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Résumé

e principe du maximum stochastique est I'une des approches importantes pour dis-
cuter les problemes de controle stochastique. Beaucoup de travail a été fait sur ce
genre de probléme, voir, par exemple, Bensoussan [3], Cadenillas et Karatzas [10], Kush-
ner [31], Peng [41]. Récemment, un autre type de principe du maximum stochastique, les
conditions nécessaires ponctuelles du second ordre pour les controles optimaux stochas-
tiques a été établi et étudié pour ses applications sur le marché financier par Zhang et
Zhang [58] lorsque la région de contrdle est supposée étre convexe. Dans Zhang et Zhang
[59], les auteurs ont étendu les conditions nécessaires ponctuelles du second ordre pour
les controles optimaux stochastiques dans le cas général ou la région de controle est non
convexe. Les conditions nécessaires du second ordre pour un controle optimal avec des
utilitaires récursifs ont été prouvées par Dong et Meng [13].

Dans cette these, nous généralisons le travail de Zhang et Zhang [58] pour les
systemes avec saut, nous établissons les conditions nécessaires du second ordre ou le
systeme controlé est décrit par un systeme différentiel stochastique gouverné par une
mesure aléatoire de Poisson et un mouvement brownien indépendant. Le domaine de
controle est supposé convexe. La preuve du résultat principal est basée sur une approche
variationnelle utilisant le calcul stochastique des diffusions de sauts et quelques estimations

sur le processus d’état.

Mots Clés. Controle optimal, Systemes stochastiques avec sauts, Condition néces-

saire ponctuelle du second ordre, Principe du maximum, Equation variationnelle.



Abstract

tochastic maximum principle is one of the important major approaches to discuss
stochastic control problems. A lot of work has been done on this kind of problem,

see, for example, Bensoussan [3], Cadenillas and Karatzas [10], Kushner [31], Peng [41].
Recently, another kind of stochastic maximum principle, pointwise second order nec-
essary conditions for stochastic optimal controls has been established and studied for its
applications in the financial market by Zhang and Zhang [58] when the control region is
assumed to be convex. In Zhang and Zhang [59], the authors extended the pointwise sec-
ond order necessary conditions for stochastic optimal controls in the general cases when
the control region is allowed to be non convex. Second order necessary conditions for

optimal control with recursive utilities was proved by Dong and Meng [13].

In this thesis, we generalizes the work of Zhang and Zhang [58] for jump diffusions,
we establish a second order necessary conditions where the controlled system is described
by a stochastic differential systems driven by Poisson random measure and an independent
Brownian motion. The control domain is assumed to be convex. Pointwise second order
maximum principle for controlled jump diffusion in terms of the martingale with respect to
the time variable is proved. The proof of the main result is based on variational approach
using the stochastic calculus of jump diffusions and some estimates on the state processes.
Our stochastic control problem provides also an interesting models in many applications

such as economics and mathematical finance.

Keys words. Optimal control, Stochastic systems with jumps, Pointwise second-

order necessary condition, Maximum principle, Variational equation.



Symbols and Acronyms

Complete probability space

(Q,F,F,P)
F = {Fi}o<t<r Natural filtration
w Brownian motion
N Poisson random measure
N Compensator jump martingale random measure
p(dt, dz) Compensator of random measure
a.e Almost everywhere
a.s Almost surely
e.q. For example (abbreviation of Latin exempli gratia)
i.e. Abbreviation of Latin (id)
SDE Stochastic differential equations
BSDE Backward stochastic differential equation
ODFE Ordinary differential equation
¢z (t,x,u) First parial derivatives of ¢ with respect to x
Ou (t,x,u) First parial derivatives of ¢ with respect to u
Gue (t, T, 0) The second order derivatives of ¢ with respect to (x, )
Gpu (t, T, 0) First parial derivatives of ¢ with respect to (x,u)
Gun (t, T, 1) Second order derivatives of ¢ with respect to (u,u)
Py (7, u) Second order derivatives of ¢ with respect to (z,u)
Una The set of all admissible controls
L2]:t (4 R) The space of R-valued, F;-measurable random variables
L2 ([0,T];R) | The space of R-valued, B([0, T]) ® F-measurable, F-adapted processes
L£*([0,T];R) The space of R-valued, B([0,T] x ) ® B(Z) measurable processes
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Introduction

he main goal of this thesis is to investigate the pointwise second order neces-

sary conditions for stochastic optimal control problem with jump diffusions. The
maximum principle is one of the major approaches to discuss this kind of problems. The
stochastic optimal control problems for jump processes have been investigated by many
authors. Cadenillas [8] proved a stochastic maximum principle for a linear dynamics with
jumps and convex state constraint, this result is the first version of stochastic maximum
principle that covers the consumption-investment problem in which there are jumps in the
price system. The stochastic maximum principle for jump diffusion in general case, where
the control domain need not be convex, and the diffusion coefficient depends explicitly
on the control variable, was derived via spike variation method by Tang and Li [50], ex-
tending the Peng’s stochastic maximum principle of optimality developed in Peng [41]. A
general linear quadratic optimal stochastic control problem driven by a Brownian motion
and a Poisson random martingale measure with random coefficients has been studied in
Meng [37]. Optimal control of mean-field jump-diffusion systems with delay was studied
by Meng and Shen [38]. Necessary and sufficient conditions for mean-field jump—diffusion
stochastic delay differential equations and its application to finance have been obtained in
Meng and Shen [46]. Linear quadratic optimal control problems for mean-field stochastic
differential equations with jumps have been investigated in Tang and Meng [51]. Necessary
and sufficient conditions for stochastic near-optimal singular controls for jump diffusions

have been investigated in Hafayed and Abbas [26]. Necessary conditions for partially




Introduction 2

observed optimal control of general McKean—Vlasov stochastic differential equations with
jumps has been studied in Miloudi et al. [39] A mean-field maximum principle for optimal
control of forward-backward stochastic differential equations with Poisson jump processes
has been studied by Hafayed [27]. The sufficient conditions for optimality was obtained by
Framstad et al. [15]. Maximum principle for forward-backward stochastic control system
with random jumps with some application to finance has been investigated by Shi and Wu
[48]. Filtering problems for forward-backward stochastic systems with random jumps with
applications to partial information stochastic optimal control have been studied in Xiao
and Wang [54]. Infinite horizon stochastic optimal control problem of mean-field delay sys-
tem with semi-Markov modulated jump-diffusion processes has been studied in Deepa and
Muthukumar [12]. Discrete time approximation of decoupled forward-backward stochas-
tic systems with jumps was studied in Bouchard and Elie [6]. Stochastic optimal control
of evolution equations of jump type with random coefficients has been studied in Tang
and Meng [53]. Zhang et al. [57] proved the sufficient maximum principle where the
state process is governed by a continuous-time Markov regime-switching jump-diffusion
model. A various maximum principles for optimal controls of stochastic with random
jumps have been investigated in [45, 47]. An extensive list of references to the stochastic

optimal control problem with jumps with some applications in finance and economics can

be found in [47, 40].

An integral type second order necessary condition for stochastic optimal control prob-
lems under the assumption that the control region is convex have been studied by Bonnans
and Silva [7]. Zhang and Zhang [58] established the pointwise second order necessary con-
ditions for stochastic optimal controls when the control region is assumed to be convex.
In Zhang and Zhang [59], the authors extended the pointwise second order necessary
conditions for stochastic optimal controls in the general cases when the control region is
allowed to be non convex. Second order necessary conditions for optimal control with
recursive utilities was proved by Dong and Meng [13]. Pointwise second order necessary
conditions of optimality for the Mayer-type problem with constraints have been derived
by Frankoswka and Tonon [16]. Second order necessary conditions for singular optimal

stochastic controls with some examples have been obtained in Tang [52]. First and second
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order necessary optimality conditions for local minimizers of stochastic optimal control

problems with state constraints have been established in Frankowska et al. [17].

Motivated by the works mentioned above, our main goal in this thesis is to prove
pointwise second order necessary conditions for stochastic optimal control for jump dif-
fusions. The control variable is allowed to enter into both drift and diffusion terms. Our
stochastic control problem provides also an interesting models in many applications such
as economics and mathematical finance. Our maximum principle generalizes the work
of Zhang and Zhang [58] to jump diffusion, which is a type of stochastic process that
has discrete movements called jumps, with random arrival times, rather than continuous

movements.

This thesis is organized as follows.

In Chapter 1, we give an introduction to stochastic calculus, we presents some con-
cepts and results that allow us to prove our results, such as Diffusion process ( Brownian
motion and martingales, Stochastic integrals, Stochastic differential equations, It6 for-
mula), Jump diffusions ( Lévy processes, Itd formula and related results, Lévy stochastic

differential equations).

In Chapter 2, we present strong and weak formulations of stochastic optimal control
problems. Then, by using the dynamic programming principle (DPP) and the stochastic
maximum principle (SMP) in the classical case where the control domain is convex and the
system is governed by Brownian motion, we solve our stochastic control problem. Then,
we study the maximum principle for nonlinear stochastic optimal control problems in the
general case where the control domain need not be convex, and the diffusion coefficient

can contain a control variable.

In Chapter 3, we discuss pointwise second-order necessary conditions for stochastic
singular optimal controls in the classical sense. The controlled system is described by a
stochastic differential equation and the control domain is assumed to be convex. This

chapter is based on the work of Zhang and Zhang [58].

In Chapter 4, we give the main result of this thesis, we establish a second order

necessary conditions for stochastic optimal control for jump diffusions. The controlled
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system is described by a stochastic differential systems driven by Poisson random measure
and an independent Brownian motion. The control domain is assumed to be convex.
Pointwise second order maximum principle for controlled jump diffusion in terms of the
martingale with respect to the time variable is proved. The proof of the main result is
based on variational approach using the stochastic calculus of jump diffusions and some

estimates on the state processes.

Published Author Papers

The content of this thesis was the subject of the following paper:

A. Ghoul, & L.E. Lakhdari, & M. Hafayed, & S. Meherrem, Pointwise Second Order
Necessary Conditions for Stochastic Optimal Control with Jump Diffusion , Communica-
tions in Mathematics and Statistics. Springer.

Received: 30 April 2021 / Revised: 3 September 2021 / Accepted: 25 October 2021.




CHAPTER 1

Introduction to stochastic calculus

1.1 Diffusion process

1.1.1 Brownian motion and martingales

We assume as given a filtered propability space (2, F, P) where:

1. Q is the universe of possible outcomes.
2. The set F represents the set of possible events where an event is a subset of 2.

3. P is the true probability measure.

i) There is also a filtration, {F;},.,, that models the evolution of information through
time. So for example,if it is known by time ¢ whether or not an event, F, has occurred,
then we have E € F;. If we are working with a finite horizon, [0; 7], then we can take
F = Fr.

ii) We also say that a stochastic process X, is Fi-adapted if the value of X; is known
at time ¢ when the information represented by JF; is known. All the processes we consider
will be F;-adapted so we will not bother to state this in the sequel.

iii) In the continuous-time models that we will study, it will be understood that the
filtration {F;}, will be the filtration generated by the stochastic processes {B,}, that are
specified in the model description.

Definition 1.1.1

A stoshastic process {B; : 0 <t < 0o} is a standard Brownian motion:
1) By = 0.
2) With probability 1, the function t — By is continuous in t.

3) The process { B, },, has stationary, independent increments.
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| 49 Bi~N(0).

Definition 1.1.2

An d-dimensional Wiener process is a vector-valued stochastic process, By = (Bt(l), w0y B

is a standard d-dimensional Brownian motion if each Bgi) it is a standard Brownian

motion and the whose components Bt(i) 's are independent of each other.

Definition 1.1.3

A stochastic process,{Y; : 0 <t < oo} ,is a martingale with respect to the filtration,

F: and probability measure P, if
e EF [|Y}]] < oo for all t > 0.
e EP Y, ., /F| =Y, forallts>0.

