholds, i.e. 𝑇𝑚𝑖𝑛 and Tmax as shown in 

tableI.1.  

Canny edge detector is known as an optimal edge detector because it satisfies the 

criteria of low error rate, good localization of edge points, and a single response to a 

single edge pixel. 

Edge detection by gradient operations generally work well only in the images with 

sharp intensity transitions and relatively low noise. Due to its sensitivity to noise, some 

smoothing operation is generally required as preprocessing, and the smoothing effect 

consequently blurs the edge information. However, the computational cost is relatively 

lower than other segmentation methods because the computation can be done by a local 

filtering operation, i.e. convolution of an image with a kernel. Edge-based active contour 

models, use the magnitude of gradient ∇𝐼 to determine the position of edges. 

-1  0  1  

-2  0  2  

-1  0  1  

-1  -2  -1  

0  0  0  

1  2  1  
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Table I.1: Path searching in Canny edge detector [1] 

I.2.2 Region-based Segmentation  

Region-based segmentation looks for uniformity within a sub-region, based on a 

desired property, e.g. intensity, color, and texture. Clustering techniques encountered in 

pattern classification literature have similar objectives and can be applied for image 

segmentation [15].  

Region growing is a technique that merges pixels or small sub-regions into a larger 

sub-region. The simplest implementation of this approach is pixel aggregation which 

starts with a set of seed points and grows regions from these seeds by appending 

neighboring pixels if they satisfy the given criteria. Fig I.3 shows a simple example of 

pixel aggregation.  

Segmentation starts with two initial seeds, and then the regions grow if they satisfy a 

criterion such as: 

                                 |𝐼(𝑥, 𝑦) − 𝐼(𝑠𝑒𝑒𝑑)| < 𝜏                                     (𝑰. 𝟔) 

Despite the simple nature of the algorithm, there are fundamental problems in region 

growing: the selection of initial seeds and suit able properties to grow the regions. 

Selecting initial seeds can be often based on the nature of applications or images. For 

example, 

 

 

 

(a)                                              (b) 

Figure I.3: Pixel aggregation: (a) original image with seeds underlined; (b) 

segmentation result with T = 4[10] 

2  2  9  

2  2  9  

2  9  9  

2  4  8  

3  5  9  

4  6  7  
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The ROI is generally brighter than the background in IR images. In this case, choosing 

bright pixels as initial seeds would be a proper choice.  

Additional criteria that utilize properties to grow the regions lead region growing 

into more sophisticated methods, e.g. region competition. Region competition, merges 

adjacent sub- regions under criteria involving the uniformity of regions or sharpness of 

boundaries. Strong criteria tend to produce over-segmented results, while weak criteria 

tend to produce poor segmentation results by over-merging the sub-regions with blurry 

boundaries. An alternative of region growing is split-and-merge, which partitions an 

image initially into a set of arbitrary, disjointed sub-regions, and then merge and/or split 

the sub-regions in an attempt to satisfy the segmentation criteria.  

      Another common approach in region-based segmentation is characterizing statistical 

uniformity of sub-regions using parametric models, so called statistical estimation. With 

this approach, two sub-regions are considered to be uniform, and consequently merged, 

if they can be represented by a single instance of the model, i.e. if they have common 

parameter values within a threshold. In practice, the parameters of a sub-region cannot 

be observed directly but can only be inferred from the observed data and the knowledge 

of the imaging process. In statistical approaches, this inference is often made using 

Bayes’s rule [16] and the conditional PDF 𝒑(𝑰(𝒙, 𝒚) /𝜽𝒎), which presents the conditional 

probability that certain data 𝑰(𝒙, 𝒚)  (or statistics derived from the data) will be observed, 

given that sub-region m has the parameter values of 𝐵𝑚. In typical statistical region 

merging algorithms stochastic estimates in the parameter space are obtained for 

different sub-regions, and merging decisions are based on the similarity of these 

parameters. 

A limitation of most estimation-based segmentation methods is that they do not 

explicitly represent the uncertainty in the estimated parameter values and, therefore, are 

prone error when parameter estimates are poor. A Bayesian probability of homogeneity 

directly exploits all of the information contained in the statistical image models, instead 

of estimating parameter values. The probability of homogeneity is based on the ability 

to formulate a prior probability density on the parameter space, and measures 

homogeneity by taking the expectation of the data likelihood over a posterior parameter 

space.  

Image segmentation is often approached by edge-preserving smoothing operations as 

well as the partitioning operation. Edge-preserving smoothing techniques can be 

classified roughly two approaches: Markov random field (MRF) including energy-based 
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methods and diffusion-based methods. Both approaches show similar restoration 

characteristics because the diffusion-based methods can be viewed as an energy-based 

method that uses only the prior energy term at a given temperature. Snyder et al. 

proposed an edge-preserving smoothing method for image segmentation based on the 

technology called mean field annealing (MFA), and the same segmentation method was 

extended to vector-valued images by Han et al. MFA is an energy-based method for 

finding the minimum of complex functions which typically have many minima. For the 

image segmentation problem, a proper energy function is defined intending to keep the 

edges and to smooth the rest of areas in the image. The segmentation is performed by 

minimizing the energy function using MFA. MFA approximates a stochastic algorithm 

called simulated annealing (SA), which has shown to converge to the global minimum, 

even for non-convex problems. Hiriyannaiah et al [17]. Derived MFA using the analogy 

to physics for the restoration of piecewise-constant images, and Bilbro et al [18]. Did the 

same job applying the MFA to the images with varying gray values.  

Region-based approaches are generally less sensitive to noise, and usually produce 

more reasonable segmentation results as they rely on global properties rather than local 

properties, but their implementation complexity and computational cost can be often 

quite large. Statistical segmentation methods, both estimation-based and Bayesian-based, 

have been extended too many active contour models including the proposed models. 

Those active contour models based on statistical segmentation [10].  

I.2.3 Other Segmentation Methods  

The watershed [19] algorithm is a morphology-based segmentation method  

It is based on the assumption that any gray-tone image can be considered as a 

topographic surface. If we flood this surface from its minima preventing the merge of the 

waters coming from different sources, the surface is eventually separated as two different 

sets: the catchment basins and the watershed lines. If we apply this transformation to the 

magnitude of image gradient  |𝛁𝑰|, the catchment basins correspond to the uniform sub-

regions in the image and the watershed lines correspond to the edges. The flooding 

operation is simulated using morphological distance operators [20].  

       Fusions of different principles have produced good results. There have been a few 

approaches to integrate region- and edge-based segmentation, and also an approach to 

integrate region- and morphology-based segmentation called watersnakes [21]. 

Texture is another feature that we can use to determine the segmentation criteria. 
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Images can be considered as either a collection of pixels in the spatial domain or the sum 

of sinusoids of infinite extent in the spatial-frequency domain. Gabor observed that the 

spatial representation and the spatial-frequency representation are just opposite extremes 

of a continuum of possible joint space spatial-frequency representations [22]. In a joint 

space spatial-frequency representations for images, frequency is considered as a local 

phenomenon that can vary with position throughout the image. The human visual system 

is performing a form of local spatial-frequency analysis on the retinal image, and the 

analysis is done by a bank of band pass filters.  

The same approach can be used to partition textured images in image analysis. 

Perceptually significant texture differences presumably correspond to differences in the 

local spatial frequency content using the space spatial-frequency paradigm. Texture 

segmentation is done by two steps: decomposing an image into a joint space/spatial-

frequency representation with a bank of band pass filters and using this information to 

locate the regions of similar local spatial frequency content. The response of the filter 

bank generates a kind of multispectral images, where each band represents the response 

of the textured image at a particular spatial-frequency bandwidth. The multi-channel 

filtering has been implemented by the convolution of the image with a stack of two-

dimensional Gabor filters or wavelets [10]. 

I.3 Active Contours 

The technique of active contours has become quite popular for a variety of applications. 

Particularly image segmentation and motion tracking, during the last decade this 

methology is based upon the utilization of deformable contours which conform to 

various abject shapes and motions. This chapter provides a theoretical background of 

active contours and an overview of existing active contour methods.  

There are two main approaches in active contours based on the mathematic 

implementation: snakes and level sets. Snakes explicitly move predefined snake points 

based on an energy, minimization scheme, while level set approaches move contours 

implicitly as a particular level of a function. As image segmentation methods, there are 

two kinds of active contour models according to the force evolving the contours: edge- 

and region-based. Edge-based active contours use an edge detector, usually based on the 

image gradient, to find the boundaries of sub-regions and to attract the contours to the 

detected boundaries. Edge-based approaches are closely related to the edge-based 
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segmentation discussed in section I.2.1. Region-based active contours use the statistical 

information of image intensity within each subset instead of searching geometrical 

boundaries. Region-based approaches are also closely related to the region-based 

segmentation discussed in section I.2.2.  

I.3.1 Snakes 

The first model of active contour was proposed by Kass et al [23]. And named snakes 

due to the appearance of contour evolution. Let us define a contour parameterized by arc 

length s as 

  

              𝐶(𝑠) = {(𝑥(𝑠), 𝑦(𝑠)): 0 ≤ 𝑠 ≤ 𝐿} ∶ 𝕽 → 𝛺 ,                       (Eq I.7) 

  

Where L denotes the length of the contour C, and 𝛺 denotes the entire domain of an image 

𝐼(𝑥, 𝑦). the corresponding expression in a discrete domain approximates the continuous 

expression as  

 

𝐶(𝑠) ≈ 𝐶(𝑛) = {(𝑥(𝑛), 𝑦(𝑛)): 0 ≤ 𝑛 ≤ 𝑁, 𝑠 = 0 + 𝑛∆𝑠}          (𝐄𝐪 𝐈. 𝟖) 

 

where 𝐿 = 𝑁∆𝑠 an energy function 𝐸(𝐶) can be defined on the contour such as  

 

                                   𝐸(𝐶) = 𝐸𝑖𝑛𝑡 + 𝐸𝑒𝑥𝑡                                            (Eq I.9) 

 

where  𝐸𝑖𝑛𝑡 𝑎𝑛𝑑 𝐸𝑒𝑥𝑡 respectively denote the internal energy and external energy  

The internal energy function determines the regularity, i.e. smooth shape, of the contour. A 

common choice for the internal energy is a quadratic functional given by 

 

                              𝑪(𝒔) = ∫ (𝜶|𝑪′(𝒔)|𝟐𝑳

𝟎
+ 𝜷|𝑪"(𝒔)|𝟐) 𝒅𝒔                          (𝐄𝐪 𝐈. 𝟏𝟎)  

 

                                   ≈ ∑ (𝛼|𝐶′(𝑛)|2 + 𝛽|𝐶"(𝑛)|2)∆𝑠𝑁
𝑛=0   

 

Here 𝛼 controls the tension of the contour, and 𝛽 controls the rigidity of the contour .The 

external energy determines the criteria of contour evolution depending on the image 

𝐼(𝑥, 𝑦) and can be defined as  

               Eext = ∫ Eimg(C(s))ds ≈ ∑ Eimg(C(n))∆sN
n=0

l

0
                             (𝐄𝐪 𝐈. 𝟏𝟏) 



Chapter I                                                                      Segmentation and Active Contours 

 12 

 

where 𝑬𝒊𝒎𝒈(𝒙, 𝒚) denotes a scalar function defined on the image plane, so the local minimum 

of 𝑬𝒊𝒎𝒈  attracts the snakes to edges. A common example of the edge attraction function is a 

function of image gradient, given by  

 

                 𝐸𝑖𝑚𝑔(𝑥, 𝑦) = 1 𝜇|𝛻𝐺𝜎 ∗ 𝐼(𝑥, 𝑦)|⁄ : 𝛺 → 𝑅  (𝐄𝐪 𝐈. 𝟏𝟐)  

  

where 𝐺𝜎denotes a Gaussian smoothing filter with the standard deviation 𝜎 , and 𝜇 is a 

suitably chosen constant. Solving the problem of snakes is to find the contour C that 

minimizes the total energy term E with the given set of weights𝛼, 𝛽and𝜇. In numerical 

experiments, a set of snake points residing on the image plane are defined in the initial 

stage, and then the next position of those snake points are determined by the local 

minimum E. The connected form of those snake points is considered as the contour.  

Fig I.4 shows an example of classic snakes. There are about 70 snakes points in the 

image, and the snake points form a contour [10] 

 

 

 

 

 

Fig I.4: An example of classic snakes [1] 

around the moth. The snakes points are initially placed at further distance from the 

boundary of the object, i.e. the moth. Then, each point moves towards the optimum 

coordinates, where the energy function converges to the minimum. The snakes points 

eventually stop on the boundary of the object. More details of the Snakes model is 

respectively discussed in next chapters. 
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The classic snakes provide an accurate location of the edges only if the initial 

contour is given sufficiently near the edges because they make use of only the local 

information along the contour. Estimating a proper position of initial contours without 

prior knowledge is a difficult problem. Also, classic snakes cannot detect more than one 

boundary simultaneously because the snakes maintain the same topology during the 

evolution stage. That is, snakes cannot split to multiple boundaries or merge from 

multiple initial contours. Level set theory has given a solution for this problem[10].  

I.3.2 Level Set Methods 

Level set theory, a formulation to implement active contours, was proposed by Osher and 

Sethian [24]. They represented a contour implicitly via a two-dimensional Lipschitz-continuous 

function 𝜙(𝑥, 𝑦): 𝛺 → 𝕽 defined on the image plane. The function  

𝜙(𝑥, 𝑦) is called level set function, and the particular level, usually the zero level, of is 

defined as the contour , such as  

           𝐶 ≡ {(𝑥, 𝑦): 𝜙(𝑥, 𝑦) = 0}, ∀(𝑥, 𝑦) ∈ 𝜴                                           (𝑬𝒒 𝑰. 𝟏𝟐) 

where 𝛺 denote the entire image plane. Fig I.5 shows the evolution of level set 

function 𝜙(𝑥, 𝑦), and Fig I.5 (b) shows the propagation of the corresponding contours C. As the 

Level set  

                       

(a)                                                         (b) 

Fig I.5: Level set evolution and the corresponding contour propagation:(a) 

topological view of level set 𝜙(𝑥, 𝑦) evolution, (b) the changes on the zero level set C: 

𝜙(𝑥, 𝑦) = 0 [10]. 
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The deformation of the contour is generally represented in a numerical form as a 

PDE. A formulation of contour evolution using the magnitude of the gradient of 𝜙(𝑥, 𝑦) 

was initially proposed by Osher and Sethian. 