Example 1.1.1

Let B; be a Brownian motion.

t
Then B} —t ,B} — 3tB; and exp(—)\2§) exp AB, ,are all martingales.

1.1.2 Quadratic variation

Suppose that B; is a real-valued stochastic process defined on a probability space (2, F, P)
and with time index ¢ ranging over the non-negative real numbers ,consider a partition of

the time interval, [0; 7] given by
O=to<ti<ta<..<t,=1T.
Let Y; be a Brownian motion and consider the sum of squared changes
Qu(1) =3B~ B.]". (L.1)

Definition 1.1.4

The quadratic variation of a stochastic process, Y;, is the process, written as [Y], is

equal to the limit of

Q. (T) as At := max (t; — t;—1) — 0.

(d) )

t
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Remark 1.1.1

The functions with which you are normally familiar, e.g. continuous differentiable

functions, have quadratic variation equal to zero. Note that any continuous stochastic
process or function that has non-zero quadratic variation must have infinite total

variation where the total variation of a process, Y;, on [0;T] is defined as

n

Total jation = li Y, -Y, .
otal Variation A%IEOI; ’ th tho1

This follows by observing that

i (Ytk - Ytk71)2 < zn: ‘Y;Jk - nk—l
k=1 k=1

> max ‘Y}k Y. .- (1.2)

1<k<n

If we now let n — oo in (1.2) then the continuity of Y; implies the impossibility of the
process having finite total variation and non-zero quadratic variation. Theorem (1.2.1)
therefore implies that the total variation of a Brownian motion is infinite. We have the
following important result which proves very useful if we need to price options when there

are multiple underlying Brownian motions, as is the case with quanto options for example.

1.1.3 Stochastic integrals

We now discuss the concept of a stochastic integral, ignoring the various technical condi-
tions that are required to make our definitions rigorous. In this section, we write X; (w)
instead of the usual X; to emphasize that the quantities in question are stochastic.

Definition 1.1.5
A stopping time of the filtration F; is a random time 7, such that the event {17 < t} €

JFi for all t > 0.

In non-mathematical terms, we see that a stopping time is a random time whose value
is part of the information accumulated by that time.

Definition 1.1.6

We say a process h; (w), is elementary if it is piece-wise constant so that there exists a

sequence of stopping times 0 =ty < t; <ty < ... <t, =T, and a set of F;,—-measurable
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functions,e; (w) ,such that

Zez I[t tit1) (t) ,

where Iy, 4., (t) = 1 if t € [t;,t;41) and 0 otherwise.

Definition 1.1.7

A stochastic integral of an elementary function, h; (w), with respect to a Brownian

motion, B; is defined as

/OT hy (w) dBy (w nz% e ( (Btl+1 w) — By, (w)) , (1.3)

Note that, if we interpret h; (w) as a trading strategy and the stochastic integral as the
gains or losses from this trading strategy, then evaluating h; (w) at the left-hand point is
equivalent to imposing the non-anticipativity of the trading strategy, a property that
we always wish to impose.

For a more general process,Y; (w) ,we have

/OTYt(w)dBt( ) e tim [ V" (w) dB, (@),

n—0 /0ot

™) s a sequence of elementary processes that converges (in an appropriate

where Y,
manner) to Y;.

Example 1.1.2

T
We want to compute / B,dB;. Towards this end, let
0
0=ty <ty <ty <..<ty,="T,

be a partition of [0; T and define
n—1
s iz:;) Bt?][t?’tﬁrl) (*)

where I[t” m) = 1ift e [t?,tﬁrl) and is 0 otherwise. Then Y," is an adapted
77141

elementary process and, by continuity of Brownian motion, satisfies hr%Y = B,
n—




Introduction to stochastic calculus

T n—1
/0 K”dBt = ;} Bty (Bt;“b+1 - Btg)
1 n—1

1 n—1

1=0

toT asn — 0o. And since By = 0 we obtain

" BB, = tim [ vraB, — tpz_ lr
/0 ! t_nli%/o e A= P T oL

almost surely as max ‘t?ﬂ — tf’ — 0.The stochastic integral of Y;" is given by
(2

2
—52 (B8, — B2 (Be — 1))

— By =3B =5 > (Buy, — Ba)

By Theorem (1.2.1) the sum on the right-hand-side of (1.4) converges in probability

Note that we will generally evaluate stochastic integrals using It6’s Lemma (to be

discussed later) without having to take limits of elementary processes as we did in Example

(1.2.1).

Definition 1.1.8

< oQ.

E[/{)Tn(w)zdt

Theorem 1.1.1 (It6’s Isometry)
For any Y; (w) € L*[0,7T] we have

([ viram )

E

:EUOT}Q(wﬁdt].

Theorem 1.1.2 (Martingale Property of Stochastic Integrals)

We define the space L? [0,T] to be the space of processes , Y; (w) shuch that

T
The stochastic integral, X; := / Y, (w) dB, ,is a martingale for any Y; (w) € L*[0,T].
0
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1.1.4 Stochastic differential equations

Definition 1.1.9

An n-dimensional It6 process, Y;, is a process of the form

t t
X, :X0+/ bsds+/ o4dB,, (1.5)
0 0

where B is an m-dimensional standard Brownian motion, and b and o are n-dimensional
and n x m-dimensional F;-adapted processes, respectively.

We often use the notation
dXt = btdt + UtdBt,

as shorthand for (1.5) .An n-dimensional stochastic diferential equation (SDE) has the
form

dXt = bt (Xt,t) dt+0t (Xt,t) dBt, XO = O, (16)

where as before, B; is an m- dimensional standard Brownian motion, and b and o are
n-dimensional and n x m-dimensional adapted processes, respectively. Once again,

(1.6) is shorthand for
t t
Xp=a+ [ b(Xp5)ds + [ 0, (X,,5)dB,. (1.7)
0 0

While we do not discuss the issue here, various conditions exist to guarantee existence

and uniqueness of solutions to (1.7). A useful tool for solving SDE’s is It6’s Lemma

which we now discuss.

1.1.5 Itd’s lemma

Theorem 1.1.3 (It6’s Lemma for 1-dimensional Brownian Motion)

Let By be a Brownian motion on [0,T] and suppose f(x) is a twice continuously

differentiable function on R. Then for any t <T' we have

FBY=FO+5 [ myds+ [ (B)as, (1.8)

10
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Proof: Let 0 =ty < t; <ty < ... <t, =T, be a partition of [0,¢]. Clearly

n—1
f (Bt) = f (0) + Z (f (Bti+1) - f (Btz)) . (19)
i=0
Taylor’s Theorem implies
f (Bti+1) - f (Bti) = f/ (Bti) (Bti+1 - Bti) + %f“ (91) (Bti+1 - Bti)Q ) (1'10)

for some 6; € (By,,, — By, )Substituting (1.10) into (1.9) we obtain

141

n—1 n—1
1 2
f (Bti) = f (0) + Z f/ (Bti) (Bti+1 - Bti) +5 Z f// (0%) (Bti+1 - Bti) . (1'11)
=0 i=0
If we let § := max |t;y1 — t;| — 0 then it can be shown that the terms on the right-hand-
side of (1.11) converge to the corresponding terms on the right-hand-side of (1.8) as

desired. (This should not be surprising as we know the quadratic variation of Brownian

motion on [0, ] is equal to t). [ |

A more general version of [t6’s Lemma can be stated for [t6 processes.

Theorem 1.1.4 (Ité’s Lemma for 1-dimensional Ité process)

Let X; be 1-dimensional It6 process satisfying the SDE
dXt = /,l,tdt + UtdBt.

If f(t.x) : [0,00) x R x R is a C"* function and Y; := f (t, X;) then

_of of 10%f
= < (¢, Xy) + = (6, Xy) e + =

(t, X,) (dX,)*

(t, Xt> 0't2> dt + ai (t, Xt) O'tdBt.

ot oz 2 922 ox

The "Box" calculus
In the statement of Itd’s Lemma, we implicitly assumed that (dX;)* = o2dt. The box
calculus is a series of simple rules for calculating such quantities. In particular, we use

the rules

dt x dt = dt x dB; =0,
and dB; x dB; = dt,

11
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when determining quantities such as (dB;)* in the statement of It6’s Lemma above.Note
that these rules are consistent with Theorem (1.2.1). When we have two correlated Brow-
nian motions, Bt(l) and Bt@) ,with correlation coeficient,p;, then we easily obtain that

dBt(l) X dBt(2) = pidt. We use the box calculus for computing the quadratic variation of

[t6 processes.

1.1.6 Some examples

Example 1.1.3

Suppose a stock price,S;,satisfies the SDE
t
dSt = ILLtStdt +/ JttStdBt-
0

Then we can use the substitution,Y; = log (S;) and It6’s Lemma applied to the function

f (z) :=log (x) to obtain
¢ ¢
dS; = Sy exp (/ (,us — 03/2) ds —I—/ O'SdBS) (1.12)
0 0

Note that Sy does not appear on the right-hand-side of (1.12) so that we have indeed

solved the SDE. When us = p and o, = o are constants we obtain
Sy = Soexp ((n—0/2)t + 0dB,) (1.13)

so that log (Sy) ~ N ((u - 02/2) t, 0215) :

Example 1.1.4 (Ornstein-Uhlenbeck Process)
Let S; be a security price and suppose X; = log (S;) satisfies the SDE

Then we can apply Ité’s Lemma to Y; = exp (vt) X; to obtain

dY; =exp (1) dX; + Xyd (exp (71))
=exp (7t) ([—v (X — pt) + p] dt + 0dB;) + Xyyexp () dt
= exp () ([yut + pl dt + odBy)

so that

0

t t
Y, - v, +u/0 € (s + 1) ds—l—a/ dB,, (1.14)

12
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or alternatively (after simplifying the Riemann integral in (1.14)
t
X; = Xoe "+ ut + ae‘”t/ e’*dBs. (1.15)
0

Once again,note that X; does note appear on the right-hand-side of (1.15) so that we
have indeed solved SDE .We also abtain E (X;) = Xge " + ut and

t t 2
Var (X)) = Var (ae‘”t/ e”sst) = g2e 'K [(/ e”sst) ]
0 0

t
=gl / e*®*ds  (by It6’s Isometry)
o? "
= — (1 — 6_275> )
2y
These moments should be compared with the corresponding moments for log(.S;)

in the previous example.

For more informations about stochastic calculus, we refer to [25].

1.2 Jump diffusions

In this part, we present the basic concepts needed for the applied calculus of jump diffu-
sions. Since there are several excellent books which give a detailed account of this basic

theory, we will just briefly review it here and refer the reader [40] for more information.

1.2.1 Lévy processes

Let (Q, F{Fi}is0 P) be a filtered probability space.

Definition 1.2.1
An F; adapted process {L (t)},-o = {Lt},~o C R is called a Lévy process if it satisties

1. LO =0 a.s.
2. L, is continuous in probability

3. Ly is stationary, independent increments.

13
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Theorem 1.2.1
Let {L;} be a Lévy process. Then L, has a cadlag version (right continuous with left

limits) which is also a Lévy process.

The jump of L; at t > 0 is defined by

A Lt - Lt — Ltf (116)

Let By be the family of Borel sets U C R whose closure U does not contain 0. For
U € By we define

Nt U)=N(tUw)= > x,(AL). (1.17)

0<s<t

In other words, N (¢,U) is the number of jumps of size AL, € U which occur before
or at time ¢. N (¢,U) is called the Poisson random measure (or jump measure) of L (¢)
The differential form of this measure is written N (dt, dz).

Example 1.2.1 (Brownian motion)

Brownian motion {B (t)},., has stationary and independent increments. Thus B (t)

is a Lévy process.

Example 1.2.2 (The Poisson process)

The Poisson process 7 (t) of intensity A > 0 is a Lévy process taking values in NU {0}
and such that
Pr(t)=n|= e n=0,1,2,..

Example 1.2.3 (The compound Poisson process)

Let X (n); n € N be a sequence of i.i.d. random variables taking values in R with
common distribution pxy = px and let 7 (t) be a Poisson process of intensity A,
independent of all the X (n)’s.

The compound Poisson process Y (t) is defined by

Y(#)=X1)+...+X(r(t); t>0. (1.18)
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An increment of this process is given by

This is independent of X (1), ..., X(m(t)), and depends only on the difference (s — t).
Thus Y (t) is a Lévy process.To find the Lévy measure v of Y (t) note that if U € By
then

v(U)=EN@QU)=E| > xv(AY(s)

5;0<s<1

— B [(mumber of jumps) .xpr (jumps)] = E [x (1) xur (X)] = Aax (U),
by independence. We conclude that
V= Aux. (1.19)

This shows that a Lévy process can be represented by a compound Poisson process if
and only if its Lévy measure is finite. Note, however, that there are many interesting

Lévy processes with infinite Lévy measure. See e.g [1]

Theorem 1.2.2 (Lévy decomposition [30])
Let {L;} be a Lévy process. Then L, has the decomposition

Li=at+BB(t)+ / AN (tdz) + / 2N (t,dz), (1.20)
|z|<R |z|>R
for some constant o € R, § € R, R € [0, 00| .Here

N (t,dz) = N (t,dz) — v (dz) dt, (1.21)

is the compensated Poisson random measure of L (-) and B (t) is an independent

Brownian motion. For each A € By the process
M, := N (t, A) is a martingale. (1.22)

If « =0 and R = oo,we call L; a Lévy martingale .

15
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Theorem 1.2.3 ([43], Corollary p. 48)

A Lévy process is a semimartingale.

Definition 1.2.2 ([43])
Let D,,, denote the space of cadlag adapted processes,equipped with the topology of

uniform convergence on compacts in probability (ucp) : H, — H wucp if for all t > 0
sup |H, (s) — H (s)| — 0 in probability (A, — A) in probability if for all § > 0 there
exists ng € N such that n > ng = P (|A, — A| > 6) < 6.

Let Ly, denote the space of adapted caglad processes (left continuous with right
limits), equipped with the wucp topology. If H(t) is a step function of the form

H (t) = Hoxqoy (t) + Z Hix¢r, 1003 (1)

where H; € Fr, and 0 =Ty <T) < ... <T,1; < oo are F;-stopping times and X is

cadlag, we define

t
JxH (t) := /0 H.dX, = HoXo+ 3 Hi (Xr e — Xgnt) s £20,

Theorem 1.2.4 ([43] ,p.51)

Let X be a semimartingale. Then the mapping Jx can be extended to a continuous

linear map

Jx ¢ Luep — Dugp-

This construction allows us to define stochastic integrals of the form

/Ot H (s)dLsg,

forall H € L,,. (See also Remark 1.3.2). In view of the decomposition (1.20) this inte-
gral can be split into integrals with respect to ds, dB(s), N(ds,dz) and N(ds, dz).This

makes it natural to consider the more general stochastic integrals of the form

X (1) :X(O)+/0ta(s,w)ds+/0t6(s,w)d3 (S)+/Ot/R’y(3,z,w) N(ds, dz), (1.23)

where the integrands are satisfying the appropriate conditions for the integrals to exist

16
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and we for simplicity have put

N(ds,dz) —v(dz)ds if |z| < R,

N(ds, dz)
N(ds,dz) if |z| > R,

with R as in (Theorem 1.3.3). As is customary we will use the following short hand

differential notation for processes X (t) satisfying (1.23):

dX, = a(t)dt + 5 (t)dB (t) + /R v (£, 2) N(ds, dz). (1.24)

We call such processes Ito-Lévy processes .

1.2.2 1It6 Formula with Jumps

We now come to the important It6 formula for It6-Lévy processes:

If X (t) is given by (1.24) and f : R? — R is a C? function,is the process Y (t) :=
f(t, X (t)) again an It6-Lévy process and if so, how do we represent it in the form (1.24)?

If we argue heuristically and use our knowledge of the classical Ito6 formula it is easy
to guess what the answer is:

Let X (t) be the continuous part of X (t), i.e. X(© (¢) is obtained by removing the

jumps from X (t). Then an increment in Y (¢) stems from an increment in X (¢) plus

the jumps (coming from N( -, )). Hence in view of the classical It6 formula we would
guess that
0 0 102
dy (1) = f - X( ))dt+ af(t X (t))dX°(t) + 2035];(t’Xt)62 (t)dt

+/ )4y (t2) = £ (X (1))} N(ds, d2).

It can be proved that our guess is correct. Since

dX° (1) = (a (1) _/| v (t, z)u(dz)) dt + B(t)dB (¢),
z|<R
this gives the following result:

Theorem 1.2.5 (The 1-dimensional Ité formula [}3])
Suppose X (t) € R is an It6-Lévy process of the form

X (t) = a(t,w)di + 8 (t,w) dB (7f)+4e / v (t, 2, w) N(dt, dz), (1.25)

|z|<R

17
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where
_ N(ds,dz) —v(dz)ds if |z| <R,
N(ds,dz) : (1.26)
N(ds,dz) if |z| > R,
for some R € [0, o).

Let f € C? (]RQ) and define Y (t) = f(t,X (t)). Then Y (t) is again an It6-Lévy

process and

v, = %o xwa+ e xw) o 9+ 8645 L5 (w) 2L 1 )
=/{f<ax<>+v<w> X ()2 (X () i

|z|<R

+/ ) +(t2) = f (6X (t7))} N(dt, d2).

(1.27)

Note: If R =0 then N = N everywhere.
If R =0 then N = N everywhere.

Lemma 1.2.1 (Integration by parts formula for jumps processes)

Suppose that the processes x;(t) are given by: for i =1,2,t € [0,7] :
dai(t) = b (t, x;(t), u(t)) dt + o (¢, 25(t), u(t)) dW(t)
—|—/n t,x;(t N (dz,dt),

Then we get
E (1(T)z2(T)) = E [ /0 () dms(t) + /0 ! xg(t)dxl(t)]

—i—E/T ol (t,z1(t),u(t)) o (t, xo(t), u(t)) dt
+E//77t9:1 1 (t, o (t), 2) p(d2)dt.

18



Introduction to stochastic calculus

Proposition 1.2.1
Let G be the predictable oc—field on Qx[0,T], (Z) < oo, and f be a GxB(Z)—measurable

function such that.
T
E [ [ 1f(s,2) nldz)ds < o0,
0 Jz

then for all k > 2 there exists a positive constant C ,(zy) > 0 such that

k T
l sup / / f S, Z dz ds) < C(k#(z))E [/ / |f(S,z)’k ,U(dz)ds
0<t<T o Jy
Proof: See Bouchard et al., [6, Appendix]. -

Theorem 1.2.6 (The It6-Lévy isometry)
Let X (t) € R", with X (t) =0 and o = 0. Then

E[X*(T)] =E

{iiafj (t) + ZZ/%% (t,2z;) v; (dz])} dt]
/ {iozzg (t) + Z/%Qg (t, z5) v (dzj)} dt] ;

(1.28)

provided that the right hand side is finite.

1.2.3 Stochastic differential equations with jumps

The geometric Lévy process is an example of a Lévy diffusion, i.e. the solution of a
stochastic differential equation (SDE) driven by Lévy processes.

Theorem 1.2.7 (Existence and uniqueness of solutions of Lévy SDES)
Consider the following Lévy SDE in R": X (0) = zo and

dX () = a (t, X () dt + o (t, X (t)) dB (t +/ ).2) N(dt,dz), (1.29)

where a : [0,T] x R* = R" o : [0,T] x R" — R™™ and ~ : [0,T] x R* x R" — R™*

satisfy the following conditions

(i) (At most linear growth) There exists a constant C; < oo such that

¢
o (t,2)*+la () + [ 3 e (s, 2) v (d2s) < Co 1+ [ol?) s for all & € R,
j=1
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(ii) (Lipschitz continuity) There exists a constant Cy < oo such that

HU (t,.’L‘) -0 (t>y)”2 + ‘Oé (t,.’L’) - (t7y)‘2
4

+> / 99 () =9 (k) e () < Co (14 [0 = yP)
J=1p

for all z,y € R".

Then there exists a unique cadlag adapted solution X (t) such that
E [XQ (T)] < 00, for all t.

Solutions of Lévy SDEs in the time homogeneous case, i.e. when «(t,z) =
a(x),o(t,x) = o(x) and v (t,z,2) = v(x,2), are called jump diffusions (or

Lévy diffusions).

Definition 1.2.3
Let X (t) € R" be a jump diffusion. Then the generator A of X is defined on functions

f:R" =R by

Af () = lim E{Ew [f(X ()] - f(x)} (if the limit exists),

t—0+ ¢

where E* [f (X (1))] = E[f (X (£))], X* (0) = .

Theorem 1.2.8
Suppose f € Cg (R™).Then Af (z) exists and is given by

Af (z) = iai (z) gi (z) + ; zn: (UUT)ij (z) 825@ (@)

i,j=1

(1.30)
[ {F (299 @,2) = £ ) = V1 ()7 (2, )} v (d)

From now on we define Af (x) by the expression (1.30) for all f such that the partial

derivatives of f and the integrals in (1.30) exist at .
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CHAPTER 2

Stochastic optimal control problems

The problem of stochastic optimal control is to control a system in such a way as to do
something to it optimally. This theory is part of a larger field called control theory. The
applications of this type of problem are very numerous and in very diverse fields, such as

finance, mechanics, biology, electricity, chemistry, economics, etc ...

There are two well-known approaches to solving the optimal control problem, which

are the stochastic maximum principle and the principle of dynamic programming.

The study of optimal control problems by using Bellman’s Dynamic Programming
Principle can be linked with the solution of a particular class of nonlinear second order

partial differential equations: the Hamilton-Jacobi-Bellman equations.

Stochastic Maximum Principle is to study a set of necessary and sufficient conditions
that must be satisfied by any optimal control, the basic idea is by perturbing an optimal
control on a small time interval of length 6. Performing a Taylor expansion with respect to
f and then sending # to zero one obtains a variational inequality. By duality the stochastic

maximum principle is obtained. For more informations about the two approaches, we can

see, Lakhdari [36].

2.1 Problem formulation

In this section, we present the strong and weak formulations of stochastic control problem.
2.1.1. Strong formulation
Let (Q,]—' , {ft}tZO,P) be a filtered probability space, on witch we define an m-
dimensional standard Brownian motion B (-), denote by U the separable metric space.

We denote by U, [0, T] the set of all admissible controls.
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The state of a controlled diffusion is described by the SDE

dy(t) =bt,y@),u(t))di+o(ty(t),u(t)) dB(t)

(2.1)
y(0) =y,

where b: [0,T] x R" x U —- R", 0 : [0,T] x R" x U — R™™ are given. u(-) is called the
control representing the action of the decision-makers (controllers). At any time instant
the controller knowledgeable about some information (as specified by the information filed
{Fi}50) of what has happened up to that moment, but not able to foretell what is going
to happen afterwards due to the uncertainty of the system (as a consequence, for any t
the controller cannot exercise his/her decision u(t) befor the time ¢ really comes) witche
can be expressed in mathematical term as " u(-) is {F},5, adapted', the control u is

taken from the set
AIE {u L0, T)xQ— U |u(-) is {Fi}so adapted}.
The cost functional has the form:

T = [ [ fw oo m).