An outstanding characteristic of level set methods is that contours can split or 

merge as the topology of the level set function changes. Therefore, level set methods can 

detect more than one boundary simultaneously, and multiple initial contours can be 

placed. Fig I.6 (a) shows an example of the topological changes on a level set function, 

while Fig I.6 (b) shows how the initially separated contours merge as the topology of 

level set function varies. This flexibility and convenience provide a means for an 

autonomous segmentation by using a predefined set of initial contours. The 

computational cost of level set 

 

Fig I.6: The change of topology observed in the evolution of level set function and 

the propagation of corresponding contours: (a) the topological view of level set 𝜙(𝑥, 𝑦) 

evolution, (b) the changes on the zero level set C: 𝜙(𝑥, 𝑦) = 0[10] 

Methods is high because the computation should be done on the same dimension as 

the image plane n. Thus, the convergence speed is relatively slower than other segmentation 

methods, particularly local filtering based methods. The high computational cost can be 

compensated by using multiple initial contours. The use of multiple initial contours increases the 

convergence speed by cooperating with neighbor contours quickly. 

Level set methods with faster convergence, called fast marching methods, have been 

studied intensively for the last decade. Because of these attractive properties, we implement the 

proposed active contour model using the level set method. 
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I.3.3 Edge-based Active Contours 

Edge-based active contours are closely related to the edge-based segmentation. Most 

edge based active contour models consist of two parts: the regularity part, which 

determines the shape of contours, and the edge detection part, which attracts the contour 

towards the edges.  

I.3.4 Region-based Active Contours  

Most region-based active contour models consist of two parts: the regularity part, 

which determines the smooth shape of contours, and the energy minimization part, which 

searches for uniformity of a desired feature within a subset. A nice characteristic of 

region-based active contours is that the initial contours can be located anywhere in the 

image as region-based segmentation relies on the global energy minimization rather than 

local energy minimization. Therefore, less prior knowledge is required than edge-based 

active contours [10]. 

Conclusion  

From this chapter we have present the relationship between segmentation of image 

and active contour, where we have given two main approaches based on the mathematic 

implementation: snakes and level sets. Snakes (snake & b-snake) explicitly move 

predefined snake points based on an energy, minimization scheme, while level set 

approaches move contours implicitly as a particular level of a function.  

In the next chapters we are going to present with detail b-snake method. 
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II.1 Introduction 

A parametric deformable contour is constructed as a weighted sum of some bases function 

and the expansion coefficients constitute the parameter vector. From many basis to choose, 

Fourier and B-Spline basis have been most frequently used in computer vision.  

Each parameterization has particular properties that make it suitable for different purposes. 

Some restrictions that may be comprised within some basis representations (such as smoothness 

or continuity) can be convenient because the necessary constraints are built directly into the 

representation and they do not have to be regularized subsequently. It is also desirable for the 

parameterization to be concise that determines the complexity of the optimization process.  

Before considering any of these bases, let’s define mathematically some of the terms we have 

used so far and introduce an appropriate notation. 

II.2 The Choice of Curve Representation 

There are three ways of expressing a curve which are normally used. These are the 

following: 

1. explicit: y = f(x) 

2. implicit : f(x, y) = 0 

3. parametric : x = x(t), y = y(t) 

The difficulties associated with (i) are that it is impossible to get multiple values of y for 

a single x, so that closed curves such as circles and ellipses, must be represented by multiple 

curve segments. Further, it is difficult to represent a curve with the vertical tangent, since    

a slope of infinity is difficult to represent. Since the curve representing the snake often 

has both of those properties, the explicit representation is not well suited for it. 

The problems with the implicit representation are the following: the equation may have 

more than one solution. For example, the implicit equation of a circle is x² + y ² = 0. Should we 

want to model a half circle, we would have to add constraints such as x ≥ 0 which cannot be 

contained within the explicit equation. Furthermore, if two implicitly defined segments are 

joined together, it may be difficult to determine if their tangent directions agree at the point. 
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The parametric curve form solves the slope of infinity problem too, since it replaces the 

use of geometric slopes with parametric tangent vector which is never infinite [25]. 

II.3 Definition of the Parametric Curve Representing the Snake 

Let θ ∈ Θ  denote the parameter vector of a closed contour where Θ is the space of all 

configurations and deformations of the closed curves. The number of elements in the 

parameterization vector is the order of parameterization. In Fourier representation it is the 

number of Fourier descriptors (coefficients), in Spline representation it is the number of control 

points. The curve represented by such a vector is a continuous, periodic, vector function v(s) = 

[x(s), y(s)], of period L (in Fourier representation L= 2π, in B-Spline representation L is an 

arbitrary real number); its N-point discrete version is a (N × 2) vector  

                          𝑣  =  (

𝑣0
𝑣1   
⋮

𝑣𝑁−1

 )   =   (

𝑥0
𝑥1
⋮

𝑥𝑁−1

𝑦0
𝑦1
⋮

𝑦𝑁−1

)                            (Eq II.1) 

where 𝑣𝑖 = 𝑣[𝑖𝐿/(𝑁 − 1)] for 𝑖 = 0,1,2,… , 𝑁 − 1  

Now, given a parameter vector, we construct a deterministic operator 𝑉, defined on Θ, that maps 

θ into v, i.e. we write = 𝑉𝜃 .[25] 

II.4 Arc Length as the Curve Parameter 

A single parametric curve can be represented by more than one vector function depending 

on the choice of the parameter. 

Suppose that C is a piecewise-smooth curve given by a vector function 

                                𝑣(𝑡) = [x(t), y(t)] = x(t) . i +  y(t). j                  (Eq II.2) 

where 𝑖 i and 𝑗 j are unit vectors along the x x and y y axis, respectively. We define the arclength 

function of C by 

Chapter II                                                                                    Background of B-Spline 

The parametric representation for curves x = x (t), y = y (t) overcomes the problems 

caused by implicit or explicit forms. We can get multiple values of y for a single x on the plot 

since we do not plot y against x but we plot both x and y against a third variable t, which is not 

shown on the plot.  
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𝑙(𝑠) = ∫ |𝑣′(𝑢)|
𝑠

𝑎

𝑑𝑢  

 

= ∫ √(
𝑑𝑥

𝑑𝑢
)
2

+ (
𝑑𝑥

𝑑𝑢
)
2

  𝑑𝑢
𝑠

𝑎

 

where 𝑢 is a dummy integration variable. 

Thus,𝑙(𝑠)) is the length of the part of C between 𝑣(𝑎)   and 𝑣(𝑠) . It is often useful to 

parameterize a curve with respect to arc length, because arc length arises naturally from the 

shape of the curve and does not depend on particular coordinate system [25]. 

II.5 Spline Basis 

One of the most frequently used curve representations in the computer vision is the B-

spline representation. It is important to distinguish between splines and B-splines. 

B-splines are polynomial functions with minimal support. Splines are linear combinations 

of B-splines. In the literature, splines are usually defined as a divided difference of a truncated 

power function. For computational purposes [25]. 

II.5.1 B-Splines 

The starting point for all splines is a non-decreasing knot sequence 𝑠 = s(i). B-splines 

of order 0 are the characteristic functions of this partition 

                                           𝐵𝑖,0(𝑠) ≔ {
1,    𝑖𝑓  𝑠𝑖 < 𝑠 < 𝑠𝑖+1
0,               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                   (Eq II.4) 

where : =  denotes “equality by definition”. The only constraint is that these B-splines should 

form a partition of unity, i.e   

                                               ∑ 𝐵𝑖,0𝑖 (𝑠) = 1 for all s.                              (Eq II.5) 
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FigII.1: First order B-spline [25] 

In particular 

                                                        𝑠𝑖 = 𝑠𝑖+1  implies 𝐵𝑖,0 = 0                  (Eq II.6) 

From these first-order B-splines we obtain higher-order B-splines by recurrence:    

                                  𝐵𝑖,𝑘: =  𝑤𝑖,𝑘 𝐵𝑖,𝑘−1 + (1 − 𝑤𝑖+1,𝑘)𝐵𝑖+1,𝑘−1             (Eq II.7) 

                with                          𝑤𝑖,𝑘(𝑠) ≔ {

𝑠−𝑠𝑖

𝑠𝑖+𝑘−1−𝑠𝑖
,    𝑖𝑓 𝑠𝑖 ≠ 𝑠𝑖+𝑘−1

0,               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                     (Eq II.8) 

Thus, the second-order B-spline is given by 

                               𝐵𝑖,1: =  𝑤𝑖,2 𝐵𝑖,0 + (1 − 𝑤𝑖+1,2)𝐵𝑖+1,0                        (Eq II.9) 

and so consists in general of two nontrivial linear pieces which join continuously to form a 

piecewise linear function which vanishes outside the interval [𝑠𝑖,𝑠𝑖+2]. 

 

                              Figure II.2: Second order B-spline [25] 
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The third order B-spline is given by 

        𝐵𝑖,3 = 𝑤𝑖,3𝐵𝑖,2  +  (1 − 𝑤𝑖+1,3)𝐵𝑖+1,2  

                = 𝑤𝑖,3𝑤𝑖,2  +  (𝑤𝑖,3(1 − 𝑤𝑖+1,2)(1 − 𝑤𝑖+1,3)𝑤𝑖+1,2)𝐵𝑖+1,0  +       (𝐄𝐪 𝐈𝐈. 𝟏𝟎) 

                                 + (1 − 𝑤𝑖+1,3)(1 − 𝑤𝑖+2,2)𝐵𝑖+2,0                             

So,  𝐵𝑖,3 consists of 3 (nontrivial) quadratic pieces. 

 

Fig II.3: Third order B-Spline [25] 

After 𝐾 − 1  steps of the recurrence, we obtain𝐵𝑖,𝑘 in the form 

                                             𝐵𝑖,𝑘 = ∑ 𝑏𝑗,𝑘𝐵𝑗,0
𝑖+𝑘−1
𝑗=1                                  (Eq II.11) 

with each 𝑏𝑗𝑘 polynomial of degree < k since it is the sum of products of k -1 polynomials.  

Many properties of B-splines are derived most easily by considering not just one B-spline 

but the linear span of all B-splines of given order k for a given knot sequence s and this brings us 

to splines [25]. 

II.5.2 Splines 

A spline of order k with knot sequence s is, by definition, a linear combination of the B-

splines 𝐵𝑖,𝑘 associated with that knot sequence. We denote by 
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                           𝑆𝑘,𝑠 ≔∑ 𝐵𝑖,𝑘 𝑖
𝑎𝑖 :  𝑎𝑖 ∈ 𝑹 2                             (Eq II.12) 

the collection of all such splines. We will pay special attention to the following knot sequence 

                        Z: = (...,-2, - 1, 0, 1, 2 ...)                                       (Eq II.13) 

which is the set of all integers. 

The spline associated with this knot sequence is called a cardinal spline. Because of the 

uniformity of the knot sequence Z, formulae involving cardinal B-splines are often much simpler 

than corresponding formulae for general B-splines. 

To begin with, all cardinal B-splines (of a given order) are translates of one another.With 

the natural indexing 𝑠𝑖 := i, for all i , we have 

                                𝑁𝑘 : = 𝑁𝑘 (s):= 𝐵0,𝑘                                       (Eq II.14) 

and 

                                        𝐵𝑖,𝑘 = 𝑁𝑘 (s - i)                                  (Eq II.15) 

The recurrence relation (9) simplifies as follows 

          (k - 1) 𝑁𝑘 (s) = s𝑁𝑘−1 (s) + (k - s) 𝑁𝑘−1 (s - 1)                (Eq II.16) 

 

II.2.5.3 Cubic B-Splines and Polygon Approximation 

Now, we will take a closer look at the B-spline theory that is relevant for our snake 

applications. 

The reason for choosing B-splines and not so called natural splines which we are familiar 

with from the classical interpolation theory, is the so called local control property of the B-

splines. The polynomial coefficients of the natural splines are dependent on all N control points. 

Their calculation involves inserting an N + 1 ×N + 1 matrix. This has two disadvantages: moving 

one control point affects the entire curve and the computation time needed to invert the matrix 

can interfere with rapid interactive reshaping of a curve. B-splines, on the other hand, consist of 

curve segments depending on just a few control points. This is called the local control. 
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Thus, moving a control point affects only a small part of the curve. B-splines have the 

same continuity as the natural splines but do not interpolate their control points. 

Therefore, we speak of polygon approximation and not of interpolation of control points. 

The first step would be to choose the order of the basis splines in order to achieve the 

desired smoothness and still maintain reasonable computational efficiency. We choose cubic 

splines, which means the splines of order 3:𝐵𝑖,3(𝑡). The reasons are following: 

1. The lower-degree polynomials give too little flexibility in controlling the shape of the 

curve. The 1: order splines (straight lines) do not give satisfactory smoothness of the 

approximating curve. The 2: order splines (quadratic curves) give a smooth curve but a problem 

arises at the points where different curve segments join. In order to understand this problem we 

introduce a new criterion: 

Definition 1: Let 𝑄𝑖(s) denote a curve segment. If the direction and the magnitude of 

𝑑𝑛

𝑑𝑡𝑛
𝑄𝑖(s) and 

𝑑𝑛

𝑑𝑡𝑛
𝑄𝑖+1(s) are equal at the join point, the curve consisting of these two segments is 

called 𝐶𝑛 continuous. 

The 2: order splines are 𝐶0and 𝐶1continuous, which does not insure a satisfactory 

continuity at the joint points. The problem is solved by using cubic splines which are 𝐶0,𝐶1and 

𝐶2 continuous. 

2. The higher-degree polynomials are more time-consuming in the computational 

process and can introduce unwanted wiggles. The curve might “wiggle”back and forth in ways 

that are difficult to control. 

3. We say that cubic splines give “satisfactory” continuity because it is found that the 

eye cannot detect a geometric discontinuity of degree higher than two and it is sufficient in 

practice to consider splines of degree three.  

In the rest of the chapter we will introduce the mathematical formalism for the snake 

curve as a weighted sum of B-splines. Parametric spline curves 

                                 v[s] = (x[s],y[s])                                           (Eq II.17) 
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have coordinates x[s]  and y[s], each of which is a spline function of the curve parameters, 0≤s ≤ 

1. Since𝐵𝑖,4, the cardinal cubic B-spline, has been used in the snake model throughout the 

literature, we will from now on denote it as Bi and use it in further work. We will now define a 

spline curve in the plane representing the snake. 

For each basis function 𝐵𝑖a control point qi = [𝑞𝑖
𝑥,𝑞𝑖

𝑦
i] is defined and the snake curve is 

a weighted sum of control points 

                                   𝑣[𝑠]  = ∑ 𝐵𝑖 [𝑠]
𝑁
𝑖=0 qi                                    (Eq II.18) 

which becomes a smooth curve that follows approximately “the control polygon” defined by 

linking control points by lines.  

 

Fig II.4: Potential field of the image in Fig [25] 

Now we introduce a more compact notation for the control points by defining a space of 

control vectors 𝐾𝑄 consisting of 

                     𝑄 = (𝑄
𝑥

𝑄𝑦
)    where  (

𝑞0
𝑥

⋮
𝑞𝑁−1
𝑥

)

𝑇

                             (Eq II.19) 

Then the coordinate functions can be written as 

                               x[s] =  B[s]T𝑄𝑥                                            (Eq II.20) 

and 

                               y[s] =  B[s]T𝑄𝑦                                            (Eq II.21) 
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where 𝐵[𝑠] = (𝐵0 [𝑠], 𝐵1 [𝑠],… , 𝐵𝑁−1[𝑠])
𝑇is a vector of B-spline functions. The parametric 

curve v[s] becomes then 

                               𝑣[𝑠]  =  𝑈[𝑠]𝑄  for 0≤s ≤ 1                           (Eq II.22) 

where 

                       𝑈[𝑠]  =  𝐼2  ⨂𝐵[𝑠]𝑇  =    (
𝐵[𝑠]𝑇 0

0 𝐵[𝑠]𝑇
)       (Eq II.23) 

where ⨂  denotes the Kronecker product. 

Comparing this result with our definition of the snake curve in the section 4.2, we see that 

we can interpret the set of control points defining the spline as the parameter vector 

                                 𝜃 = (𝑞0
𝑇𝑞1

𝑇…𝑞2
𝑇)                                                  (Eq II.24) 

describing the shape of the curve. The matrix operator V is in this case 

                            𝑣 =  𝑉𝜃 =  𝐵𝜃                                                       (Eq II.25) 

where the elements of the matrix B are given by [𝐵] 𝑖𝑗 = 𝐵𝑖(2 × 𝑗 = (𝑁 −  1)). We can rewrite 

the expression (4.18) further. Restricting 𝐵𝑖[s] to the interval [𝑠𝑖, 𝑠𝑖 + 1], we can identify it with 

a polynomial in s of degree ≤ k. We will always assume in this section that the interval [𝑠𝑖, 𝑠𝑖 +

1] is in fact [0, 1]; this can be obtained with an affine change of variable.  

  Each 𝐵𝑖[𝑠] is a polynomial in s which may be written as its Taylor series at 0. We may 

therefore write 

                   (𝐵𝑖−𝑘[𝑠], _ _ _ , 𝐵𝑖[𝑠])  =  (1, 𝑠, … , 𝑠
𝑘)𝑀                               (Eq II.26) 

where M  is a (k + 1) × (k + 1) matrix. The curve v is thus represented in the following matrix 

form 

                    𝑥[𝑠] =  (1, 𝑠, … , 𝑠𝑘)𝑀 (
𝑞0
𝑥

⋮
𝑞𝑁−1
𝑥

)

𝑇

                                           (𝐄𝐪 𝐈𝐈. 𝟐𝟕. 𝐚) 
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and                                                                                                               

                      𝑦[𝑠]  =  (1, 𝑠, … , 𝑠𝑘)𝑀 (
𝑞0
𝑦

⋮
𝑞𝑁−1
𝑦

)

𝑇

                                          (𝐄𝐪 𝐈𝐈. 𝟐𝟕. 𝐛) 

Now let us assume that we have a set of control points (𝑥𝑖, 𝑦𝑖). First we parameterize 

the set: 

                                𝑥[𝑠𝑖] =  𝑥𝑖           𝑦[𝑠𝑖] =  𝑡𝑖;                                         (𝐄𝐪 𝐈𝐈. 𝟐𝟖) 

where 𝑠𝑖, 0 ≤ 𝑖 ≤  𝑁 −  1 are evenly spaced points - integers - on the real axis.  

We parameterize the curve for the reasons explained in the beginning of the chapter, 

and knots are chosen to be evenly spaced since it leads to cardinal splines which are easier and 

less computational costly to generate than the non-uniform splines. 

Next, we generate the splines using the recurrence formulae (Eq II.7). We notice that 

each spline of order 1 is locally controlled by three knots, splines of order 2 are locally 

controlled by four knots and splines of order 3 are controlled by five knots. 

We begin by computing the expression of 𝐵3[𝑠]on each interval[𝑠𝑖, 𝑠𝑖+1],  0 ≤  𝑖 ≤  3 

and the knots are 0, 1, 2, 3, and 4. 

                                    𝐵3[𝑠]  =  𝐵0,3[𝑠]  = 
1

3
 (𝑠𝐵0.2[𝑠]  +  (4 −  𝑠)𝐵1,2[𝑠]) 

                                    𝐵0,2[𝑠]  = 
1

2
 (𝑠𝐵0,1[𝑠]  +  (3 −  𝑠)𝐵1,1[𝑠]) 

                                    𝐵1,2[𝑠]  = 
1

2
 ((𝑠 −  1)𝐵1,1[𝑠]  +  (4 −  𝑠)𝐵2,1[𝑠]) 

                                    𝐵0,1[𝑠]  =  𝑠𝐵0,0[𝑠]  + (2 − 𝑠)𝐵1,0[𝑠]  

                                    𝐵1,1[𝑠]  =  (𝑠 −  1)𝐵1,0[𝑠]  +  (3 −  𝑠)𝐵2,0[𝑠]            (𝐄𝐪 𝐈𝐈. 𝟐𝟗) 

                                    𝐵2,1[𝑠]  =  (𝑠 −  2)𝐵2,0[𝑠]  +  (4 −  𝑠)𝐵0,3[𝑠]                                 
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which gives 

   𝐵[𝑠] =:

{
 
 

 
 
1

6
𝑠3,                                                                                        𝑓𝑜𝑟 0 ≤  𝑠 <  1

1

6
(−3𝑠3  +  12𝑠2 −  12𝑠 +  4),                                       𝑓𝑜𝑟 1 ≤  𝑠 <  2

1

6
(3𝑠3 −  24𝑠2  +  60𝑠 −  44),                                      𝑓𝑜𝑟 2 ≤  𝑠 <  3

1

6
((4 −  𝑠)3) =

1

6
 (−𝑠3  +  12𝑠2 −  48𝑠 +  64),    𝑓𝑜𝑟 3 ≤  𝑠 <  4

     (𝐄𝐪 𝐈𝐈. 𝟑𝟎)       

On the interval [0, 1], the function 𝑥[𝑠] reduces than to (say for 𝑥[𝑠] and 

correspondingly for 𝑦[𝑠]) 

𝐵[𝑠 +  3]𝑞−3
𝑥 +  𝐵[𝑠 +  2]𝑞−2

𝑥  +  𝐵[𝑠 +  1]𝑞−1
𝑥 +  𝐵[𝑠]𝑞0

𝑥 

 =
1

6
[(1 −  𝑠)3𝑞−3

𝑥 + (3(𝑠 + 2)3 −  24(𝑠 + 2)2  +  60(𝑠 +  2) −  44)𝑞−2
𝑥  

                       + (−3(𝑠 + 1)3  +  12(𝑠 + 1)2 −  12(𝑠 +  1)  +  4)𝑞−1
𝑥 + 𝑠3𝑞0

𝑥 ]        (𝐄𝐪 𝐈𝐈. 𝟑𝟏) 

=
1

6
[(−𝑠3  +  3𝑠2 −  3𝑠 +  1)𝑞−3

𝑥  +  (3𝑠3 −  6𝑠2  +  4)𝑞−2
𝑥  

                                    + (−5𝑠3  +  3𝑠2  +  3𝑠 +  1)𝑞−1
𝑥  +  𝑠3𝑞0

𝑥 ]                                

and correspondingly for 𝑦[𝑠]. It gives the following matrix representation 

         𝑥[𝑠] =
1

6
 (1, 𝑠, 𝑠2, 𝑠3) (

1 4
−3 0

1 0
3 0

3 −6
−1 3

3 0
1 −3

)

(

 

𝑞−3
𝑥

𝑞−2
𝑥

𝑞−1
𝑥

𝑞0
𝑥 )

                                                 (𝐄𝐪 𝐈𝐈. 𝟑𝟐) 

The portion of the curve x[s] (and correspondingly y[s]) corresponding to 𝑖 ≤  𝑠 + 1 ≤ 𝑖 + 1 

 is written with the same matrix as [25] 

                𝑥[𝑠]
1

6
 (1, 𝑠, 𝑠2, 𝑠3) (

1 4
−3 0

1 0
3 0

3 −6
−1 3

3 0
1 −3

)

(

 
 

𝑞𝑖−3
𝑥

𝑞𝑖−2
𝑥

𝑞𝑖−1
𝑥

𝑞𝑖
𝑥

)

 
 
                                               (𝐄𝐪 𝐈𝐈. 𝟑𝟑) 
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II.6 Conclusion 

When constructing a snake, it is convenient to choose a set of control points on the image 

and then generate the snake as an approximation to the polygon which arises by connecting the 

point with straight lines. The question is why to choose the spline representation? 

-Splines are polynomial, and being polynomial they can be evaluated efficiently on computer 

 -They are piecewise polynomial which makes them very flexible.  

-They can be represented as a linear combination of B-splines and this representation provides 

geometric information and insight. 

The snake curve is closed which implies periodicity. This is easily achieved by treating the 

parameter t as periodic. 

-In the snake model it is important that the curve is smooth. We impose constraints 

-On the curve in the energy model in order to give it flexibility and smoothness. But the splines 

minimize the deformation-like energy so the search for the solution-curve may be confined to a 

set of such functions under the action of the image potential. The choice of the cubic-spline as 

basis spline is a pragmatic approach. The linear spline does not give a smooth function since the 

first derivative of the function is not continuous. The cubic spline gives satisfactory smoothness 

while it still is computationally relatively efficient. 

-Splines preserve the shape which means that a spline has the same shape as its control polygon, 

or more precisely: A spline crosses any straight line no more often than does its control polygon. 

In particular, if the control polygon is monotone (convex), then so is the spline. 

All these properties make B-splines a very popular choice for curve representation. 
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III.1 Introduction 

Over the last decade, there has been increasing research activity on deriving a 

mathematical description of object boundaries from images. This task, also known as 

boundary mapping, is a fundamental step for many active research areas in image analysis, 

computer vision, and medical imaging. Boundary mapping is aimed at helping us to augment 

our understanding of and to form conclusions about various properties of objects of interest 

in images. The applications of boundary mapping include image segmentation, motion 

tracking, shape modeling, object recognition, and image registration and warping. For obtain 

that, we need to study the external force by using the gradient which is the main study for this 

chapter. 

-Back ground of Boundary mapping  
Mapping object boundaries from images is a difficult task due to the tremendous 

variability of object shapes and diverse image sources. For example, one important task in 

medical imaging is the boundary mapping of the brain cortex from 3-D magnetic resonance 

(MR) images (Fig III.1), where we are facing highly convoluted shape of brain cortex, 

imaging noise, sampling artifacts, and large-scale image data set. Imaging noise and sampling 

artifacts especially may cause the boundaries of objects of interest to be indistinct and 

disconnected. How to integrate these boundaries into a coherent and consistent mathematical 

description is a challenging problem that a boundary mapping technique has to address.  

Boundary mapping methods abound in the literature of image analysis, computer 

vision, and medical imaging. Edge detection and linking, region growing, and relaxation 

labelling are among the most widely used "classical" boundary mapping techniques. Edge 

detection and linking is a two-step technique. First, an edge detector is applied to an image to 

identify boundary elements through detecting intensity discontinuities. Then, an edge linking 

algorithm is used to link the boundary elements together to obtain a parameterized curve or 

surface representation. Region growing is a region-based technique that usually starts with a 

set of "seed" points and from these grows regions by merging neighboring pixels or voxels 

that share similar properties.       

Relaxation labeling is a technique for segmenting objects through a class of locally 

cooperative and parallel processes based on the intensity difference among neighboring pixels 

or voxels. Further information about these classical boundary mapping methods can be found 

in most image analysis and computer vision textbooks. 
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                        (a)                                        (b)                                             (c) 

Fig (III.1) sample image slices from acquired 3-D MRI data set [26] 

One limitation of these classical methods is that they only consider local information, 

so that incorrect assumptions may be made during the boundary integration process causing 

generation of infeasible object boundaries. Furthermore, these methods usually generate 

results that are constrained by the resolution of the images and do not necessarily lead to 

accurate results. To address these problems, we have explored a boundary mapping technique 

called deformable models which is based on the work of Kass et al [4]. Various names have been 

used to refer deformable models in the literature. In 2-D, deformable models are usually referred 

as snakes, active contours, balloons, and deformable contours. In 3-D, they are usually referred as 

active surfaces and deformable surfaces. In this thesis, we shall refer 2-D deformable models as 

deformable contours and 3-D deformable models as deformable surfaces.  

III.2 Deformable Models  

Deformable models are elastic curves or surfaces defined within an image domain that can 

move under the influence of internal forces coming from within the curve or surface itself and 

external forces computed from the image data. The internal and external forces are defined so that 

the deformable model will conform to an object boundary or other desired features within an 

image. Fig. III.2 shows two examples of using both a deformable contour and a deformable surface 

to reconstruct anatomical boundaries from MR images.  The results shown in this figure are 

obtained using the deformable models developed in this section.  

Mathematically, deformable models are represented as parameterized manifolds (curves or 

surfaces) x (u), where u is the parameter of the manifold. The shape of the manifold is typically 
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determined by a variational formulation whose general form is the following: find the x(u) that 

minimize the energy functional  

 

                                  (Eq III.1) 

           

This functional can be viewed as a representation of the energy of the manifold, and the 

final shape of the manifold corresponds to the minimum of this energy. The first term  

Ԑ𝑖𝑛𝑡 prescribes a priori knowledge about the model such as its material properties (elasticity and 

rigidity). It can be used to characterize the deformation of a membrane or a thin-plate, for example. 

The second term Ԑ𝑒𝑥𝑡 is usually derived from image data and takes a minimum when the 

deformable model lies in the feature of interest such as object boundary. More discussion about 

deformable models is provided in next sections.  