Definition 2.1.1

Let (Q, F, F;,IP) be given filtered probability space satisfying the usual conditions and
let B (t) be a given m-dimensional standard {F;},,-Brownian motion. A control u(-)
called an admissible control, and (y(-), u(-)) an admissible pair, if

i) y(+) is the unique solution of equation (2.1).

i) (5 (), u () € Ly (0,7,R) and g (3 (T)) € Lk (2, R).

iii) u(-) € U[0,T].

Stochastic control problem is to find an optimal control a(-) € U [0, T (if it ever exists),

such that

J@() = inf J(u()),

u(-)eU[0,T]
where @ (-) is called an optimal control and the state control pair (y(-),a(-)) are called an
optimal state process.

2.1.2. Weak formulation
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In the strong formulation the filtered probability space (97 F, {}—t}tzo ,IP) on witch we
define the Brownian motion B are all fixed. However in the weak formulation, where we
consider them as a parts of the control.

Definition 2.1.2
(Q,f, {Ft}tZO,IP’,B(-),u(-D is called a w-admissible control, and y(-),u(:) a w-

admissible pair if
1. (Q, FAFitis0 ,]P’) is a filtered probability space satisfying the usual conditions.
2. B(+) is an m-dimensional standard Brownian motion defined on (Q, FAFitis0 ]P’) .
3. u () is an {Fi},5o-adapted process on (€2, F,P) taking values in U.
4. y(+) is the unique solution of equation (2.1).

J. f ("y(') 7“()) S L.IF <07T7 R) and g (y (T)) < L.IF (Q,R)

The set of all admissible controls is denoted by U [0,7]. Our stochastic optimal
control problem under weak formulation is to find an optimal control u(-) € U [0,T]

(if it ever exists), such that

J(@(-) = ueyeul0, T| inf T (u ().

2.2 Dynamic programming principle

2.2.1. The Bellman principle

Let (Q,f AFtti<r ,]P’) be a filtered probability space and B (t) a Brownian motion
valued in R?. We denote by A the set of all progressively measurable processes {u (t)} £>0
valued in U C R*.

The state of the stochastic controlled system has the form:

(2.2)

{dy(t) =b(t,y(t),ut)dt+o(ty(t),u(t))dB(t)
y(0) =y,

where b : [0,T] x R" x U — R", o : [0,T] x R® x U — R™? be two given functions
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satisfying, for some constant M

bty (8),u(t) =0t (t),u®)]+o by ), ut) —ot,zt),ut)] <My —af,

(2.3)
[b(t,y (&), u @)+ oty @), u®)] <MA+]y@)]). (2.4)
Under (2.3) and (2.4) the above equation has a unique solution y.
The cost functional J : [0,7] x R" x U — R, defined by
, T
(e = | [ 5009wl s 56D 2

where E"Y is the expectation operator conditional on y (t) =y, and f : [0, T| x R" x U —

R, g : R" — R, we assume that

1yl + g )] < M (1+1y?), (2.6)

for some constant M. The quadratic growth condition (2.6), ensure that J is well defined.

The purpose of this Section is to study the minimization problem
Vi(t,y) = nf J(t,y,u), for (t,y) € [0,7] x R", (2.7)

which is called the value function of the problem (2.2) and (2.5).

The dynamic programming is a fundamental principle in the theory of stochastic
control, we give a version of the stochastic Bellman’s principle of optimality. For mathe-
matical treatments of this problem , we refer the reader to Lions [35], Krylov [34], Yong
and Zhou [55], Fleming and Soner [19], Lakhdari [36].

Theorem 2.2.1
Let (t,y) € [0,T] x R" be given. Then, for every h € [0,T —t| , we have

V(t,y) = Iiblglf]IEt’y (/:Jrh f(s,y(s),u(s))ds+V (t+h,y(t+ h))) . (2.8)

Proof: Suppose that for h > 0, we given by @ (s) = @ (s,y) the optimal feedback control
for the problem (2.2) and (2.5) over the time interval [¢, 7] starting at point y (¢t + h).
ie.

J(t+hy(t+h),0(t+h)=VE+hyt+h), P—as. (2.9)
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Now, we consider

u(s,y), t<s<t+h

a(s>y)7 t"‘hSSST?

for some control u. By definition of V' (¢,y), and using (2.5), we obtain
V(ty) < J(t,y,7)
. t+h T R
—E ([ few @) @) ds+ [ (s 0@ ds 49 (D) ).
By the unicity of solution for the SDE (2.2), we have for s>t + h, yithay Y (+h) (s) =

y"Y (s), then

t+h

J(tay’a):E<t f(S,y(S),’LL(S))dS
+ /:h f (S’yt-‘rh,yt,y(t—&-h) () ’a(s)) ds+g (yt+h,yt,y(t+h) (T)))
t+h
=E< t f(s,y(s),u(s))ds

T
+E [ f<s,y<s>,a<s>>ds+g<y<T>>|yt7y<t+h>>
t+h

—IE(/tt+hf(s,y(s),u(s))ds+v(t—i—h,yt’y(t—i—h))).

So we get
t+h
V(ty) <E F(s,9(s),u(s)ds+V (t+ by (t+h)) |, (2.10)
t
and the equality holds if u = @, which proves (2.8). |

2.2.2 The Hamilton Jacobi Bellman equation
Now, we introduce the HJB equation by deriving it form the dynamic programming

principle under smoothness assumptions on the value function. Let G : [0,T] x R x R™ x

R™4 into R, be defined by

1
G (t,y,r,p, A) =b(t,y,u)p+ St oo (t,y,u) Al + f (t,y,u), (2.11)

we also need to introduce the linear second order operator L£* associated to the con-

trolled processes y (t), t > 0, we consider the constant control u

25



Stochastic optimal control problems

LU(t9) = bty ) Dypltoy) + ir oo™ (b, 0) Dy ((t))], (212)

where D,, D,,, denote the gradient and the Hessian operator with respect to the y variable.
Assume the value function V' € C ([0,7],R"), and f(-,-,u) be continuous in (¢,y) for all

fixed u € A, then we have by [t6’s formula

V

V(t+hyt+h)=V(ty) + /tHh (?95 + £“V> (s, yHY (s)) ds

t+h

+ ) D,V (3, Y'Y (s))T o (3, y"Y (s) ,u) dB (s),

by taking the expectation, we get

E(V(t+hy(t+h) =V (ty)+E (/fh @Z + mv) (5,97 (s)) ds) ,

then, we have by (2.10)

0<E (; /tHh <<%‘S/ + £“v> (5,5 () + f (5,9 (s) u)) ds> .

We now send h to zero, we obtain

oV
0< = (t,y) + L (t,y) + f (t,y,u),

ot
this provides
= g — inf LV () + £ (ty)] <0 (213)
ot Y 5161(] Y Y, u)) = U .
Now we shall assume that u € U, and using the same procedure as above, we conclude
that
ov ~

by (2.13), then the value function solves the HJB equation

ov

~ o (t,y) — ;rellf] LV (t,y) + f (t,y,u)] =0, Y (t,y) € [0, T] x R"™. (2.15)

We give sufficient conditions which allow to conclude that the smooth solution of the

HJB equation coincides with the value functionm this is the so-called verification result.
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Theorem 2.2.2
Let W bea C*2 ([0,T],R")NC ([0, T],R™) function. Assume that fand g are quadratic

growth, i.e. there is a constant M such that
ftyw)l+lg W) < M (1+y*), forall (t,y,u) €[0,T] x R* x U.

(1) Suppose that W (T,-) < g, and

() C (W (4.9), DIV (19), Dy (W (6)) 20, (210

on [0,7] x R", then W <V on [0,T] x R".

(2) Assume further that W (T, -) = g, and there exists a minimizer @ (t,y) of

LV (ty) + f(tyu),

such that
ow
0= S5 (L9) + G (Ey. W (Ey), DW (£y). Dy W (y)  (217)
ow ~
=g (L) LW Ly + T 6y, (122

the stochastic differential equation

dy (t) =b(t,y @), u(t,y))dt+o(t,y(t),u(t,y))dB(t), (2.18)

defines a unique solution y (t) for each given initial data y (t) = y, and the process

u(t,y) is a well-defined control process in U. Then W =V, and @ is an optimal Markov

control process.

Proof: The function W € €2 ([0,T],R™) N C ([0,T],R™), then for all 0 <t < s < T, by

It6’s Lemma we get

w (t? y (7”)) = /ts <athV + EU(T)W) (7“, yhY (7“)) dr

+ /ts D,W (7", Tl (T))T o (7", Yty (r) ,u (7“)) dB(r),

S
the process / D,W (r, yhY (r))T o (7"7 Tl (r),u (7')) , is a martingale, then by taking
t
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expectation, it follows that
s (OW
t.y _ u(r) L,y
E{W (s,y (s))]—W (t,y)—i—E(/t ((% +L W) (r,y (r))dr).

By (2.16), we get

ow

o (g () + LW (ryt () + 1 (ry™ (1), u () 2 0, Yue 4,

then
E {W (s,yt’y (S))] >Wi(t,y) —E (/ts f (r, yty (r),u (r)) dr) , Yu € A,

we now take the limit as s — T, then by the fact that W (T") < g we obtain

By (v @)] =W ty) ~E( [ 1 (n () um)dr), vue 4,

then W (t,y) < V (t,y), ¥V (t,y) € [0,T] x R". Statement (2) is proved by repeating
the above argument and observing that the control % achieves equality at the crucial step
(2.16).

We now state without proof an existence result for the HJB equation (2.15), together

with the terminal condition W (T, y) = g (v) . |

Theorem 2.2.3

assume that

1. 30 > 0/00™ (ty,u) € = CI¢f?, for all (t,y,u) € [0,T) x R" x U,

2. U is compact,

3. b0 and f are in Cy” ([0,T],R"),

4. g€ Gy (R"),

Then the HJB equation (1.20), with the terminal data V (T,y) = ¢(y), has a
unique solution V € Cy? ([0, T],R").

Proof: See Fleming and Rischel [18]. |
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2.3 Stochastic maximum principle

The basic idea of the stochastic maximum principle is to derive a set of necessary and
sufficient conditions that must be satisfied by any optimal control. The first version
of the stochastic maximum principle was established by Bismut [4], Kushner [33], and
Haussmann [21], under the condition that there is no control on the diffusion coefficient.
Haussman [22], developed a powerful form of stochastic maximum principle for the feed-
back class of controls by Girsanov’s transformation, and applied it to solve some problems
in stochastic control.

2.3.1. Formulation of the problem

Let (Q,}", {E}th ,]P) be a probability space such that Fy contains the P-null sets,
Fr = F for an arbitrarily fixed time horizon T'. We assume that {F;}, . is generated by
a d-dimensional standard Brownian motion B. We denote by U the set of all admissible
controls. Any element y € R" will be identified to a column vector with n components,
and the norm |y| = ‘xll + ...+ |2"| . The scalar product of any two vectors y and = on R"
is denoted by yx or 3.7 3’2", For a function h, we denote by hy (resp. hy,) the gradient
or Jacobian (resp. the Hessian) of i with respect to the variable y.

Definition 2.3.1

An admissible control is a measurable, adapted processes u : [0,T] x Q — U, such

that E VOTu(s)ds

< Q.

Consider the following stochastic controlled system

dy(t) =bty@),u(t))di+o(t,y(t),u(t)) dB(?)

(2.19)
y(0) =y,
where b: [0,T] x R" x U — R, ¢ : [0,T] x R" x U — R™? are given.
Suppose we are given a performance functional J (u) of the form
T
1) =& Fen@ u @)+ aly(r)] (2:20
where f:[0,T] xR" xU; - R, ¢g:R" —>R.
The stochastic control problem is to find an optimal control u € U such that
J (1) = inf J (u), (2.21)

uel
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Let us make the following assumptions about the coefficients b, o, f, and g.

(H1) The maps b, 0, and f are continuously differentiable with respect to (y,u), and g

is continuously differentiable in y.

(H2) The derivatives by, by, 0y, 0y, fy, fu, and g, are continuous in (y,u) and uniformly

bounded.