  

 

                                     (a)                                                                  (b) 

Fig III.2: (a) A 2-D example of using a deformable contour to extract the inner wall of the left 

ventricle of a human heart from an MR image. A sequence of deformable contours (plotted in a 

shade of gray) and the final converged result (plotted in white). (b) A 3-D example of using a 

deformable surface to reconstruct the brain cortical surface from a 3-D MR Image [26]. 

III.3 Deformable Contours 

A traditional deformable contour is a curve 𝑥(𝑠)  = [𝑥(𝑠), 𝑦(𝑠)], 𝑠 ∈  [0,1], that moves 

through the spatial domain of an image to minimize the energy functional             

 

           𝐸 = ∫
1

2

1

0
(𝛼|𝑥′(𝑠)|2 + 𝛽|𝑥"(𝑠)|

2
) + 𝐸𝑒𝑥𝑡(𝑥(𝑠))𝑑𝑠                        (Eq III.2) 

 

where 𝛼 and 𝛽 are weighting parameters that control the contour's tension and rigidity, 

respectively, and 𝑥′ (𝑠) and 𝑥" (𝑠) denote the first and second derivatives of 𝑥( 𝑠) with respect to 
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𝑠. The external energy 𝐸𝑒𝑥𝑡  is a function derived from the image so that it takes on its smaller 

values at the features of interest, such as boundaries. Given a gray-Ievel image 𝐼(𝑥, 𝑦), viewed 

as a function of continuous position variables(𝑥, 𝑦), typical external energies designed to lead 

a deformable contour toward step edges are [4]: 

 

                                       𝐸𝑒𝑥𝑡
(1)(𝑥, 𝑦)  =  −|∇𝐼(𝑥, 𝑦)|2                                            (Eq III.3) 

 

                                         𝐸𝑒𝑥𝑡
(2)(𝑥, 𝑦)  =  −|𝛻(𝐺𝜎(𝑥, 𝑦) ∗ 𝐼(𝑥, 𝑦))|2                     (Eq III.4) 

 

where (𝐺𝜎(𝑥, 𝑦) is a two-dimensional Gaussian function with standard deviation 𝛼 and 𝛻 is the 

gradient operator. If the image is a line drawing (black on white), then appropriate external 

energies include [28]:  

 

                                     𝐸𝑒𝑥𝑡
(3)(𝑥, 𝑦)  =  𝐼(𝑥, 𝑦)                                                         (Eq III.5) 

 

                                     𝐸𝑒𝑥𝑡
(4)(𝑥, 𝑦)  =  𝐺𝜎(𝑥, 𝑦) ∗ 𝐼(𝑥, 𝑦)                                        (Eq III.6) 

           

It is easy to see from these definitions that larger’s will cause the boundaries to become 

blurry. Such large’s are often necessary, however, in order to increase the capture range of the 

deformable contour.  

The problem of finding a parameterized curve 𝑥(𝑠) that minimizes E is known as the 

variational problem [21]. It has be shown that the curve 𝑥(𝑠) that minimizes E must satisfy the 

following Euler equation [4] [28]. 

 

                                         𝛼𝑥" (𝑠)  −  𝛽𝑥"" (𝑠)  −  ∇ 𝐸𝑒𝑥𝑡 =  0                                   (Eq III.7) 

  

Various choices of boundary conditions for 𝑥( 𝑠) may be used, we use periodic boundary 

condition 𝑥(𝑂)  =  𝑥(𝑙) since we deal only with closed contours.  

To gain some insight about the physical behaviour of deformable contours, we can view 

Eq (III.7) as a force balance equation  

                                    

                                                                                                     (Eq III.8) 
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  where 𝐹𝑖𝑛𝑡 =  𝛼𝑥" (𝑠)  −  𝛽𝑥"" (𝑠) and 𝐹𝑒𝑥𝑡
(𝑝)

= − ∇𝐸𝑒𝑥𝑡. The internal force 𝐹𝑖𝑛𝑡 discourages 

stretching and bending while the external potential force 𝐹𝑒𝑥𝑡
(𝑝)

 pulls the contour towards the 

desired image edges.  

Euler equation (Eq III.7) provides the necessary condition for any curve that minimize the 

energy functional  𝐸. In general, however, since the energy functional 𝐸 is non-convex, the Euler 

equation has many solutions that correspond to the local minimum of E [27] [28]. Although a 

global minimum can be found using several existing global optimization techniques such as 

graduated non-convexity algorithms [30], and genetic algorithms [31] [32], they are generally 

much more computational intensive than local minimization techniques such as gradient 

descent methods. Will use gradient descent methods to find the minimum. One of the 

consequence of using gradient descent methods is that a good initialization is required to 

obtain a satisfactory solution.  

To find a solution to (Eq III.6) the deformable contour is made dynamic by treating 𝑥 as 

function of time t as well as s - i.e., x(s, t). We note that adding a time directive term of 𝑥 is 

equivalent to applying gradient descent algorithm to find the local minimum of (Eq III.1). 

Then, the partial derivative of 𝑥 with respect to t is then set equal to the left hand side of (Eq 

III.6) as foIlows 

 

                xt(𝑠, 𝑡) =  𝛼𝑥" (𝑠, 𝑡)  −  𝛽𝑥"" (𝑠, 𝑡) − ∇𝐸𝑒𝑥𝑡                                         (Eq III.8) 

  

When the solution 𝑥(𝑠, 𝑡) stabilizes, the term xt(𝑠, 𝑡) vanishes and we achieve a solution 

of Eq (III.7). A numerical solution to Eq (III.8). Can be found by discretizing the equation 

and solving the discrete system iteratively. note that most deformable contour 

implementations use either a parameter that multiplies x(t) in order to control the temporal 

step-size, or a parameter that multiplies 𝐸𝑒𝑥𝑡, which permits separate control of the external 

force strength. In this thesis, we normalize the external forces so that the maximum magnitude 

is equal to one, and use a unit temporal step-size for all the experiments. 

 

III.4 Deformable Surfaces  

A traditional deformable surface is a surface 𝑥(𝑢) = [𝑥(𝑢), 𝑦(𝑢), 𝑧(𝑢)],  

𝑢 = (𝑢1, 𝑢2)  ∈  [0, 1] 𝑥 [0, 1], That moves through the spatial domain of a 3-D image to 

minimize an energy functional [33,34]. A typical example of such an energy functional is  
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       (Eq III.9) 

   

where 𝛼 and 𝛽 are weighting parameters that control the surface's tension and rigidity, 𝑥𝑖 and 𝑥𝑖,𝑗 

denote the first and second partial derivatives of x with respect to ui, and 𝐸𝑒𝑥𝑡(𝑥) is the external 

energy function derived from the image that can be defined similarly as that of deformable 

contours. It can also be shown that the deformable surface minimizing the above energy functional 

can be obtained by fin ding the steady state solution of the following dynamic equation:  

                                                                                      (Eq III.10) 

 

where the internal forces are given by 𝐹𝑖𝑛𝑡 = 𝛼∇𝑢
2𝑥 – 𝛽∇𝑢

2(∇𝑢
2𝑥) and the external forces are F 

𝐹𝑒𝑥𝑡 = − ∇𝐸𝑒𝑥𝑡The symbol ∇𝑢
2=

𝜕2

(𝜕𝑢2)2
+

𝜕2

(𝜕𝑢1)2
  is the Laplacian operator. Note that in Eq. 

(III.10) an auxiliary variable time t is introduced to make deformable surface 𝑥 dynamic.  

The comments made in Section III.3 about the global versus local nature of the solution of 

the deformable contours also applies to deformable surfaces.  

III.5 Related Work 

      Although the name deformable models or snakes first appeared in work by Terzopoulos and 

his collaborators [4], the ideas of deforming an elastic template date back much further to the work 

of Fischler and Elschlager's springloaded templates [35]  (1973) and Widrow's rubber mask 

technique [28] (1973). However, the popularity of deformable models to date is mostly credited to 

the work of "Snakes" by Kass, Witkin, and Terzopoulos [4] (1987).  

There are basically two types of deformable models discussed in the literature: parametric 

deformable models and geometric deformable models [4,28] 

 Geometric deformable models, based on the theory of curve evolution and geometric flows, 

represents curves and surfaces implicitly as a level set of an evolving scalar function. Parametric 

deformable models, on the other hand, represents curves and surfaces explicitly in its parametric 

forms. In this thesis, we shall focus on parametric deformable models, although we expect our 

results to have applications in geometric deformable models as well.  

Parametric deformable models synthesize parametric curves or surfaces within an image 

domain and allow them to move towards desired features, usually edges. Typically, the model is 

drawn toward the edges by potential forces, which are defined to be the negative gradient of a 

potential function. Additional forces, such as pressure forces together with the potential forces 
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comprise the external forces. There are also internal forces designed to hoId the model together 

(elasticity forces) and to keep it from bending excessively (bending forces).  

There are two key difficulties with parametric deformable models. First, the initial model must, 

in general, be close to the true boundary or else it will likely converge to the wrong result. Several 

methods have been proposed to address this problem including multi-resolution methods, pressure 

forces, and distance potentials. The basic idea is to increase the capture range of the external force 

fields and to guide the model toward the desired boundary. The second problem is that deformable  

models have difficulties progressing into boundary concavities. Although pressure forces, control 

points, domain-adaptively, directional attractions, and the use of solenoidal fields have been 

proposed, these methods solve only one problem or both problems but with the priee of creating 

new difficulties. For example, multi-resolution methods have addressed the issue of capture range, 

but specifying how the deformable model should move across different resolutions remains 

problematic. 

Another example is that of pressure forces, which can push a deformable model into boundary 

concavities, but cannot be too strong or "weak" edges will be overwhelmed. Pressure forces must 

also be initialized to push out or push in, a condition that mandates careful initialization [4]. 

The next title display difference types of GVF. 

III.6 Types of GVF  

There are three famous types of gradient vector flow (GVF): 

1.  Gradient vector flow: A new deformable model formulation for boundary mapping is 

developed. This new model uses a new type of external force called gradient vector flow 

(GVF). The GVF external force has three advantages compared to traditional external 

forces. First, it has a large capture range and allows deformable models to be initialized 

far away from the object boundary. Second, it can attract deformable models to move into 

boundary concavities where conventional methods have difficulties. Third, the GVF 

formulation is applicable to any dimension allowing it to be applied in a wide range of 

applications. This method is applied to both simulated images and real MR images.  

2. Generalized gradient vector flow: Based on the GVF formulation, a generalization is 

developed to generate a family of vector fields that share similar properties as those of the 

GVF vector field. This generalization, called generalized gradient vector flow (GGVF), 

allows selection of external forces that are superior to the GVF external forces for certain 

applications. An important property called GGVF medialness, which results in an effective 

method for reconstructing the central layer of thick boundaries.  
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3. Gradient vector diffusion: proposed a new type of anisotropic diffusion equations to obtain 

the gradient vector field, which not only provides us a good guess of the initial snakes but also 

generates an external force on each pixel in the image domain. Unlike the diffusion equations, 

the diffusion scheme is based on the magnitudes and orientations of the vectors. This strategy 

greatly improves the behaviors of the vector diffusion when dealing with boundary concavities 

or "gaps" that Xu's [17] method and even its improved version cannot solve efficiently. The 

proposed gradient vector diffusion (GVD) scheme, coupled with the idea of multiple-snake, 

can correctly obtain an initial segmentation, and then a region merging approach is used to find 

the desired segmentation of the entire image . 

III.7 Gradient Vector Flow Deformable Models  

It is known that traditional deformable models have problems associated with initialization and 

poor convergence to boundary concavities. In this chapter, we present a new class of external 

forces for deformable models that addresses both problems listed above. These fields, which we 

call gradient vector flow (GVF) fields, are dense vector fields derived from images by minimizing 

a certain energy functional in a variational framework. The minimization is achieved by solving a 

pair of decoupled linear partial differential equations which diffuses the gradient vectors of a gray-

leval or binary edge map computed from the image. We call the deformable models that uses the 

GVF field as its external force a GVF deformable model. The GVF deformable model is 

distinguished from nearly all previous deformable formulations in that its external forces cannot 

be written as the negative gradient of a potential function. Because of this, it cannot be formulated 

using the standard energy minimization framework; instead, it is specified directly from a force 

balance condition.  

GVF can be defined in any dimension; however, in this chapter, we focus our attention on two-

dimensional problems for convenience. We shall refer 2-D deformable models as deformable 

contours and those that use GVF as their external forces GVF deformable contours. We note that 

all the discussions on GVF deformable contours are valid to GVF deformable models in general.  

Particular advantages of a GVF deformable contour over a traditional deformable contour 

are its insensitivity to initialization and its ability to move into boundary concavities. As we 

show in this chapter, its initializations can be inside, outside, or across the object's boundary. 

Unlike the balloon model, the GVF deformable contour does not need prior knowledge about 

whether to shrink or expand towards the boundary. The GVF deformable contour also has a 

large capture range, which means that, barring interference from other objects, it can be 

initialized far away from the boundary. This increased capture range is achieved through a 

diffusion process that does not blur the edges themselves, so multi-resolution methods are not 
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needed. The external force model that is closest in spirit to GVF is the distance potential forces 

of Cohen and Cohen. Like GVF, these forces originate from an edge map of the image and 

can provide a large capture range. We show, however, that unlike GVF, distance potential 

forces cannot move a deformable contour into boundary concavities. We believe that this is a 

property of all conservative forces which characterize nearly all deformable contour external 

forces, and that exploring non-conservative external forces, such as GVF, is an important 

direction for future research in deformable contour models.   

III.7.1 Behavior of Traditional Deformable Contours  

An example of the Behavior of a traditional deformable contour is shown in  

Fig. III.3. Fig. III.3.a shows a 64 x 64-pixelline-drawing of a U-shaped object (shown in gray) 

having a boundary concavity at the top. It also shows a sequence of curves (in black) depicting 

the iterative progression of a traditional deformable contour 

 (𝛼 = 0.6 , 𝛽 = 0.0) initialized outside the object but within the capture range of the potential force 

field. The potential force field 𝐹𝑒𝑥𝑡
(𝑝)

= ∇𝐸𝑒𝑥𝑡
(4)

 (defined in (Eq III.5)) where σ = 1.0 pixel is 

shown in Fig.III.3.b. We note that the final solution in Fig. III.3.a solves the Euler equations 

of the deformable contour formulation, but remains split across the concave region. 

The reason for the poor convergence of this deformable contour is revealed in Fig. III.1c, 

where a close-up of the external force field within the boundary concavity is shown. Although 

the external forces correctly point toward the object boundary, within the boundary concavity 

the forces point horizontally in opposite directions. Therefore, the deformable contour is pulled 

apart toward each of the "fingers" of the V-shape, but not made to progress downward into 

the concavity. There is no choice of 𝛼 and 𝛽 that will correct this problem.  

Another key problem with traditional deformable contour formulations, the problem of 

limited capture range, can be understood by examining Fig. III.3.b. In this figure, we see that 

the magnitude of the external forces die out quite rapidly away from the object boundary. 

Increasing 𝜎 in (Eq III.6) will increase this range, but the boundary localization will become 

less accurate and distinct, ultimately obliterating the concavity itself when  𝜎 becomes too 

large.  
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    Cohen and Cohen [33] proposed an external force model that significantly increases the capture 

range of a traditional deformable contour. These external forces are the negative gradient of a potential 

function that is computed using a Euclidean (or chamfer) distance map. We refer to these forces as 

distance potential forces to distinguish them from the traditional potential forces defined in Section 2.1. 

Fig. III.4 shows the performance of a deformable contour using distance potential forces. Fig. III.4.a 

shows both the V-shaped object (in gray) and a sequence of contours (in black) depicting the 

progression of the deformable contour from its initialization far from the object to its final 

configuration. The distance potential forces shown in Fig. III.4.b have vectors with large magnitudes 

far away from the object, explaining why the capture range is large for this external force model.  

As shown in Fig. III.4.a, this deformable contour also fails to converge to the boundary 

(a)  (b) 

(c)  

Fig III.3: (a) The convergence of a deformable contour using (b) traditional potential 

forces, (c) shown close-up within the boundary concavity. [26] 
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concavity. This can be explained by inspecting the magnified portion of the distance potential 

forces shown in Fig. III.4.c. We see that, like traditional potential forces, these forces also 

point horizontally in opposite directions, which pulls the deformable contour apart but not 

downward into the boundary concavity. We note that Cohen and Cohen's modification to the 

basic distance potential forces, which applies a nonlinear transformation to the distance map, 

does not change the direction of the forces, only their magnitudes. Therefore, the problem of 

convergence to boundary concavities is not solved by distance potential forces.                            

 

                                 

 

 

 Fig III.4: (a) The convergence of a deformable contour using (b) distance potential forces, 

(c) shown close-up within the boundary concavity. [26] 
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III.7.2 Generalized Force Balance Equations  

The deformable contour solutions shown in Figs. III.3.a and III.4 both satisfy the Euler 

equations (Eq III.5) for their respective energy model. Accordingly, the poor final configurations 

can be attributed to convergence to a local minimum of the objective function (Eq III.2) .Several 

researchers have sought solutions to this problem by formulating deformable contours directly 

from a force balance equation in which the standard external force 𝐹𝑒𝑥𝑡
(𝑝)

is replaced by a more 

general external force 𝐹𝑒𝑥𝑡
(𝑔)

 as follows  

 

                                                                                       (Eq III.11)    

        

     The choice of 𝐹𝑒𝑥𝑡
(𝑔)

can have a profound impact on both the implementation and the behavior 

of a deformable contour. Broadly speaking, the external forces 𝐹𝑒𝑥𝑡
(𝑔)

can be divided into two 

classes: static and dynamic. Static forces are those that are computed from the image data, and do 

not change as the deformable contour progresses. Standard deformable contour potential forces 

are static external forces. Dynamic forces are those that change as the deformable contour deforms.  

Several types of dynamic external forces have been invented to try to improve upon the 

standard deformable contour potential forces. For example, the forces used in multi-resolution 

deformable contours [37] and the pressure forces used in balloons [28] are dynamic external 

forces. The use of multi-resolution schemes and pressure forces, however, adds complexity to a 

deformable contour's implementation and unpredictability to its performance. For example, 

pressure forces must be initialized to either push out or push in, and may overwhelm weak 

boundaries if they act too strongly. Conversely, they may not move into boundary concavities if 

they are pushing in the wrong direction or act too weakly.  

There is a type of static external force, one that does not change with time or depend on the 

position of the deformable contour itself. The underlying mathematical premise for this force 

comes from the Helmholtz theorem [38], which states that the most general static vector field can 

be decomposed into two components: an irrotational (curl-free) component and a solenoidal 

(divergence free) component. An external potential force generated from the variational formu-

lation of a traditional deformable contour must enter the force balance equation (Eq III.6)as a 

static irrotational field, since it is the gradient of a potential function. Therefore, a more general 

static field 𝐹𝑒𝑥𝑡
(𝑔)

can be obtained by allowing the possibility that it comprises both an irrotational 

component and a solenoidal component. In [39] explored the idea of constructing a separate 

solenoidal field from an image, which was then added to a standard irrotational field. In the 
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following section, we pursue a more natural approach in which the external force field is designed 

to have the desired properties of both a large capture range and the presence of forces that point 

into boundary concavities. The resulting formulation produces external force fields that can be 

expected to have both irrotational and solenoidal components [26].   

III.7.3 Gradient Vector Flow Deformable Contour  

Our overall approach is to use the force balance condition (Eq III.7) as a starting point for 

designing a deformable contour. We define below a new static external force field  

𝐹𝑒𝑥𝑡
(𝑔)

= 𝑣(𝑥, 𝑦), which we call the gradient vector flow (GVF) field. To obtain the 

corresponding dynamic deformable contour equation, we replace the potential force -∇𝐸ext in 

(Eq III.8) with v(x, y), yielding  

 

    

 

We call the parametric curve solving the above dynamic equation a GVF deformable 

contour. It is solved numerically by discretization and iteration, in identical fashion to the 

traditional deformable contour.  

Although the final configuration of a GVF deformable contour will satisfy the force-

balance equation (Eq III.7), this equation does not, in general, represent the Euler equations of 

the energy minimization problem in (III.5). This is because 𝑣(𝑥, 𝑦) will not, in general, be an 

irrotational field. The loss of this optimality property, however, is well-compensated by the 

significantly improved performance of the GVF deformable contour.  

 

III.7.3.1 Edge Map 

To define the GVF field, begin by defining an edge map 𝑓(𝑥, 𝑦) derived from the image 𝐼(𝑥, 𝑦) 

having the property that it is larger near the image edges." We can use any gray-level or binary 

edge map defined in the image processing literature [40]; for example, we could use  

 

                                               𝑓(𝑥, 𝑦) = −𝐸𝑒𝑥𝑡
(𝑖) (𝑥, 𝑦)                           (Eq III.13) 

 

where 𝐸𝑒𝑥𝑡
(𝑖) (𝑥, 𝑦), 𝑖 =  1, 2, 3, 𝑜𝑟 4, is the external energy defined in (Eq III.2)and (Eq III.6). 

Three general properties of edge maps are important in the present context.  

First, the gradient of an edge map ∇𝑓 has vectors pointing toward the edges, which are normal to 

the edges at the edges. Second, these vectors generally have large magnitudes only in the 

xt(𝑠, 𝑡) =  𝛼𝑥" (𝑠, 𝑡)  −  𝛽𝑥"" (𝑠, 𝑡) + 𝑣                         (Eq III.12)                    
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immediate vicinity of the edges. Third, in homogeneous regions, where 𝐼(𝑥, 𝑦) is nearly constant, 

∇𝑓 is nearly zero.  

Now consider how these properties affect the behavior of a traditional deformable contour 

when the gradient of an edge map is used as an external force. Because of the first property, a 

deformable contour initialized close to the edge will converge to a stable configuration near the 

edge. This is a highly desirable property. Because of the second property, however, the capture 

range will be very small, in general. Because of the third property, homogeneous regions will have 

no external forces whatsoever.  

These last two properties are undesirable. Our approach is to keep the highly desirable property 

of the gradients near the edges, but to extend the gradient map farther away from the edges and 

into homogeneous regions using a computational diffusion process. As an important benefit, the 

inherent competition of the diffusion process will also create vectors that point into boundary 

concavities. 

III.7.3.2 Gradient Vector Flow  

We define the gradient vector flow to be the vector field v(x, y) = [u(x, y), v(x, y)] that minimizes 

the energy functional  

                         

This variational formulation follows a standard principle, which of making the result smooth 

when there is no data. In particular, we see that when |∇𝑓|  is small, the energy is dominated by 

sum of the squares of the partial derivatives of the vector field, yielding a slowly-varying field. On 

the other hand, when |∇𝑓| is large, the second term dominates the integrand, and is minimized by 

setting 𝑣 =  𝛻𝑓. This produces the desired effect of keeping 𝑣 nearly equal to the gradient of 

the edge map when it is large, but forcing the field to be slowly-varying in homogeneous regions. 

The parameter 𝜇 is a regularization parameter governing the trade-off between the first term and 

the second term in the integrand. This parameter should be set according to the amount of noise 

present in the image (more noise, increase 𝜇). 

We note that the smoothing term - the first term within the integrand of (Eq III.14)   - is the 

same term used by Horn and Schunck in their classical formulation of optical flow [41]. It has 

recently been shown that this term corresponds to an equal penalty on the divergence and curl of 

the vector field. Therefore, the vector field resulting from this minimization can be expected to be 

neither entirely irrotational nor entirely solenoidal.  

Using the calculus of variations, it can be shown that the GVF field can be found by solving 

the following Euler equations  

(Eq III.15)  
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where ∇2 is the Laplacian operator. These equations provide further intuition behind the GVF 

formulation. We note that in a homogeneous region (where I(x, y) is constant), the second term in 

each equation is zero because the gradient of f(x, y) is zero. Therefore, within such a region, u and 

v are each determined by Laplace's equation, and the resulting GVF field is interpolated from the 

region's boundary, reflecting a kind of competition among the boundary vectors. This explains 

why GVF yields vectors that point into boundary concavities.  

III.7.3.3 Numerical Implementation 

Equations (3.5a) and (3.5b) can be solved by treating u and v as functions of time and solving 

 

  

 

The steady-state solution of these linear parabolic equations is the desired solution of the Euler 

equations (Eq III.15.a) and (Eq III.15.b).  Note that these equations are decoupled, and therefore 

can be solved as separate scalar partial differential equations in u and v. The equations in (Eq 

III.16)  are known as generalized diffusion equations, and are known to arise in such diverse fields 

as heat conduction, reactor physics, and fluid flow. Here, they have appeared from our description 

of desirable properties of deformable contour external force fields as represented in the energy 

functional of (Eq III.14).   

For convenience, we rewrite Equations (Eq III.16) as follows  

 

 

 

 

where 

 

 

 

 

𝜇∇2𝑢 − (𝑢 − 𝑓𝑥)(𝑓𝑥
2 + 𝑓𝑦

2) = 0 

𝜇∇2𝑣 − (𝑣 − 𝑓𝑦)(𝑓𝑥
2 + 𝑓𝑦

2) = 0 

(Eq III.15.a)  

(Eq III.15.b)   

(Eq III.16.a)  

(Eq III.16.b)   

𝑈𝑡(𝑥, 𝑦, 𝑡) = μ∇2u(𝑢, 𝑦, t) - b(x, y) u(x, y, 𝑡) + c1(x, y)  

𝑉𝑡(𝑥, 𝑦, 𝑡) = μ∇2v(𝑣, 𝑦, t) - b(x, y) v(x, y, t) + c2(x, y)  

(Eq III.17.a)  

(Eq III.17.b)   

𝑏(𝑥, 𝑦) 

c1(𝑥, 𝑦) 

c2(𝑥, 𝑦)  

=𝑓𝑥
2(𝑥, 𝑦)+ 𝑓𝑦

2(𝑥, 𝑦) 

=b(x, y) 𝑓𝑥(x, y)  

=b(x, y) 𝑓𝑦(x, y)  
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Any digital image gradient operator can be used to calculate fx and fy. In the examples 

shown in this paper, we use simple central differences. The coefficients b(x, y), c1(x, y), and c2(x, y), 

can then be computed and fixed for the entire iterative process.  

To set up the iterative solution, let the indices 𝑖, 𝑗, and 𝑡𝑖 correspond to x, y, and t, 

respectively, and let the spacing between pixels be ∆𝑥 and ∆𝑦 and the time step for each 

iteration be ∆𝑡. Then the required partial derivatives can be approximated as: 

 

 

 

 

 

 

 

Substituting these approximations into (Eq III.17)   gives our iterative solution to GVF:  

 

 

 

  

 

 

 

 

 

Where  

 

                                                   𝑟 =
𝜇∆𝑡

∆𝑥∆𝑦
                                                                 (EqIII.19)   

 

 

Convergence of the above iterative process is guaranteed by a standard result in the theory of 

numerical methods [42]. Provided that b, c1, and c2 are bounded, (Eq III.18) is stable whenever 

the Courant-Friedrichs-Lewy step-size restriction 𝜇 ≤
1

4
is maintained. Since normally ∆𝑥,∆𝑦 

and 𝜇 are fixed, using the definition of r in (Eq III.19) we find that the following restriction 

on the time-step ∆𝑡 must be maintained in order to guarantee convergence of GVF:  

𝑢𝑡 =
1

∆𝑡
𝑢𝑖,𝑗

𝑛+1 − 𝑢𝑖,𝑗
𝑛  

𝑣𝑡 =
1

∆𝑡
𝑣𝑖,𝑗

𝑛+1 − 𝑣𝑖,𝑗
𝑛  

∇2𝑢 =
1

∆𝑥∆𝑦
(𝑢𝑖+1,𝑗 + 𝑢𝑖,𝑗+1 + 𝑢𝑖−1,𝑗+𝑢𝑖,𝑗−1) 

∇2𝑣 =
1

∆𝑥∆𝑦
(𝑣𝑖+1,𝑗 + 𝑣𝑖,𝑗+1 + 𝑣𝑖−1,𝑗+𝑣𝑖,𝑗−1) 

𝑢𝑖,𝑗
𝑛+1 = (1 − 𝑏𝑖,𝑗∆𝑡)𝑢𝑖,𝑗

𝑛 + 

𝑟(𝑢𝑖+1,𝑗
𝑛 + 𝑢𝑖,𝑗+1

𝑛 + 𝑢𝑖−1,𝑗
𝑛 +𝑢𝑖,𝑗−1

𝑛 −  4𝑢𝑖,𝑗
𝑛 )  

+  𝑐𝑖,𝑗
1 ∆𝑡  

 

 

 

 

(Eq III.18.a)   

 

𝑣𝑖,𝑗
𝑛+1 = (1 − 𝑏𝑖,𝑗∆𝑡)𝑣𝑖,𝑗

𝑛 + 

𝑟(𝑣𝑖+1,𝑗
𝑛 + 𝑣𝑖,𝑗+1

𝑛 + 𝑣𝑖−1,𝑗
𝑛 +𝑣𝑖,𝑗−1

𝑛 −  4𝑣𝑖,𝑗
𝑛 )  

+ 𝑐𝑖,𝑗
2 ∆𝑡  

  

(Eq III.18.b)   
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                                          ∆𝑡 ≤
∆𝑥∆𝑦

4𝜇
                                                                     (Eq III.20)   

         

 

The intuition behind this condition is revealing. First, convergence can be made to be faster 

on coarser images - i.e., when ∆𝑥 and ∆𝑦 are larger. Second, when 𝜇 is large and the GVF is 

expected to be a smoother field, the convergence rate will be slower (since ∆𝑡 must be kept 

small). [26] 

III.7.4 Generalized Gradient Vector Flow 
GVF has many desirable properties as an external force for deformable models. It still 

has difficulties, however, forcing a detection into long, thin boundary indentations. That this 

difficulty could be caused by excessive smoothing of the field near the boundaries, governed by 

the coefficient 𝜇 in eq: 

               𝑣𝑡 = 𝜇∇2𝑣 − (𝑣 − ∇𝑓)|∇𝑓|2                                 (Eq III.21) 

   

We reasoned that introducing a spatially varying weighting function, instead of the 

constant 𝜇, and decreasing the smoothing effect near strong gradients, could solve this problem. 