(H3) b, 0, f are bounded by K3 (1 + |y| + |u|) , and g is bounded by K; (1 + |y|) , for some
K1 > 0.

2.3.2. The stochastic maximum principle

Now, define the Hamiltonian H : [0,T] x R” x U x R" x R™¢ — R, by

H (t,y,u,p,q) = [ (t,y,u) +pb(t,y,u) + X' ¢’ (t,y,u), (2.22)

where ¢’ and o’ for j = 1, .., n, denote the jth column of the matrix ¢ and o, respectively.
Let u be an optimal control and y denote the corresponding optimal trajectory. Then,

we consider a pair (p, ) of square integrable adapted processes associated to @, with values

in R"” x R™? such that

dp(t) = —Hy(t,7(t),w(t),p),q(t))dt +q(t)dB (1),

Y (2.23)
p(T)= g, (G(T)).

2.3.3. Necessary conditions of optimality

The purpose of this part is to find optimality necessary conditions satisfied by an opti-
mal control, assuming that the solution exists. The idea is to use convex perturbation for
the optimal control, jointly with some estimations of the state trajectory and performance
functional, and by sending the perturbations to zero, one obtains some inequality, then by
completing with martingale representation theorem’s the maximum principle is expressed
in terms of an adjoint process.

We can state the stochastic maximum principle in a stronger form.

Theorem 2.3.1

Let u be an optimal control minimizing the performance functional J over U, and

let iy be the corresponding optimal trajectory, then there exists an adapted processes
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(p,q) € L?(([0,T] ;R™)) x L2 (([O, T) ;R”XdD which is the unique solution of the BSDE
(2.23), such that for allv € U

Hy (6,5 (), u(t),pt),q(t) (v —u(t) <0, P-as.

In order to give the proof of ( theorem 2.2.1), it is convenient to present the following.

2.3.4. Variational equation

Let v € U be such that (4 +v) € U, the convexity condition of the control domain
ensure that, for § € (0, 1) the control (@ + 6v) is also in 4. We denote by 3’ the solution
of the SDE (2.19) correspond to the control (4 + 6v), then by standard arguments from
stochastic calculus, it is easy to check the following convergence result.

Lemma 2.3.1

Under assumption (H1) we have

limE [ sup ‘y @(t)ﬂ = 0. (2.24)
0=0  |tefo,1)

Proof: From assumption (H1), we get by using the Burkholder-Davis-Gundy inequality
2
<K/ sup )—y(r)‘ ds
T7€0,s]

+ K6? (/0 E LZI[JOI,)s} |v (7")\2] ds) . (2.25)

From (definition 2.2.1), and Gronwall’s lemma, the result follows immediately by letting

E l sup (y -yt
te[0,T]

0 go to zero. |

dz(t) ={by (t,2(t),a(t))z(t) + b, (t,7(t),u(t)) v (t)}dt
d . . ‘ ‘
+]§1{ o) (6,7 (t),u(t)z(t) + o (6,7 (t),a(t) v (t)} dBi (1), (2.26)
z(0) =0

From (H2) and (definition 2.2.1), one can find a unique solution z which solves the

variational equation (2.26), and the following estimation holds.
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Lemma 2.3.2
Under assumption (H1), it holds that
Py~ Gt ?
Ei%Ey()e 70 _ L <o (2.27)
Proof: Let
“t)—7gl(t
9 (t) = y()ay()—z(t).

Denoting y*? (t) = 7 (t)+ ub (F6 (t)+ 2 (t)) ,and u*? (t) = 4 (t)+pbv (t) , for notational
convenience. Then we have immediately that T'? (0) = 0 and T (¢) fulfills the following
SDE

(b (L (0w (1) =5 (0) @ (1)

G, @(0) 2 () + by (L7 (), T (1) v (1)} dt

o (ty? (0),w*’ (1) = o (1,5 (1), T (1))

— (o (LT (0),T(1) 2 (1) + o0 (LF (1), T () v (1)} dB (1)

S

dr? (t) = {

Since the derivatives of the coefficients are bounded, and from (definition 2.2.1), it is

easy to verify by Gronwall’s inequality that

E’F‘)(

sy“e() u’w())l“e du’ ds+KE‘p ‘

2
ds,

(5,9 (), u (5)) T (s) dp
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where p? (t) is given by

[ (556036 0 () aB (9
. /t lby (s,y“’e (s) ut? (3)) 2 (s) duds

Since by, oy, are bounded, then

2

)

2 t 2
E | (1) gME/O 10 ()| ds + ME | (1

where M is a generic constant depending on the constant K and 7. We conclude from
lemma 1.4.2 that éin% p? (t) = 0. Hence (2.27) follows from Gronwall lemma and by letting

—
0 go to 0. |

Let & be the fundamental solution of the linear matrix equation, for 0 < s <t < T

d :
APy, =by (4, (), 0 (1) Pogdt + > 07 (4, T (t), T (t) PsydB (2),
j=1
CDs,s = [da
where I; is the n x n identity matrix, this equation is linear with bounded coefficients,
then it admits a unique strong solution.

From It6’s formula we can easily check that d (®,,V,,;) =0, and &, V¥, ; = I, where

U is the solution of the following equation

AV, =-V,, {by (t.yt),u(t)) - jéag (g (t),a(t) ol (t,7(t), (t))} dt
— S0 (5(0), 7 (1) 4B (1),
\Ijs,s - Id>
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so W =& if s =0 we simply write Oy = &4, and ¥y = V. By integrating by part
formula we can see that, the solution of (2.26) is given by z (t) = ®;n;, where n; is the

solution of the stochastic differential equation

i =0 {0503 0) (0~ £ 45 (0.30) o (0703 )0 (0 | ar
+ 3] (bt u) v () dBY 1),
n =0.

Let us introduce the following convex perturbation of the optimal control @ by

u’ =1+ 0v, (2.28)

for any v € U, and § € (0, 1) . Since @ is an optimal control, then (J (ue) —J (@)) > 0.

Thus a necessary condition for optimality is that
. 1 0 ~
él_r}(l)@ (J (u ) - J(u)) > 0. (2.29)

The rest is devoted to the computation of the above limit. We shall see that the
expression (2.29) leads to a precise description of the optimal control @ in terms of the
adjoint process. First, it is easy to prove the following lemma

Lemma 2.3.3

Under assumptions (H1), we have

- [ 550,009 2 () + fu 5,5 (5) () v ()} ds + 9, (7(T)) = (7).

(2.30)

Proof: We use the same notations as in the proof of (lemma 2.2.2). First, we have
0= (7 (u) -7 (@)
T 1
—E| [ [ {f (50 90 9) 2 5) + fu (5.9 (5) 0 (5)) 0 (5)} duds
o Jo

N /0 gy (v (1) =(T) du] +5 (1),
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where
=K l/OT /01 fy (S, yuﬁ (s) ,u“ﬁ (S)) Y (s) duds + /01 0 (yuﬁ (T)) N4 (T) du] .

By using the (lemma 1.4.2), and since the derivatives f, f,, and g, are bounded, we

have giﬁ(l) B° (t) = 0. Then, the result follows by letting 6 go to 0 in the above equality. W
—

Substituting by z (t) = ®;n; in (2.30), this leads to

F=B | [0, (506006 Bt 5,709,361 0(6)) ds 4.3 (7 (7) B

Consider the right continuous version of the square integrable martingale

MO =B | [ 1y (57(6)309) Buds 4.4, (7(7) 0117

By the representation theorem, there exist () = (Ql, . Qd> where Q7 € L2,
for j =1,...,d,

R IIE AT B of B )

We introduce some more notation, write gy (t) = M (t) — / fy (5,7 (s),u(s)) Psds.
0
The adjoint variable is the processes defined by

p(t) =7t) ¥,
¢ ) =Q (), —p(t)o) (t,y(t),u(t), for j=1,...d.
Theorem 2.3.2

Under assumptions (H1), we have

(2.31)

Proof: From the integration by part formula, and by using the definition of p (t) N (t) for
7 =1,..,d, we easily check that

Ely(T)n(T)] =E [/T {pu)bu (5,5(s) 0 (s) + 3o () <s,ﬂ<s>,a<s>>}v<t>dt
[ 656, 8 nt
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Also we have

T T
I=E [y(T)U(T)Jr/O Jy (8,§(8),@(8))¢’tmdt+/o fu (s, 9 (s),u(s))v(t)dt],
(2.33)
substituting (2.32) in (2.33), This completes the proof. |

2.3.5. Sufficient conditions of optimality
Theorem 2.3.3

Let u be an admissible control, we denote y the associated controlled state process,

and let (p,q) be a solution to the corresponding BSDE (2.23). Let us assume that
H (t,y,u,p(t),q(t)), and (y) are concave functions. Moreover suppose that for all
t€1[0,7],

H(t,y(t),u(t),p(t),q(t) = nfH (&g (t),ut),pt),q(t)). (2.34)

uelU

Then u is an optimal control.

Proof: We consider the difference

Elg (§(1)) ~ g (v (1)) 2 E[§(T) ~ (1)) gy (5(1))
—E [ (1)~ y (1) p(7)]
T T
—E VO H@t)—y(t))dp(t) +/0 p)dF @) _y(t))l
tE /oTél (o7 (.50, a(0) = o7 (t,y (1), u(®)) ¢ (1 dt] ,
with
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and

T T
E V PG () —y<t>>] ~E V OIS IORAO) —b(t,ym,u(t»)dt}
0 0

+E

/ D00 (15(0),3(0) — o (1 y (1) u (1) dB <t>] .
On the other hand, the process
E VOT {p) (o y ), u(t) —o(t,y(t),u®)+ @) —y(t)q(t)}dB (t)l

is a continuous local martingale for all 0 < t < T, by the fact that (p, q) € L? (([0, 7] ; R™)) x
12 (([O,T] ;R”Xd>) , we deduce that the stochastic integrals with respect to the local

martingales have zero expectation. By the concavity of the Hamiltonian H, we get
~ T ~ ~
Elg(@(T)) =gy (T))] = -E /0 (H &y t),u(t),p(t),q@) —HEy),u(t),pt),q(t)))dt

+E

/OTp (@) (b (g (8),u(t) = bty (t),u(t)) dt]

+E

T
/ <a<t,@<t>,a<t>>—a(t,y<t>,u<t>>>q<t>dt].
By the definition of the Hamiltonian H, we obtain
J (@) = J (u) =0,

then % is an optimal control. |

2.4 A General stochastic maximum principle for op-
timal control problems

In this part, we will give a detailed proof of maximum principle in optimal control in
general case, where the control domain need not be convex, and the diffusion coefficient
depends explicitly , This result is the generalization of principle of the maximum was
obtained by Peng [41], he introduce a second-order expansion method and strong pertur-

bations .
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2.4.1 Problem formulation and assumptions

Let (£2, F, P) be a probability space with filtration F;,. Let W(+) be an R"-valued standard
Brownien process. We denote the set of all admissible controls by U,g.
We assume that (F;) = o (W (s),0 < s <t), and we consider the following control

problem
d.flft = b(xt, ’Ut)dt + U(I’t, /Ut)th

z(0) = o,

(2.35)

where b (z,v) : R" x R¥ = R", 0 (z,v) : R" x RF = L (Rd X ]R") LoO=0 ((71,02, ...,Ud) )
Definition 2.4.1 (Admissible control)

An admissible control v(-) is an JF;,-adapted process with values in U such that

sup E |v(t)|" < 00,Vm =1,2,...
0<t<T

where U is a nonempty subset of R¥.

The stochastic optimal control problem is to minimize the following cost functional

J(v(+)) = E(/OTl(xt, vy)dt + h(zr)), (2.36)
inf {J(v(")) : v(:) € Upa} .
Here, [ (z,v) : R" x R* = R, h(z):R" = R.