In the following formulation, which we have termed generalized GVF (GGVF), we replace both 𝜇 

and |∇𝑓|2 in (Eq III.21).  

We define GGVF as the equilibrium solution of the following vector partial differential 

equation: 

              𝑣𝑡 = 𝑔(|∇𝑓|)∇2𝑣 − ℎ(|∇𝑓|)(𝑣 − ∇𝑓)                      (Eq III.22) 

The first term on the right is referred to as the smoothing term since this term alone will 

produce a smoothly varying vector field. The second term is referred as the data term since it 

encourages the vector field 𝑣 to be close to ∇𝑓 computed from the data. The weighting functions 

g (.) and ℎ(. ) apply to the smoothing and data terms, respectively. Since the se weighting 

functions are dependent on the gradient of the edge map which is spatially varying, the weights 

themselves are spatially varying, in general. Since we want the vector field 𝑣 to be slowly 

varying (or smooth) at locations far from the edges, but to conform to |∇𝑓|near the edges, g (.) 

and ℎ(. ) should be monotonically non-increasing and non-decreasing functions of |∇𝑓|, 

respectively. 

The above equation reduces to that of GVF when 
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    𝑔(|∇𝑓|) = 𝜇                                                          (Eq III.23) 

 ℎ(|∇𝑓|) = |∇𝑓|2                                                       (Eq III.24) 

Since 𝑔(. ) is constant here, smoothing occurs everywhere; however, ℎ(. ) grows larger near 

strong edges, and should dominate at the boundaries. Thus, GVF should provide good edge 

localization. The effect of smoothing becomes apparent, however, when there are two edges in 

close proximity, such as when there is a long, thin indentation along the boundary. In this 

situation, GVF tends to smooth between opposite edges, losing the forces necessary to drive an 

active contour into this region. 

To address this problem, weighting functions can be selected such that 𝑔(. ) gets smaller 

as ℎ(. ) becomes larger. Then, in the proximity of large gradients, there will be very little 

smoothing, and the effective vector field will be nearly equal to the gradient of the edge map. 

There are many ways to specify such pairs of weighting functions. In this section, we use the 

following weighting functions for GGVF 

       𝑔(|∇𝑓|) = exp (−
|∇𝑓|

𝐾
)                         (Eq III.25) 

       ℎ(|∇𝑓|) = 1 − 𝑔(|∇𝑓|)                         (Eq III.26) 

The GGVF field computed using this pair of weighting functions will conform to the 

edge map gradient at strong edges, but will vary smoothly away from the boundaries. The 

specification of K determines to soe extent the degree of tradeoff between field smoothness and 

gradient conformity.  

As in GVF, the partial differential equation (Eq III.22) specifying GGVF, can be 

implemented using an explicit finite difference scheme, which is stable if the time step∆𝑡 and the 

spatial sample intervals ∆𝑥 and ∆𝑡 satisfy 

         ∆𝑡 ≤
∆𝑥∆𝑦

4𝐺𝑚𝑎𝑥
                                                                             

where 𝐺𝑚𝑎𝑥  is the maximum value of 𝑔(. ) over the range of gradients encountered in the edge 

map image. While an implicit scheme for the numerical implementations of (Eq III.25) would be 

unconditionally stable and therefore not need this condition, the explicit scheme is faster. Still 

faster methods for example, the multigrain method are possible [43]. 
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Resultat the Xu's Method and the GGVF:

 

  Fig.III.5. (a) A square with a long, thin indentation and broken boundary; (b) original 

GVF field (zoomed); (e) proposed GGVF field (zoomed); (d) initial snake position for both 

the GVF snake and the GGVF snake [43]. 

III.7.5. Gradient Vector Diffusion  

III.7.5.1. Previous Work and Analysis 

In the work of Xu [17] etc., the following diffusion equations were used:  

{

𝑑𝑢

𝑑𝑡
= 𝜇∇2𝑢 − (𝑢 − 𝑓𝑥)(𝑓𝑥

2 + 𝑓𝑦
2)

𝑑𝑣

𝑑𝑡
= 𝜇∇2𝑣 − (𝑣 − 𝑓𝑦)(𝑓𝑥

2 + 𝑓𝑦
2)

 

where (𝑢, 𝑣) is initialized by ∇𝑓(𝑥, 𝑦) and 𝑓(𝑥, 𝑦) is an edge map of the original image: 𝑓(𝑥, 𝑦)  =

 | ∇𝐼(𝑥, 𝑦)| 

This diffusion model was originally proposed to remedy the problem of the traditional 

snake model in case of boundary concavities (see Fig III.6 (a) where ACB are shown). How-

ever, it does not work well when the boundary concavities are long and thin. Then Xu [17]etc. 

proposed a generalized version of this model, aiming to handle the long and thin concavities. 

Unfortunately even the generalized version (GGVF) still could not handle these cases efficiently. 

The reason is that, as shown in fig. Fig III.6 (a), then vectors propagated from C to D are very 

"weak" (with low magnitudes) while the vectors propagated from A and B to D are relatively 

much stronger, yielding the diffused vectors around D pointing either up or down. Another 

(Eq III.27.a)  

(Eq III.27.b)   
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problem with both models is how to prevent the snakes from moving out of the boundaries "gap" 

or low-contrast boundaries near high contrast boundaries as shown in Fig III.6 (a) around point 

G [36].  

 

Fig III.6. Illustration of the problems and solutions. V and V' in (b) stand for the diffused 

vector by Xu's method and GVD method, respectively [34] 

III.7.5.2 GVD Approach  

Remember that GVF and GGVF apply the diffusion on Cartesian coordinate representation (u 

and v) of vectors. Actually, applying the diffusion on r (the magnitude of vector) and 𝜃 (the 

orientation of vector) can greatly improve the behaviors of the vector diffusion. Fig III.6 (b) 

shows how these two different ways diffuse two vectors and have totally different results. For 

the diffusion scheme based on r and 𝜃, a very weak vector can largely affect a strong vector, both 

on its magnitude and on its orientation. This is the essential idea for our new diffusion approach. 

Furthermore, by using an anisotropic scheme, we can choose to weaken the orientation diffusion 

(as we will see in the following) if two vectors are pointing in almost opposite directions. Then 

the problem of boundary "gaps" can be easily solved before we describe our diffusion equations, 

we shall give a definition of sink, which will be used in our algorithm: 

Definition Given a vector field 𝑦( 𝑖, 𝑗), 𝑖 =  0, . . . , 𝑚 −  1;  𝑗 =  0, . . . , 𝑛 −  1, where m, n are 

the size of the image domain. The sink of a pixel A at (𝑖, 𝑗), denoted by 𝑠𝑖𝑛𝑘(𝑖, 𝑗), is defined as the 

total incoming amounts at A from all its neighbors minus the magnitude of the vector at A In the 

following we will use different schemes to diffuse the vector magnitude r and orientation 

Our approach uses an anisotropic diffusion scheme for the diffusion process of r 

 

             
𝑑𝑟

𝑑𝑡
= 𝜇∇(𝑠 (𝑣(0)⃗⃗ ⃗⃗ ⃗⃗  ⃗) 𝑐1(‖∇𝑟‖∇𝑟) − ℎ(𝑟(0))(𝑟 − 𝑟(0))                  (Eq III.28)   
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where: 

𝑐1(‖∇𝑟‖) = exp(−
‖∇𝑟‖2

𝐾2
) , ℎ(𝑟(0)) = 1 − exp (−

𝑟(0)

𝐾
) 

and  

𝑠(𝑣(𝑖, 𝑗)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗) = exp (−𝑠𝑖𝑛𝑘+(𝑖, 𝑗)) 

where 𝒔𝒊𝒏𝒌+(𝒊, 𝒋) is equal to 𝒔𝒊𝒏𝒌(𝒊, 𝒋) if 𝒔𝒊𝒏𝒌(𝒊, 𝒋) ≥  𝒐. Otherwise it is equal to zero. In equation 

(3), 𝒓(𝟎) =𝒗(𝟎)⃗⃗ ⃗⃗ ⃗⃗  ⃗ where 𝒗(𝟎)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  , stands for the initial vector field that can be determined by ∇f. 

According to the definition, the sink is much larger around the boundary points than elsewhere. 

So 𝑠 (𝑣(0)⃗⃗ ⃗⃗ ⃗⃗  ⃗) can reduce the diffusion effect around boundary points while encouraging the 

diffusion elsewhere. 

The diffusion equation for vector orientation 𝜃 plays an important role on making the 

vector field more "sensitive" to the boundary concavities but less "sensitive" around the 

boundary gaps. We shall assume that the orientations of the vectors are periodically defined on 

[−𝜋, 𝜋] the equation for vector orientation 𝜃 looks similar to (3 

𝑑𝜃 

𝑑𝑡
= 𝜇∇(𝑠 (𝑣(0)⃗⃗ ⃗⃗ ⃗⃗  ⃗) 𝑐2(𝑑𝑖𝑓(𝜃 , 𝜃∗ ))𝑑𝑖𝑓(𝜃 , 𝜃∗ )𝑠𝑖𝑔𝑛(𝜃 , 𝜃∗ ) − ℎ(𝑟(0))𝑑𝑖𝑓(𝜃 , 𝜃∗ )𝑠𝑖𝑔𝑛(𝜃 , 𝜃∗ ) 

 

where 𝜃∗ is the orientation of one of the neighbors. 𝑠 (𝑣(0)⃗⃗ ⃗⃗ ⃗⃗  ⃗) and ℎ(. ) are defined same as in (3). 

But 𝑐2(. ) is different from 𝑐1(. ) in (Eq III.28) : 

𝑐2(𝑥) = {
exp (−

2𝑥

𝜋
)     𝑖𝑓 0 ≤ 𝑥 ≤

𝜋

2
2

𝜋𝑒

(𝑥 − 𝜋)2

𝑥
   𝑖𝑓 

𝜋

2
≤ 𝑥 ≤ 𝜋

 

This weighting function basically tells us that, if the difference of two vectors’ orientations 

𝜽𝟏 and 𝜽𝟐is about 
𝝅

 𝟐
 then they can affect each other most significantly. But if the difference is a 

little bit greater than 
𝝅

𝟐
 their influence to each other will rapidly decrease to zero.  

 

In (4) we replace ∇𝜃  (as it should be in most anisotropic diffusion methods) with 

𝑑𝑖𝑓(𝜃 , 𝜃∗ )𝑠𝑖𝑔𝑛(𝜃 , 𝜃∗ ).The reason for this change is that in our case the orientation 𝜃 is 

periodically defined on [−𝜋, 𝜋] .So the difference between two angles 𝜽𝟏 and 𝜽𝟐can not be simply 

(Eq III.29)    
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written as|𝜽𝟏 − 𝜽𝟐|, but should be the angle between the two corresponding vectors. And this 

angle could be positive or negative depending on the orientations of these two vectors. Therefore, 

the well-known Maximum Principle in traditional heat diffusion scheme is no longer true in the 

case of orientation diffusion [44]. 

III.7.5.3. Comparison with Xu's Method: 

Fig III.7 (a) and (b) show the enlarged vector field near the boundary concavity (see Fig 

III.6 (a) around ACB). It is clearly shown that, by GVD approach, the vectors in the concavity 

obviously changed their magnitudes and orientations and thus the snake can easily move into the 

bottom of the concavity. Fig III.7 (c) and (d) show the enlarged vector field near the boundary 

gap (see Fig III.6 (a) around G). As we can see from Fig III.7 (c), traditional GVF has 

difficulty preventing the vectors near the boundary gap from being significantly influenced by 

the nearby boundaries, so that the snake may move out of the boundary gap. However, this 

approach can avoid this problem [44] 

 

 

 

 

 

 

 

 

(b) GVD method  (a) Xu's method  

Fig III.7. The comparison between the traditional GVF method and 

GVD approach for their behaviors on the boundary concavity and 

boundary gap [44] 

 

(d) GVD method  (c) Xu's method  
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III.8. Conclusion  
In this chapter we present Energy of image (Focus External Force GVF and present 

different forms), and study of different models deformable. 

There are many of forms of GVF we present in this chapter four of them (Traditional GVF, 
GVF of Xu, GGVF and GVD), but there are also others I like to reference them: Hsu et al, [45] 
introduced a vector field inspired from the Poisson equation, the Poisson Gradient Vector Field 
(PGVF). This field has a similar diffusion as the one obtained with the GGVF, avoiding the problem 
of the stability condition and the smoothing parameter mentioned in [46] to iteratively solve the 
equation of the force field, since we don’t need to introduce time variable to solve the Poisson 
equation. Another improvement was proposed by Li. et al. [47], the Edge Preserving Gradient 
Vector Flow (EPGVF), for preserving weak edges, they showed that both GVF and GGVF have 
difficulties to stop the snake at. Weak edges, when they are located near a strong one. Recently, 
Li and Acton in [48] presented a new vector field the Vector Field Convolution (VFC), as its name 
suggests, it is computed by a simple convolution of the contour map, derived from the gradient 
of the image, with a kernel vector .The main advantage of using the VFC is that the computational 
cost is reduced and good results can be obtained in the presence of noise. 

Finally we conclude from this chapter the area of GVF are wide field and always evolve to 
solution the problems to access the perfect detection. 
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IV.1 Introduction 

In this chapter, we present a novel adaptive B-Snake model for object contour extraction. 

A cubic B-Snake model is developed for extracting 2D deformable objects from medical images, 

with an adaptive control point insertion algorithm that is suggested to increase the flexibility of 

B-Snake to describe complex shape. This method overcomes the problems that exist in other B-

spline based model that have to decide beforehand or exhaustively search over a range of value 

for the number of control points. Hence, these methods are less flexible to describe unknown 

complex shapes. A minimum energy method which we called Minimum Mean Square Error 

(MMSE) is proposed for B-Snake to push it to the target boundary. The internal forces are not 

required in deforming B-Snake since the representation of B-Spline has guaranteed smoothness 

by hard implicit constraints. The proposed B-Snake model has been tested on object contour 

extraction such as human brain ventric1e in Magnetic Resonance (MR) images. The 

experimental results demonstrate the capability of adaptive shape description and object contour 

extraction. 

IV.2 Advantages of B-snake model to the other Snakes models 

The closed-form adaptive B-Snake model [49] with a knot insertion strategy and a 

Minimum Mean Square Error (MMSE) approach. It possesses two main novelties: 

(1) The proposed B-Snake model has the capability to increase the number of knots (or control     

points) to form a complex shape to adapt the structure of the objects while still has a small 

number of parameters. This is in contrast to most B-Snake models, which have to fix the value or 

search over a range of values or depend on a ratio of the length of data for the number of control 

points, thus lacking the flexibility. 

(2)A method of Minimum Mean Square Error (MMSE) is developed to iteratively estimate the 

position of those control points in the B-Snake model. As MMSE deforms the segments of the B-

Spline instead of individual points, it is very robust against local minima. 

And her advantages comparison to other models snakes are: 

  B-Snake uses far lesser parameters compared to point-based Snake model. As the cubic 

B-Spline is proposed to be used, deformable curves are represented by four or more parameters 

(control points). 
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Internal forces are not required in deforming B-Snake since the representation of B-

Spline has guaranteed smoothness by hard implicit constraints. 

The B-Snake model is also easy for object boundary tracking application since the 

parameters of B-Snake for the current frame are usually similar to those in the previous frame, 

i.e. the movement of the control points are smaller [50]. 

IV.3 B-Snake 

In active contour models, a contour is initiated on the image and is left to deform in a 

way that, firstly, moves it toward features of interest in the image and, secondly, maintains a 

certain degree of smoothness and continuity in the contour. In order to favor this type of 

contour deformation, an energy term is associated with the contour and is designed to be 

inversely proportional to smoothness of the contour and to be fit to desired image features.     

 The deformation of the contour in the image plane will change its energy, thus one 

can imagine an energy (potential) surface on top of which the contour moves seeking 

valleys of low energy. The traditional Snake is a point-based deformable model. From the 

original philosophy of Snake, B-Snake is using a B-Spline in place of the original elastic rod 

simulation. The B-Splines can be constructed of any order (with the complexity of the possible 

conformation increasing with spline order), but third order (cubic) is most often encountered 

(See chapter 2).  .  

The cubic B-Splines exhibit a favourable trade-off between their shape complexity for 

describing natural curves and computational burden required to solve them. Therefore, we are 

concerned with the implementation of cubic B-Spline in this chapter. The uniform cubic B-

Spline is a simple and particularly useful class of B-Spline, the term uniform means that the 

knots are equally spaced [50]. 

IV.2.1 Uniform Close Cubic B-Splines: 

For a given set of 𝑛 + 1 control points, {𝑄𝑖 = [𝑥𝑖 , 𝑦𝑖]
𝑇 , 𝑖 = 0,1, … , 𝑛} the close uniform cubic B-

Spline consists of 𝑛 + 1 connected curve segments {𝑔𝑖(𝑠) = (𝑥𝑖(𝑠), 𝑦𝑖(𝑠)), 𝑖 = 1, 2, … , 𝑛 + 1}. 

Each curve segment is a linear combination of four cubic polynomials by the parameter s, where 

𝑠 is normalized between 0 and 1 (0 ≤ 𝑠 ≤ 1). That is, [50]. 
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                          𝑔𝑖(𝑠) = 𝑀𝑅(𝑠)

[
 
 
 
 
𝑄(𝑖−1)𝑚𝑜𝑑(𝑛+1)

𝑄(𝑖)𝑚𝑜𝑑(𝑛+1)

𝑄(𝑖+1)𝑚𝑜𝑑(𝑛+1)

𝑄(𝑖+2)𝑚𝑜𝑑(𝑛+1)]
 
 
 
 

 , for i= 1, 2,…, n+1                              (Eq IV.1) 

where  

                     𝑀𝑅(𝑠) = [𝑠3 𝑠2 𝑠 1]
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                                                     (EqIV.2) 

IV.2.2 The B-Snake Model 

The cubic B-Snake is defined as follows:         

                              𝑟(𝑠) = ∑ 𝑔𝑖𝑖 (𝑠),where0 ≤ 𝑠 ≤ 1                   (EqIV.3)                       

The control points are positioned so that the curve locates within the desired object 

contour. To identify the boundaries of an object in an image, the total energy function must 

be minimized along the B-Spline curve. Consequently, when equilibrium is achieved, the 

forces vanished in the image, r(s) is stabilized close to the contour of the object [51]. 

The external energy term on 𝑟(𝑠) is defined as 𝐸(𝑟(𝑠)). 

There are no internal forces since the B-Spline representation maintains smoothness via 

hard constraints implicit in the representation. Therefore, the total energy function of the B-

Snake 𝐸𝐵−𝑆𝑛𝑎𝑘𝑒 can be defined by integrating 𝐸(𝑟(𝑠)) along the B-Snake. That is, 

                           𝐸𝐵−𝑆𝑛𝑎𝑘𝑒 = ∫ 𝐸(𝑟(𝑠))
1

0
𝑑𝑠                                          (EqIV. 4) 

To identify the edge features in the image, the above expression must be minimized along 

the B-Spline curve. So that, at equilibrium (when image forces vanish), r(s) stabilizes close to a 

contour of object.[50] 

 The points connecting the neighbouring segments are called the knot points 𝑃𝑖(𝑖 =

 1,2, . . . , 𝑛 − 1), where the B-Spline bases are tied together. Given the set of knot points 𝑃 =

 (𝑃1, 𝑃2, … , 𝑃𝑛−1) of a uniform cubic B-Spline curve, we can uniquely determine control 
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points 𝑄 = (𝑄0, 𝑄1, … , 𝑄𝑛)), by substituting s = 0 into (Eq IV.1). The relationship between 

the control points and the knot points is given as:  

                                                        𝑄 = 𝐴−1𝑃                                                                  (EqIV.5) 

where 

                                     𝐴 =

[
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                                              (Eq IV.6) 

IV.3 Estimation of B-Snake Parameters from Image Data  

Based on the initial location of the control points that are determined either by manual or 

as a result of previous frame, the B-Snake would further deform to the desired contour accurately 

in the current frame. In [52], Wang et al. have presented an open B-Snake lane model with a 

fixed number of control points, and Gradient Vector Flow (GVF) (See Chapter3) has been used 

as its external force to detect the lane boundary by MMSE method. In this Section, a new method 

for B-Snake model is presented. Compared to other B-Snake models, ithas a few novelties: (1) a 

control point insertion strategy is embedded to adapt the complex shape without prior fixing the 

number of control points; (2) the normal portion of GVF is chosen to efficiently deform the B-

Snake; (3) MMSE method is implemented to not only the open B-Snake, but also the close B-

Snake [51]. 

IV.3.1. External Force for B-Snake 

Gradient Vector Flow (GVF) [53] (More details in Chapter III) is selected here as the 

definition of external forces for B-Snake, since GVF has a larger capture range. It is computed as 

a diffusion of the gradient vector of a gray-level or binary edge map derived from the image. 

𝐸𝑒𝑥𝑡 = ∑∑ (𝐸𝑖(𝑠))
1

𝑠=0
       

𝑖

                      (Eq IV. 7)   
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IV.3.2. Minimum Mean Square Error Approach 

B-Snake should be updated to minimize: (1) the sum of the external forces from the B-

Spline for achieving accurate position of B-Snake, and (2) the external forces should be 

transmitted to each control point when updating B-Snake. The details are described as follows 

To deform the B-Snake to the object boundaries, the energy function has to be minimized 

as: 

            𝐸𝑒𝑥𝑡 = ∑∑ (𝐸𝑖(𝑠))
1

𝑠=0
= 0      

𝑖

                                  (Eq IV. 8)   

In practical application, the energy function would never reach zero, but a minimal value. 

Once the energy function of B-Snake is minimized, then no movement is driven for control 

points and hence no change in the shape of the B-Snake. To iteratively minimize the external 

force, the following equation shows the relationship between the movement of control points and 

the energy function: 

                                                                 (Eq IV. 9)   

where γ is a step-size and ∆Q(t) is the adjustment of the control points Q in each iteration step. 

                                          𝑄(𝑡) = 𝑄(𝑡 − 1) + ∆Q(t)                                      (Eq IV. 10)    

External force can be sampled along the B-Spline of B-Snake at a certain distance (we are 

using 2-3 pixels). Then Eq. (IV. 9) can be solved digitally. Here, the MMSE solution for the 

digital version of the Eq. (IV. 9) is given as a matrix form [49] 

                                         (Eq IV.11)   
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and 𝑠𝑖,𝑚is the parameter s to form the sampling point m in ith segment [49]. 
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VI.3.3 Control Point Insertion Strategy  

To adaptively approach a comp1ex contour without prior fixing of the number of control 

points, a structure adaptive knot point insertion strategy is developed. The location of new knot 

point is determined by checking the external force on the B-Snake when B-Snake is converged in 

the deforming procedure. The new knot point is inserted into the location where it has maximal 

external force on the B-Spline curve. In the GVF field, the magnitude of the force reflects the 

distance to the nearest significant edge. The stronger external force means the further distance to 

the nearest object boundary. In this case, the knot point should be inserted to increase the 

flexibility of the B-Spline curve to adapt to the object shape. Compared to other algorithm [3] 

which has to try a range of values to determine the best number of control points for B-Snake 

model, our method is simple and working fast. 

Suppose that we have a B-Spline curve defined on a sequence of control points Q =

 Q0, Q1, . . . , Qn), a knot Ptis expected to insert between Pi  and Pi+1at s. The new set of control 

points is Q̂  =  Q̂0, Q̂1, . . . , Q̂n, Q̂n+1 . is determined by 

                  �̂�𝑗 = (1 − 𝛼𝑗)𝑄𝑗−1 + 𝛼𝑗𝑄𝑗                                      (Eq IV.15) 

where:  

   𝛼𝑗 = {

1                             (𝑗 ≤ 𝑖 − 1)
𝑠𝑡+2+(𝑗−𝑖)

3
                     (𝑖 ≤ 𝑗 ≤ 𝑖 + 2 )                   

0                              (𝑗 ≥ 𝑖 + 3)

          (Eq IV.16) 

Equations (Eq IV.15) and (Eq IV.15) mean that the new�̂�𝑗divides the line segments 𝑄𝑗−1 𝑄𝑗in 

the ratio 𝛼𝑗: (1 − 𝛼𝑗) [50]. 

VI.3.4. the Complete Object Contour Extraction Algorithm 

In order to arrive at the solutions in Eq. (13), an iterative procedure is adopted. This 

iterative minimization is guaranteed to converge at 1east to a local minimum of ER-snake in Eq. (6). 

The steps contained in this iterative minimization process are as follows: 

(1)Ca1culate the edge image of original image by using Canny edge detector. 

(2) Ca1culate the GVF of the edge image as the external force of B-Snake. 



Chapter IV                                                                                                                 B-Snake 

 61 

(3) Initialize the control point parameters. 

 (4) Compute the MMSE in (Eq IV.11) for obtaining ∆Q(t)  

 (5)If ‖∆Q(t)‖>𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑1, set 𝑄(𝑡) to 𝑄(𝑡 − 1), then go to step 4; Otherwise, go to step 6. 

(6)If max ‖EB−Snake‖>𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑2
, a new knot point is inserted in that location which has 

maximum external force, then go to step 4; Otherwise, go to step 7. 

(7)Stop. The last estimations of 𝑄(𝑡) are regarded as the final results.  

This iterative minimization is guaranteed to converge to at least a local minimum of 

Eext  in (Eq IV. 9) . There is no exact mie to set the thresholds. However, if thresholds are set 

too strictly, although B-Snake would match object very precisely, the processing time would 

be longer. Therefore, based on our experience,𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑1 and 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑2, are set to 0.1 

pixel and 0.3, respectively. It is the best tradeoff between computational time and matching 

accuracy [50]. 

IV.4.Conclusion 

Based on the initial location of the control points, the B-Snake would further deform to 

object edge accurately in the current frame. The minimum energy method MMSE that finds the 

correspondence between B-Snake and the real edge image is implemented in this B-Snake model 

to determine the parameters iteratively to deal with this problem. Normal external forces are 

sampled in the B-Spline by a limit distance to each other and are applied to the curve itself. But, 

for iterative adjustment of displacement, it is necessary to compute the force transmitted to each 

control point. This is done by positioning the B-Spline so that it minimizes the sum of the 

external force of the B-Snake model. Since the B-Snake representation maintains smoothness via 

hard constraints implicit in the representation, the internal forces are not required. The GVF is 

chosen as the external force for B-Snake to object boundary detection since it has a larger 

capture range. The structure adaptive capability of our B-Snake model is reached by the strategy 

of adaptively inserting control points during the B-Snake deformation procedure. 

This method overcomes the problems that exist in other B-spline based models that have 

to decide beforehand or exhaustively search over a range of values or depend on a ratio of the 

length of data for the number of control points, and hence lack flexibility to describe unknown 

complex shapes when initially too few control points are chosen. The proposed method has been 
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implemented to various objects' shape extraction. The experimental results show that the 

proposed method is robust and accurate in object contour extraction. Currently work is done to 

extending the 2D model to 3D by developing a new control point insertion algorithm and 

deformation strategy for B-Surface.  

However, in the B-Snake model presented in this paper, no prior knowledge of object 

shape has been used. For the case where a prior information is available, such as the geometric 

and appearance information of the object shape, current research makes it possible to be 

implemented into Snake model. In our future work, these information will be employed in B-

Snake model to improve the object extraction.  
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V.1 Introduction

In this chapter we have applied the method of B-snake, where we have presented our

results and compared them with theoretical results.