We also assume that:

1. b,0,l, h are twice continuously differentiable with respect to x. (2.37)
2. All their derivatives b, byz, 04, Oe, le, li, P, hyr arecontinuous in (z,v).

3. by, bezy Oy Oy s low, P @are bounded,and b, 0, I, h, are bounded by C (1 + |z| + |v]) .

2.4.2 Second order expansion

In this part, we derive a kind of variational equation and variational inequality. The
control domain U is not necessarily convex, the usual first-order expansion approach does

not work. Hence, introducing a second order expansion method.
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Let (y(-),u(-)) be an optimal solution of the our stochastic control problem. We

introduce the following spike variation

u(’(t): v T<t<71+46
u(t) otherwise,
where 0 < 7 < T is fixed, 6 > 0 is sufficiently small, and v is an arbitrary ' -measurable
random variable with values in U, such that sup |v(w)| < oco.
Let ” (t) be the trajectory of the controlwse;lstem (2.35) corresponding to the control
ul ().

Now, we derive the variational inequality from the fact that

J(u () = J(u(-) = 0.

Lemma 2.4.1
Under assumption (2.37). Then
supd ™ [y (£) — y (1) — 1 (1)~ (1] < C. (238)
where y; (+) ,y2 (+) are solutions of
nt) = [ [br o) () + (b () = b ()] ds )
—l—/o {aw (Yss us) y1(s) + <a (ys.ug) -0 (ys.us))} dWs, '
and
o) / (B 10 1205) G ) (s s
/ Uz (ys us) ( ) ;O-xac (ysa Us) yl(s)yl (S>dWs
(2.40)
/ bx (ysa u ) y87u8)] yl(S)dS
/ Um (ymug) + Uz (Ys, us) y1(s) | ds,
where
fezyy = Z fxixjyiyj for f =0b,0,l,h.
ij=1
Remark 2.4.1

Equation (2.39) is called the first-order variational equation. We must introduce what
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we call "the second order variational equation" (2.40), because with the solution of

2.39, we can only obtain the following estimation:

2
0~ Sup\y y(t)—yl(t)\ <C.
0<t<T

It is not enough to derive the variational inequality.

Proof: By Gronwall’s inequality and the moment inequality (see Ikeda and Watanabe [29]),

it is easy to verify that

sup <]y1 ]2) (2.41)
0<t<T
2
sup E (|3/2 )| ) (2.42)
0<t<T
sup E |y (1)]*) < 062,
0<t<T
sup E (Iyz (t)|4) < C6*, (2.43)
0<t<T
sup E (|y ()]°) < Co*.
0<t<T
Set y3 = y1 + yo.
We have
t
/b(y+y3, Jas+ [0 (u+uu )dW
/ [ )+ b (v, ) s + / / Moy (y + Mugs, u )d)\duygyg} ds

+ ot (y ) Y3 +/ / )\U:r;ac y + Auys, u ) dAduysys] AW

b(y,u ds+/ o (y,u) dWs +/b (y,u ygdS-i-/O’x (y,u) ysdWis

(v (v ywm¢mww8

( "(5)) = o (y(s), uls)) ) dWs
s s($)ds & [ Soee (:0) (s eIV
b(1®%®%

o0 (v,u 9)— = (Y ) ys(s)dW,

+ / / / [baa y+Auy3,u")—bm(y,U)} dAdpysysds

+ / / / Oa y+>\uy3, ) Tz (Y, )} dAdpysysdW s

—y<)+y3()—xo+/b9 ds+/ A () dW.

L
-,
of
,
5t
f, (o

o
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Using (2.39) and (2.40), we have

() = Sbas (yer ) <y2< )y (5) + 201 (5) 92 (5)) + [b (15, 08) = br (5, us)] 30 (5)
+/ / bu y+ Auys, u ) — bus (y,v)} dAduys(s)ys(s),
and
N () = g0 (s 1s) (92 (5) 92 (5) + 29 ()92 (5)) + [0 (sr0) = 00 (1) 3 5)

1,1
+/ / A [Um (y + /\uyg,ue) — Oz (y,v)} dM\duys(s)ys(s).
0 Jo
From (2.41), (2.42), and (2.43) we can see that
2 1
sup E (’Ge (s) ds‘ + / A (s)
0<t<T 0

Thus we have

s 2) = 0(6?). (2.44)

y(t) +ys(t —$0+/ s) + ys(s ))ds
+ [0 (us) +usts <>)dW [ @yas— [ 0 sya.

Since
0 ¢ 0 0 t 0 [}
VO =0t [ 5" ).0s))ds [ o (4 ()0 (5)) dB.,
0 0
we can derive
(" —y—ys)( /A" y—ys— dS/D9 dWs

+/b" ds+/ A (s

with
‘Ae (s,w)’ + ‘De (s,w)’ <C Vs, Vw.
By using Itd’s formula and Gronwall’s inequality, we obtain the estimation (2.38). |
Lemma 2.4.2
Under the assumption of (Lemma 2.4.1), we have
1
B[ L y1< )02 (5)) + Sl (0 (5) () i (5) 1 (5] s
E[ (i —1(y(s) uls)) ds (2:45)
1
+E (e (y (T))) (v (1 (T) + 2 (1)) + SE (haw (y (1)) 91 () 91 (1)) 2 0(0).
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Remark 2.4.2

In the case where o does not contain the control variable v, the relation (2.45) can

be reduced to

B[ 1 (y (), u(5)) s (5) ds + Ehe (y (T) a1 (T)
+E/ (1 )—l(y(s),u(s)))dszo(Q).

Thus we need only the first-order variational equation (2.39).

Proof: Since (y(-),u(:)) is optimal, we have
E/ [1(s” ). (1) =1y (1) u ()] dt +E (n (4° (D) = by () = 0.
Thus from (Lemma 2.4.1)

0 gE/OT[z(y+y1+y2,u9(t))—l(y(t),u(t))dt]
+E (R (y +y1 +y2) (T) — h(y (1)) + o(6)
ZE/T[l(y+y1+y2,U)—l(y,U)}dt
+E (h (y +y1 +32) (T) = h(y (T)))

"HE/ Z/+y1+2/2,u)—l(y+y1+yg,u)}dt+o(9)

_E/

+E/ z( —z (y,u) ds+E/ )—lm(y,u)} (41 +y2) ds

+5 E(/ [la2 (% )—zm@,u)}yl(s)yl(s)ds)

+E (hey (T)) (y1 (T') + y2 (1) + %Ehxz (1) y2 (T) y1 (T') + 0(0).

lz (y,u) (y1 +y2) + lacac (y,u) (yl +y2) (y1 + yz)} ds

Then, (2.45) follows from (2.41) and (2.42). |

2.4.3 Adjoint processes and variational inequality

For simplicity, we let

g:r(t) = gac(y(t)7 u(t))v for g = b7 a, la h7
Guz(t) = guu(y(t),u(t)), for g =b,0,1, h.
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We consider the linear stochastic system

{ d2(t) = (ba(£)2(t) + 6(1)) ds + (0(£)(t) + V(1)) dW,
z(0) =0,

(2.46)

(6(t), ¥(t) € L2 (0,T;R™) x L2 (0, T;R™)?, W = (¢1, ..., 1),

where Li (0, T;R") is the space of all R"-valued adapted processes such that

B[ 600 dr (oo

We can construct a linear functional on the Hilbert space LQF (0, T;R"™) x Li (0,T;R™)*
as follows:

E/ t)dt + E (h,(T)2(T)) ,
where (4(t),1(t)) and z(t) are related by (2.46). It is easy to verify that I(-,-) is contin-
uous. Then by the Riesz Representation Theorem, there is a unique

(p(-), K () € L2 (0,T;R") x L2 (0, T;R")"
K = (K, ..., Ky),
such that
T d
ef )+ 30 (K (0, 45(00) | de = T (6(), ()
7j=1

¥ (@(). () € L (0,T:R") x L7 (0, T;R")".
With (2.39) and (2.40), we can apply this result to some of the terms of (2.45):

(2.47)

E [ L(s)un(s)ds + Bl (T))un(T)

=E | (p(s),bly(s). 1’ (5)) = bly(s). u(s)))ds
+E [ tr[K(s)(o(y(s), u(s)) — o(y(s), uls)] .

B [ u(s)un(s)ds + B(y(T))ua(T)

£/ 5 [(p IDNNIOLNE >) s >y1<s>] ds

J=1

+E /0 P (5) (b (), u’(5)) — ba(y(s), uls)))n (s)ds
P [ YK () (2 0(9), 1(5) — o2u(s), u(s))) ().
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Thus we can rewrite (2.45) as

E / ) <y<s>,u9<s>,p<s>, K(s)) = (H(y(s). u(s). p(s), K (s)))ds
" JE[ it (). K (5))ys (s) (2:48)
+5 Eyl(T)h (1)1 (T) = o(8),

where we denote
d
H(z,v,p,K) =l(z,v) + (p,b(z,v)) + > _( K;, o/ (z,v)
J=1

The interesting thing is that the quadratic terms of (2.48) can still be treated by
applying the Riesz Representation Theorem. Indeed, applying It6’s formula to the matrix-
valued processes

YIYT e YYY

we have

4Y (£) = |V (O0L(0) + b)Y (1) + X od ()Y (Do (1) + 2°(1) | dt (2.49)

+ (Y (D02(0) + 0a (Y (1) + (1) W,

(o (y(6),u" (1)) — o2 (1) y (1), u(t)))
+ (o (y(),u' (1)) — o (y(t), ult)) i (t) o7 (1)
+(o (y(), (1)) = o (y(t), u®)) (o (y(t), u’ () — o (y(t), u(t)))"
(1) =pi(t) (o (y), 1) — o (y(e),u" 1)) + (o (y(t),u" (1) — o (y(1), ' (®))) vi (2)

Now, we define the following symmetric matrix-valued linear SDE:

dZ(t) = |Z()b% (t) + b ( Ed: *(t) + d(t)| dt

j=1

+[Z2(t)a; (t) + Z(t)ow (t) + V(1) dW;

((I)(t)7 \Ij<t)) S L?: (07T7Rn) X L?: <O7T; Rn)d7 v = (¢1, ---ﬂ/&l) )
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where R™™ is the space of all n X n real symmetric matrices with the following scalar

product:
(Al, AQ)* = tT(AlAQ) \V/Al, A2 e R™".