All steps of this work was shown and depending to the Main organigram (Fig V1)

The logicial used here is matlab 2011a, and the proprieties of our PC are (PC-Lenovo,

Processor Pentium R(Duel-Cor) CPU T4400 2.20Ghz 2.20Ghz,RAM 2.0Ghz,System 32bits,

Windows 7 Edition Integrate SPA).

V.2 Representation of the Matlab

MATLAB: Faster startup on Windows with Startup Accelerator, reading and writing

portions of arrays from MAT-files, and new spreadsheet import tool

Parallel Computing Toolbox: Increase in local workers from 8 to 12

Image Processing Toolbox: Parallel block processing of large images with Parallel Computing

Toolbox

Global Optimization Toolbox: Mixed integer nonlinear programming in genetic algorithm solver

Statistics Toolbox: Lasso and elastic net for linear regression variable selection from high

dimensional data sets

Financial Derivatives Toolbox: Pricing and sensitivity calculations for sinking fund provisions,

range bonds, and step up/down coupon bonds

Data Acquisition Toolbox: Measurement support for IEPE accelerometers

Instrument Control Toolbox: Bluetooth serial communication support

Bioinformatics Toolbox: NGS Browser for viewing multiple tracks of sequence alignment data

stored in SAM/BAM formats

Robust Control Toolbox: Automatic tuning of arbitrary controller architectures
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Fig V.1: The Main Flow Chart of our Work
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V.3 Conception and Results

V.3.1 Read the Image

Input the image data (IRM) from matlab is the first work of the detection. Fig: V.2

present an MRI image for execution the detection active on it.

Fig: V.2 Read data of MRI image from matlab

In this step we must transform the data of image to binary for fast calculate the next steps of our

results.
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V.3.2 After Processing

This step depend to two main steps:

1-Segmentation the image (3D) to (2D): we look the same image in Fig V.2 but without third

axes  (z).see fig(V.3). But in the data of the image decrease to the third.

Fig V.3: translate image from 3D to 2D

2-Filtre the Image: This step used for delete the deformation the image by using the

reconstruction of mathematic morphology to quick computation the results. and it applied with

many technic (project of Mouaki) because this information affect at the data of image that we

used before to calculate the (GVF), the Fig V.4 present the Fig V.3 before filtrate the image.
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Fig V.4: IRM before filtrate.

V.3.3 Calculate the “Edge Canny”

Before any execution of force we need to translate image to binary for that we have choose

canny edge.). Its algorithm was shown in Table I.1.Fig (V.5) present canny edge
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Fig V.5 new image (binary one) with Canny Edge

V.3.4 Calculate the GVF of the edge image

Fig V.6 present the Flow Chart of Calculate GVF with more explained in the next titles.

V.3.4.1 Calculate the Gradient of the Edge

This step used to detect all features of image (all Contours) its algorithm showing in

Table I.1.

The data result of canny edge detector on form digital we also must transform it to binary for

success the next calculate (the gradient of the edge).



Chapter V                                                                                           Results and Conception

70

Fig V.6: The Flow Chart to Calculate the GVF

From GVF organigram we start by calculate the gradient from the edge of coordinate x fextx &

the gradient from the edge of coordinate y (fexty). See Fig(V.7)
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(a) (b)

Fig V.7: (a) The gradient of the Edge oriental, (b) The gradient of the Edge vertical

V.3.4.2 Calculate the GVF of the edge image

For the result in Fig V.8 we choose : deltax=deltay=deltat=1, r=gamma= 0.2, iterative=50

The different results of different iterations showing approx. After 50  iterations ,the GVF

stabilized the results of  orientation u(x,y) ,vertical vend v(x,y),and  according wih u presented

in (Fig V.8)(a,b and c respectively).

where

, = 1 − , ∆ , +( , + , + , + , − 4 , ) + , ∆
and

, = 1 − , ∆ , +( , + , + , + , − 4 , ) + , ∆
they explained in the chapter III .
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(a) (b)

(c)

Fig V.8: (a) The result of GVF oriental (u(x,y)), (b) The result of GVF vertical (v(x,y)) and

(b) The presentation of GVF (v according of u)
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V.3.4.3 Results of the Deformable image

This is an example  to applied the GVF into deformation  image See fig(V.9.a), then

detect it with canny edge(fig(V.9.b), then give the GVF orientation .fig(V.9.c), the GVF vertical

and the according GVF with  (u,v)fig(V.9.d)

(a) (b)                                (c)                                  (d)

(e)

Fig V.9: (a) deformable MRI image, (b) Edge Canny to detect the deformation, (c) GVF oriental

u(x,y) of the deformation (c)GVF vertical v(x,y) of the deformation and (e) the presentation of

GVF (v according to u).
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V.3.5 Selecting of the Location of the Control Points

There are several ways to choose the initial snakes (or seed points):

-by hand

- by “balloons”

- by the locus of the zero-crossing of the Laplacian of the smoothed images or source

points.

The source points can be automatically generated from the gradient vector field.

Definition: A point is called source if none of its neighbors points to it. In other words, a

point A  is a source if and only if, for any neighbor B of A:

⃗ . ⃗ ≤ 0
where ⃗ is the diffused gradient vector at B and ⃗ is the vector from B to A

In our case we use manual selection (by hand) expected in (Fig V.10) which present the Flow

Chart of select the control points

Fig V.10: Flow Chart of selecting the control points
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V.3.5.1 Selection the control points (by hand)

Fig V.10 present the select of four control points by hand and plot them, and in the same

time take their position (x,y) to study their energy.

Fig V.11: Select four control points and plot them on the image (red color)

We can begin with four control points then more .if the control points initial increased,

the result will be better (detection accurate).

V.3.5.2 Calculate the knot points

Fig V.12 present plotting Control points selecting and their Knot points which Calculate

with using s=0 in (Eq IV.5).
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Fig V.12: Plot the Control points selecting and their Knot points

Knot points are related to control points by substituting s = 0 in Eq (IV.1) as shown

in (EqIV.5) and (Eq IV.6) in which P and Q are L×2 matrices. Containing knot points and

control points, respectively because = and = .

We replaced the matric A with s=0 in Eq (IV.1) to prove this matrix and to find the

same results it showing in Fig V.13

The Fig present the relation between the control points Q, the segments g and the Knot

points P. we have two  important points  of  the Knot points:

1-stady of control points for the neighbouring energy of the control point to avoid the thin

contours.

2-We show the knot points put flexible the insert points (control points) to gather the solution.

The problem of insert points like we note it in the point in the Fig V.14 and them

commensurate with the different shapes and the concavities. This case is clearer in the insert
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more than 4 control points, and like the case of the insertion strategy that we will explained next.

Fig V.13: Plotting the Knot points with using the matric A

Fig V.14: Schema presentation the relationship between the control points, their Knot points and

the segment curves [54]
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Fig V.15: the plotting of control points and their Knot points in

case to using more than 4 control points

-Make the contour close (rx,ry) to returned to the first point.

-The variable m: must be inserted to determine the number of discretization between each two

knot points. An increase m is the best detection of contour (m present the number of points in

each segment curve).

-Plot the initial contour with using B-Spline (xs,ys).

The three previous steps present their result in (Fig V.16).

-Calculate the px and py which are the position of discretization (xs,ys) (exactly it is calculate

the number of pixel because the spline cannot give it).
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Fig V.16: The Spline of the initial contour (closed)

V.3.6 Calculate the ∆ ( )from initial contour

Fig V.17 shown the flow chat of calculate the Δ( ) as the following

-Calculate Fxt and Fyt: GVF value of all the discretization of the segments curve (sum of

(px,py)) Fxt, are the GVF oriental (u), and Fyt  are the GVF vertical (v)).

-Calculate ∆ x, ∆ y and ∆ :∆ x is the sum of calculate Fxt/Sigmma and ∆ y is the sum

of calculate Fyt/Sigmma.

- ∆Qx, ∆Qy calculed by using (EqIV.5) and (Eq IV.6) .and the relation

∆ = ∆ x + ∆ y . (Eq V.1)

After that we return to the main flow chart and compared ‖∆ ‖with the
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Fig V.17: The Flow Chart of Calculate ∆Q(t)
Than we applied the condition while if ‖∆Q ‖be stronger than

x=x+∆Qx and y=y+∆Qy and next calculate ∆ of new contour.

We use the relation (Eq IV. 8) but in practical application, the energy function would

never reach zero, but a minimal value. Once the energy function of B-Snake is minimized, then

no movement drove for control points and hence no change in the shape of the B-Snake.

Where i = 1,2, ... , L and ∆ ( ) denotes the amount of movement of Q at time t. As stated

before, each curve segment is defined by four control points and each control point affects four

curve segments. Moving a control point in a given direction will affect the four curve segments

to move in the same direction. For each control point, change in position is determined by its

four nearest adjacent curve segments. In other words, external forces of each four adjacent

segments are transmitted to their central control point. Obviously, external forces on any two

adjacent curve segments have the most effect on the displacement of their common knot point at

time t that is the displacement of Pi at time t is mainly influenced by Fxt and Fyt. The idea is to

determine the displacement of each knot point Pi by transmitting external forces associated with

its adjacent curve segments to Pi and to neglect the effect of other external forces. In order to

avoid crisp contribution of samples, the proposed method passes on weighted external forces

associated with adjacent curve segments to their common knot point to determine the

displacement of that knot. This procedure is presented below:
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∆ ( ) = ∆ ( ) (Eq V.2)

when end this condition (checks) go to step 7.

V.3.7 The Control Points Insertion Strategy

We applied the control points insertion strategy to adaptively approach a complex

contour without prior fixing of the number of control points, a structure adaptive knot point

insertion strategy is developed. The location of new knot point is determined by checking the

external force on the B-Snake when B-Snake is converged in the deforming procedure. The new

knot point is inserted into the location where it has maximal external force on the B-Spline

curve. In the GVF field, the magnitude of the force reflects the distance to the nearest significant

edge. The stronger external force means the further distance to the nearest object boundary. In

this case, the knot point should be inserted to increase the flexibility of the B-Spline curve to

adapt to the object shape.

The control points insertion strategy explicit in the (Fig V.18) which present the Flow Chart.

Fig V.18: The Flow Chart of Insertion Control point strategy.

-Calculate FchR: is the Tendon of each point in the curves (1 to L) (each curve segmentation to
m points).

-Calculate Fchnew: is the max of External force (GVF) (max of FchR).
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-Calculate Fchpoints: are the order of the new knot points inserted in the original knot points
with respect their positions.

-Calculate the length of all knot points (L) and the matric A; with respect the new number of L.

-Calculate the control points with using the relation (Eq IV.5) the control points (x,y).

Now we returned to the Main flow chart (Fig V.1)

First compared the Fchnew with the then applied the condition while just

the Fchnew be small than

if ≥
we return to the step 6 calculate ∆ ( )of new control points while if ‖∆Q ‖be stronger

than will calculate the x=x+∆Qx and y=y+∆Qy in every time.

else that is meaning the end of programme and spline the last contour which controlled

with the last position (x,y) (control points after we applied the movement of control point

depending on the External energy (External forces: GVF) and applied the insertion control

points strategy) but in the language of programing it is meaning the two conditions are

investigator ( ‖ ‖ < and ‖∆Q ‖ < ).

V.3.8 Our finale Results

The final results will be presented in the next Figures.

Fig V.19: present the initial control point and the initial contour with 4 control points of the

first shape.
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Fig V.19: Present the initial control points and the initial contour
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Fig V.20: Present the result after 10 Iterative

Fig V.20: Present the result after 10 Iterative of shape 1, where the control points move to

the contour of deformable and the number of control points increases from 4 to 7 after10

iterative.
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Fig V.21: Present the result after 20 Iterative

For the Fig V.21: Present the result after 20 Iterative of shape 1, where the control points

move more to the deformable contour and the number of control points increases from 4 to

10 after 20 iterative.
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Fig V.22: Present the finale result after 27 Iterative

Fig V.22: Present the finale result after 27 Iterative, where the control points move more to

the deformable contour and the number of control points increases from 4 to 14 after 27

iterative.
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Fig V.19: present the initial control point and the initial contour with 4 control points of the

second shape.

Fig V.23: Present the initial control points and the initial contour
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Fig V.24: Present the result after 10 Iterative

Fig V.24: Present the result after 10 Iterative of shape 2, where the control points move to

the deformable contour and the number of control points increases from 4 to 6 after10

iterative.
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Fig V.25: Present the result after 20 Iterative

Fig V.25: Present the result after 20 Iterative of shape 2, where we can see  the control

points move more to the contour of deformable and the number of control points increases

from 4 to 9 after 20 iterative.
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Fig V.26: Present the finale result after 33 Iterative

Fig V.26: Present the finale result after 33 Iterative, where the control points move more to

the contour of deformable and the number of control points increases from 4 to 17 after 33

iterative.
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V.4 Conclusion

The set of and are very important to the finally results,

because they are like a guide of contour best set contour as final result.

In our results we chosen them0.2 for the first set  and 0.5 for the second set

of pixels respectively.

We compared our work in the chapter 5 with the chapter 4 which present a method of

B-Snake (YUE WANG [54]) with same modifications. The difference is  the part VI.3.4  , step 4 of

the algorithm  of Yue Wang[54], exactly in the point of calculate Δ ( ) where the article  used

MMSE  which is a multiplication operation between  matrices ,but  our work , used the sum

operation between matrices. And here the power of Yue Wang article in front of our idea

because, machine response is faster with multiplication.
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General Conclusion 

Active contours or (Snakes) is a major challenge in medical image processing, where  the 

first work  begin with the theory about (1950) and each time develops and improves  because it 

is a big area for research. 

This new method B-Snake is new relatively from (2006) and each time develops. Now 

and all information about this works is secret; they only give some of the reality of the theory 

and lets for you the part the idea and applications. 

The purpose of the develops of this work is to access to the fast with high accuracy in 

image (2D) ;it must develop this work  to (3D) and  for video(24 image in the second) where,  

with  video of patient we need achieve to  the nature of Malignancies (active) quickly  to detect 

the lesion  then to eradication it   without any error or spent long time in test. 

And the strong purpose to of B-snake in IRM is transform this work to a machine like the 

work In ref [55] which present the using of method of B-Snake in the lane detection and 

transform them to machine, but in the trouble in our case is the sensitive of the field medical. 
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