Now, let us construct a linear functional via (2.49)
e[ (2 ), dt + E (Z(T)heo(y(T)), (2.50)
Obviously, M (®(t), ¥(t)) is a linear continuous functional on
L% (0,T;R™™) x L2 (0, T;R™™)?,

there is a unique pair (P(-),Q(:)) € L2 (0, T;R™") x L% (0, T; R™™)* such that

(P(t),®(1)), + Xd: (Q(1), w(t)) ] dt) (2.51)

Jj=1

Since for all y € R"; A € R™"
(yy", A)s = tr(yy"A) = y" Ay,
from (2.49), (2.50), (2.51) we can rewrite (2.48)

B[ [ (y5). 0% >,K<s>) - H<y<s>,u<s>,p<s>,K<s>>} s

HE/

Finally, we have

H (y(7),v,p(7), K(7)) = H (y(7), u(7), p(7), K (7))

+;t7" [(o(y(7),v) = o (y(7),u(r)))" P(7) (e (y(7),v) = o (y(7),u(7)))] 20 Vv €U, a.ea.s

or, equivalently

H (y(7),v,p(7), K(1) = P(T)a (y(7),u(7)))) + ;tr (oo™ (y(7),v) P(7))

> H (y(7),u(r),p(7), K(7) = P(r)o (y(7),u(r)))) + ;tr (00" (y(7),u(r)) P(7));Vv € U, a.e,a.s
(2.52)
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2.4.4 Adjoint equations and the maximum principle

The first-order adjoint equation is the classical one. In fact, from [2] and [42], the first-
order adjoint process (p (), K (-)) described in a unique way by (2.46), (2.47) is the unique

solution of

—dp(t) = [bi‘:(y(t)ﬂ(t))p(t) +Z:0£*(y(t)7U(t))Kj(t) +L(y(t), u(d)) | dt — K(t)dW (1),
h

(2.53)
We can also use this result to obtain an equation for (P(-),Q(-)). In fact, (P(.),Q(.))

is uniquely determined by (2.50), (2.51). Thus exactly as in [2] and [42], we can obtain
—dP(t) = [bi(y(t), u(t))P(t) + P(t)ba(y(t), u(t)) + Z_:l ol (y(t), u(t)) P(t)ol(y(t), u(t))

+ Z:l ol (y(t), u(t)Q;(t) + ; Q;(t)al(y(t), u(t)) + Hea(y(t), ult), p(t), K(1))| dt
—Q(t)dW (1)

(2.54)

Theorem 2.4.1
Let (2.37) hold. If (y(-),u(-)) is a solution of the optimal control problem (2.35),

(2.36), then we have

(p(-), K(-)) € L* (0,T;R™) x L (0,T;R™)?,
(P(),Q()) € L2 (0, T;R™") x L* (0,T;R™"),

which are, respectively, solutions of (2.53) and (2.54) such that the variational

inequality (2.52) holds.
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CHAPTER 3

Pointwise second order necessary
conditions for stochastic optimal

control

3.1 Preliminaries and assumptions

Let (Q,F,F,P) be a complete probability space with filtration, we assume that F =
{Fi}o<t<r is the natural filtration generated by one-dimensional standard Brownian mo-
tion W (-). For a fuction ¢ : [0,7] x R x U x Q — R, we denote by ¢, (t,z,u) (resp.
¢u (t,x,u)) the first order derivatives of ¢ with respect to x and u at (¢, 2, wu,w), and by
P(z,u)2 (T, 2, u) the second order derivatives of ¢ with respect to (z,u) at (¢, z,u,w) and by
Gue (t,2,0) , Py (T, 2, u) , and ¢y, (t, T, u) the second order derivatives of ¢ at (¢, x,u,w),
we denote by Uy,q the set of all admissible controls. Note that, we take out the w (€ Q)

argument in the defined functions, when the conditions is clear as habitual.
We introduce some spaces of random variable and stochastic processes, for any ¢t €
[0, 7], we let

« L% (€ R) the space of R-valued, Fi-measurable random variables ¢ such that

E|¢] < oo.

o L2([0,T];R) the space of R-valued, B([0,T]) ® F-measurable, F-adapted processes
1 such that

1
2
< Q.

T
‘WHL@([O,T];R) = l]E (/0 ¥ (t)|2 dt>

Now, we introduce the following definition of singular control in the classical sense for

diffusion , which was motivated in [58, 20].
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Definition 3.1.1

(Singular control in the classical sense) An admissible control u(-) is called singular in

the classical sense if satisfies

H,(t,z(t),ua(t),p(t),q(t)) =0 a.s.a.e.,
(3.1)

Hyo (6,3 (1), (), 5(1),G(8) + P (1) (0u (1,7 ()0 ()" =0 as. ace.,

where (5 (-),q(-),) and (P(-),Q (-)) are the adjoint processes given respectively by
(3.15) and (3.16) with (z(-),u(-)) replaced by (Z (-),u(-)). If u(-) in (3.1) is also

optimal, then we call u(-) a singular optimal control in the classical sense.

We consider the following controlled stochastic differential equations

do () = b(t,z (), u(t)dt+ otz (t),u(t)dW (t),

(3.2)
z(0) = o,
where b: [0,7] x Rx U — R and o : [0,7] x R x U — R, with a cost functional
J(u()=E [/OTf (t,z(t),u(t)dt+h(xz(T))|, u(-) € U, (3.3)

and f:[0,T] x Rx U — R, h: R — R are given functions.

The stochastic optimization problem which we interest is to find a control @ () € U,q such
that
J@()= inf J(u(")). (3.4)

Any admissible control @ (-) € U,q that achieves the minimum is called an optimal control.

We also assume that

Assumptions (A1)
1. The maps b and o are B([0,7]) ® F-measurable and F-adapted.
2. The functions b and o are continuously differentiable up to the second order with
respect to (z,u).
3. All the first order derivatives are continuous in (z,u) and uniformly bounded.

4. There exists a constant K; > 0 such that for almost all (¢,w) € [0,7] x ©Q and for any
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z,T € R and u,u € U,
| (t, z,u)| < K, for ¢ =b,0,

|§b(t,x,u)—¢(t,f,u)] §K1|J]—«f|, forgb:b,o,

‘¢(z,u)2 (t,x,u) - gb(ac,u)2 (t7f7ﬂ)‘ < I (|'I - ‘%| + |U - a|) )

Assumptions (A2)
1. The process f is B([0,T]) ® F-measurable and F-adapted.
2. The random variable h is Fr -measurable.
3. The process f is bounded by Ky (1 + |z|*> + |u|*) and h is bounded by Ky (1 + |z|*).
4. The maps f and h are continuously differentiable up to the second order.

5. For any z,7 € R and u,u € U,
|[folt, z u)| + [fult, 2, u)] < Kao(1+ ||+ [u]), |he(x)] < Ka(1 + [2]),
| foa (b, 2 0) | + | fru(t, 2y w) |+ | fuu(t, 2, u)| < Ko,

Foye (b 20) = fig (6,3,8)] < Ko (o — & + Ju — ).

Under assumptions (A1) and (A2), equation (3.2) has a unique strong solution z(t) given
by

_xo—i-/ s, x( d5+/ s, x(s),u(s)) dW (s)

and by standard arguments it is easy to show that for any C} > 0, it holds that

E( sup |z(t)*) < Cp,
te[0,7)

where Cj, is a constant depending only on k. Moreover, the functional (3.3) is well defined

from U,y into R.

3.2 Second order necessary condition in integral form

In this section, we prove an integral type second order necessary condition for stochastic
optimal control. We consider a control region U is nonempty and bounded. Moreover,

a convex perturbation of the optimal control defined by u’ (t) = @ (t) + 0 (u (t) — 7w (t)),
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Pointwise second order necessary conditions for stochastic optimal control

for u () € Uyq and 6 € (0,1). The convexity condition of the control domain ensures that
ue(-) € U,y,.

For convenience, we will use the following notations, we denote by z%(-), Z(-) the state
trajectory of the SDE (3.2) corresponding to u’(-) and 7(-).

To simplify our notation, we write for ¢ = b, 0, f :

06 (£) = & (.27 (1) ,u’ (1)) — & (1, 2(), (1)),
bu (1) = 0o (LT, U(E),  Gu (1) = by (1, T(1), (1)),
Gra (1) = baw (LT, (), Guas (1) = G (,7T(2), T(1)) ,
Do (B) = G (8,7(8), U(E)),

We introduce the following variational equations

dyy (1) = {ba (1) y1 (8) + bu () v (£)} db + {00 () y1 (1) + ou () v (1)} AW (1)

y1(0) =0,

(3.5)

and
dya (t) = [bx (t) Y2 () + bew (t) 11 (t)z + 2by (8) Y1 (1) v (1) + buw (¢) v (t)Q]dt

How () y2 (8) + 00 () 1 () + 2000 () y1 () 0 (1) + 0 (£) v (£)*]dW () (3.6)

y2(0) = 0.

Remark 3.2.1
Under assumptions (Al), (A2) the variational equations (3.5) and (3.6) admits a

unique strong solutions y; (t) and ys (t) respectively.

Next, we prove the proposition which plays a crucial role in obtaining a second order

necessary conditions.

We note that unless specified, for each £ € R, we will denote by C} > 0 a generic
positive constant depending only on k£ and the constants appearing in Proposition 3.2.1 ,
which may vary from line to line.

Proposition 3.2.1
Assume that assumptions (Al), (A2) satisfied. Then, for any k > 1, we have the
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following basic estimates
0 Nk k
E|sup [/ (t) =7z (1) | < Cub", (3.7)
te[0,T7]
Elsup i (O] < ¢, (3.8)
te[0,7 ]
Elsup 2 ()" | < 4, (3.9)
te[0,7 ]
Elsup [ (6) = 7 (t) — Oy (t)]% < Oy, (3.10)
te[0,T]
02 2k
E| sup |2°(t) =% (t) — Oys (t) — o2 (t)] | < Cub™. (3.11)
te[0,7 2

Proof: Let Z(-) and 2?(-) be the trajectory of (3.2) corresponding to @(-) and u?(-) resp.
Let y1(-) and y2(-) be the solution of first and second order adjoint equations (3.5)-(3.6).
Noting that estimate (3.7) follows from standard arguments, using Burkholder-Davis-
Gundy inequality for the martingale part and Propositions 1.3.1 . In what follows we
shall refer to equation (3.5) as the first-order variational equation, and the process y; ()
is called the first order variational process. A very important step in Peng [41], and
Tang and Li [50] is in light of the Taylor expansion, to find a process y2(t) so that
22 (t) — T(t) — Oy (t) — 9223/2(75) =0 (02>, as § — 0, and that the convergence is of an
appropriate order. The process ys(-) is called the second-order variational process. So

the estimates (3.8), (3.9) and (3.10) are obvious and standard, see also [50, Lemma 2.1].

Now, we start to prove the estimate (3.11). From (3.2), (3.5) and (3.6), we have

2 (t) = T(t) — Oy (1) — fw(t) i

- /0 t[éb (s) — 0 [bu(s)y1(s) + bu(s)v(s)]

. 92 [62(5)y2(5) + b (5)y1(5)? + 2B ()31 (8)0(5) + buu(s)0(5)?] s
+ Ot[aa (5) = 0 ow(5)y1(s) + ouls)o(s)]

- 92 [0 (5)12(5) + 0w (5)y1(5)? + 200u(s)yn (s)0(s)
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straight forward calculation by applying the Cauchy-Schwarz inequality, we shows

that
02 2k
E [ sup |z?(t) — T(t) — Oy (t) — ?yg(t) ] (3.12)
te[0,T]
< I,
where
I =E [2 sup / t [0b () = 6 [bz(5)y1(s) + bu(s)v(s)]
t€[0,77 140
2
- % [bgc(s)yg(s) + by (8)y1(8)2 + 2bgu(8)y1 (8)v(s) + buu<s>v(s)2w ds (3.13)
+ [ 160.(5) ~ 0lou(n(s) + ouls)us)
0
02 2k
-3 |72(5)12(5) + 0aa(5)31(5)? + 2000 ()91 (5)0(s) +auu(s)v(s>2ﬂ dW (s) ] :

Similar to Bonnans [7], Zhang and Zhang [58], by applying the Cauchy-Schwarz
inequality and the Burkholder-Davis—Gundy inequality, we have

I < CLo%. (3.14)
By combining (3.12), (3.14) the desired result (3.11) is fulfilled. Thus, the proof of

Proposition 3.2.1 is completed. |

Define the Hamiltonian function H : [0,7] x R x U x R x R by
H(t,z,u,p,q) :=b(t,x,u)p+o(t,x,u)q— f(t,z,u).

Now, we introduce the first adjoint equation

dp(t) = —{bz () p (t) + 0x (£) ¢ (t) — fo ()} di

+q (t) dW (1), (3.15)
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and the second adjoint equation

AP (t) = — {26, (1) P () + 0. (1) P(t) + 20, (1) Q (1)

+H,, (1) dt
(3.16)
+Q (1) dW (1) ,

P(T> = —hay (T (T))7

where

It is easy to prove that under assumptions (A1)-(A2), Eqs-(3.15) and (3.16) are clas-
sical linear backward stochastic differential equations (BSDEs in short) admit a unique

strong solution such that

(p(t),q(t)) € Lz ([0, T]; R) x L ([0, T]; R)
(P(1),Q(t),) € L ([0, T]; R) x Lg ([0, T]; R)

Also, we define the functional H: [0,T] x Rx U x Rx R xR xR xR x R by

H (t’ x? u?p? q7 P7 Q) = Hmu (t7 m? u’p? q) + bu (t7 m? u) P(t) (3'17)

+ oy (t,z,u) Q(t) + oy (t, z,u) P(t)o, (t, z,u)

To simplify our notation, we set

Lemma 3.2.1
Let (p(t),q(t)) be the solution of the adjoint equation (3.15), (P(t),Q(t)) be the

solution of the adjoint equation (3.16), and y; (t), ys (t) are the solution to the first
and second variational equations (3.5) and (3.6) respectively. Then the following
duality relations hold:

Bl Tn (0= | [ GO 0000 a0 e a] | [ 1 Onwa]
(3.18)
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T

p (t) {b:va: (t) hn (t>2 + szu <t> Y (t) v (t) + buu (t) v (t)Q} dt‘|
(3.19)

Ep(T)y (T)] = —E [/0

E [ /0 ! ¢ (t) {0ua () 11 () + 2000 (£) 1 ()0 (1) + 0w (B) v (1)°} dt]

—E[/OTfmyQ(t)dt],

and

B[P (] = 26| [ (P01 (06 (00 0) + P 0, 0 ) o ()0 () ]
(3.20)

_9E VOT (Q ) au (D) v(t)y: (D)} dt] _E [/OT P (t) (o0 () v (1)) dt]
+E VOTHM O (t)th] .

Proof: The proof of this lemma follows directly from It6’s formula to p (¢) y1 (f) and taking

expectation where y;1(0) = 0, we have

Ep(T - —IE/ £) dy (t IET/ yi () dp (¢ (3.21)
E/ ) {0 (O () + 0 (D) v (1)} dt
where
—IE/ £) dy (1 :—E/ £) + b (1) v (1)) dt. (3.22)
Consequently
E /0 () dp (1) (3.23)

T
=EAyMﬂM@M@HwAﬂMﬂ—ﬁ®Mt

substituting (3.22), (3.23), into (3.21), then the desired result (3.18) is fulfilled.

Now, applying It6’s formula to p (t) y2 () and taking expectation where y2(0) = 0,
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we have
—E[p = —E/ t) dys (t ]E/ yo (t) dp (t (3.24)
—EVO q(t){ () yo (t) + 00s () y1 (£)?
2000 () Y1 (£) 0 (£) + 0w (B v (8)° } dt]
where
—E/ ) dys (1) = —IE/ £) 4 bea (£) 31 ()
o+ 2 (1) 1 ()0 (1) + bua (¢ >v<t>2}dt, (3.25)
and
T
_E /O ys (1) dp (1) (3.26)

T
~E /0 v (1) b () p (1) + 00 () g (1) — £ (D) dt

substituting (3.25), (3.26), into (3.24), we obtain the desired result (3.19).

Next, applying It6’s formula to P (t) y; (t) , where y;(0) = 0, we have

T T
- / P () dys (£) + / y1 (8) dP ()
0 0
T
[ QW on W ) +ou @ v (0}t
0

:Il—l-IQ—‘rIg, (327)

where
n = /OTP(t) dy, (1)
= [" P e 0 0+ b e O}
+ [T P @) 102 (0w () + 0w () W ()
by simple computations , we can prove
L= /OT y1 (1) dP (1)
= [ O {2 0 P )+ 0. (07 PO + 20, 00 Q1)

T
+ Hayy (£)dt+ /O yi (1) Q (£) dW (1),
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T
= [ Qe w1+ QO ou () v ()},
Then we can write (3.27) as follows

PO D)= [ PO OV d+ Q0o e

— 51 () by (1) P (8) — 1 (8) 02 (1) P() — 91 (£) 0 (1) Q (t)
— 1 (t) Hay (8)] dt

+/‘ t) + P (t) o (£) v (£) + 1 (£) Q ()] AW (¢)

Now, we applying It6’s formula to (P (t)y1 (t)) y1 (t) and taking expectation, we

obtain

~E[P(D)y <T>2]

:—E/ t) dyy (t E/ Y1 ( ()
_E[/o {oz (W) y1 (1) +ou (@) v () {P () 0z () y1 (1) + P (1) o (B) v () + 31 (1) Q () } dt

=J1+ Jo+ J3, (3.28)

where

T T
H==E [ POy @dn ()= ~E [P0 (0 0)+ba (v (O} de, (3:29)

Jo=—-FE /T yl )
=& [ v(t)dt+ QB (D)0 (1)
— 1 (£)ba (8) P (t) —y1 (£) 0 (8)° P(t) — 1 (t) 02 (£) Q (¢)
— —y1 (t) Hyy ()] dt, (3.30)

and it is easy to show that

Js=-E [ / o (O 0+ 0, v O}P O 02 (03 1)+ P o (00 (1) + 11 () Q(0)} d
- -E [ / PO @0 (0 00+ 2P 0 (O 0w (10 (1) + 0 (0Q 1)1 (1
+ P () (ou (v ()’ + Q1) au iy (v () bdt]. (3.31)
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Similarly, we have Finally, substituting (3.29), (3.30), (3.31), into (3.28), then (3.20)
is fulfilled.

This completes the proof of Lemma 3.2.1. |

To prove the main theorem we need the following technical result.

Proposition 3.2.2
Let (A1)-(A2) hold. Then, for any u(-) € U,q we have

P () (0w (t) v (1)} + 0> {HL () yn () (t)}] dt+0(6%), (6—0%),

(3.32)

where

H,(t) = Hy (t,2(1),u(t), p(t), q(t))

Hyu(t) = Huu(t, (L), a(t), p(t), q(t)).

Proof: By applying Taylor’s formula, we get

I (" () =7 @())

=E U)T {0f ®}dt| +E [z (T) - h(@ (T)]
=F [/T {fa} (1) (q:a (t)—7= (t)) + fu (t) (u9 (t) —u (t)) + %fxm (t) (a:9 () — T(t)>2
b (# 0~ 0) (20~ 50) + L) (£ 0 - 50)" ]
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Using Proposition 3.2.1 , we have
7 (4 0) =7 @)
T 02
-k V {efl’ )y () + 5 fo O y2 () +0fu(t) v (2)
0

92 2 2
+ 5 (fa:ac (t) Y1 (t) + Qfxu(t)yl (t) v (t) + fuu (t) v (t) )} dt‘|

2 2
+E |0he(@ (T) 1 (T) + %hx (T (T)) y2 (T) + %hm (@ (1) y1 (T)°| +0(6?), (0—07).
(3.33)

Substituting (3.18), (3.19), and (3.20) into (3.33), we obtain

J(u’()) = J(a())
T
=-E [ | 0@ Gu @ v(@) +a(t) (ou(®)v(t) = fu(t)v(t)] dE
e 2 2 2 2

—-E [/0 5 [p (t) buu (t) v (t) + q (t) Ouu (t) v (t) - fuu(t)v (t) + P(t) (Uu (t) v (t)) } dt‘|

2| [ 0 b (D1 (00 0+ 400 (1 (00 (0) — Fauln ()0 ()

+ P () g1 (1)bu ()0 (1) + P (1) 0w (D) g1 (1) 0w (D)0 (£) + Q (1) 0w (D) v (£ 31 (D)} dt] + 0 (67).

Finally, we get

J(u() = J(@())
(92

) _
— _E /OT le (Hu (t)v (1) + 5 [Huu (t)v (tﬂ

2
+ % [P (t) (ou () v ()] + 62 [H () s (1) <t>]] dt+ 0 (6%),

(0—>0+),

Thus, the proof of Proposition 3.2.2 is completed. |

Now, by Proposition 3.2.2 , we can establish the following second order necessary

condition in integral form for stochastic optimal control (3.2)-(3.3).
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Theorem 3.2.1
Let (A1)-(A2) hold. Ifu (-) is a singular optimal control in the classical sense for the

control problem (3.2)-(3.3). Then we have

E /0 CH()y (0 (u () — 1 (8))dt < 0, (3.34)

for any u (-) € Uyq, where the Hamiltonian H is defined by (3.17) and y; (t) solution

of first order adjoint equation given by

yi (1) = /Ot [0z (8) 51 (8) + bu (s) v (5)] ds + [0 (s) y1 (s) + ou (s) v (s)] dW ()

Proof: The desired result (3.34) and Proposition 3.2.2 follows immediately from 3.1.

This completes the proof of Theorem 3.2.1 |

3.3 Pointwise second order maximum principle in terms
of the martingale

In this section, by using the property of [t0’s integrals and the martingale representation
theorem, we establish the second order necessary condition for singular optimal controls,
which is pointwise maximum principle in terms of the martingale with respect to the time

variable t. The following lemma play an important role to establish our result.
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Lemma 3.3.1

The first variational equation (3.1) admits a unique strong solution y; (-), which is

represented by the following:

[ ot\D — 0a(s)ou(s)) v(s)ds

‘/’ (8)ou(s)0(s)dW (s)] | (3.35)

where ® (t) is a defined by the following linear stochastic differential equation:

dD (1) = by()® () dt + o, (t)D () AW (2),
(3.36)

and W(t) its inverse.

Proof: Equation (3.5) is linear with bounded coefficients, then it admits a unique strong

solution. Moreover, this solution is inversible and its inverse ¥(t) = &~ (t) given by:

dU(t) = [o2(B)W(t) — ba(t)(1)] dt — [0 ()L (1)] AW (2)

(3.37)
v(0) =1
Applying It6’s formula to W(t)y; (t) we have
d[¥(t)yr ()] = w1 () d¥(t) + U(t)dy (1)
= o2 () V()] [o2(t)y1(t) + ou(t)v(t)] di
=1+ I+ I, (3.38)
where
I = gy () () (3.39)

= 51 () 2OV () — 91 (1) bo() T (8)] dt
—y1 (t) o (t)®(t)dW (1)

— 1 (1)
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By simple computations, we obtain

I = U (t)dy, (1) (3.40)
— (Wb Dy (t) + T ()b (t)o(t)] dt

+ [U(t)ow()yr(t) + W (E)ou(t)v(t)] dW(#)

and

Ty = — [ U(0)] [out)y1 (1) + ou(t)olt)] dt. (3.41)
Substituting (3.36), (3.37), and (3.38) into (3.36), we get

Y(t)y (t) — U(0)ys (0)

n

- [ /O " W(s) bu(s) — 2 (s)0u(5)] 0(s)ds

"+ /t\I/(s)au(s)v(s)dW(s). (3.42)
0

Since y1(0) = 0 and ™! (t) = ® (¢), then from (3.42) the desired result (3.35) is fulfilled.

This completes the proof of Lemma 3.3.1 |

To prove the main theorem we need the following technical Lemma.

Lemma 3.3.2
Let (A1)-(A2) hold. Then we have

(1) H() € Lg ([0, T];R)
(2) For any v € U, there exists ¢, (-,t) € Lz ([0,T];R), such that

() (v — a(t)) = E [H(t)(w — a(t))] + /0 " (5, 8) AV (s) (3.43)

a.e. t€[0,T], P—a.s.

Proof: (1). The proof follows immediately from Lemma 3.9 in [58].

(2) The proof of (3.43) follows from Tang and Li [50, Appendix] |

Now, we return to integral type of second order necessary condition and substituting the

explicit representation (3.35) of y(+) into (3.34), we see that there appears a "bad” term
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in the form
H (t) () /Ot\Il(s)ou(s)v(s)dW(s) v(t)dt, (3.44)

T
E/

For more details see [58, p.2278] for this type of integrals.

Now, in order to derive a pointwise second order necessary condition from the integral
form in (3.35), we need to choose the following needle variation for the optimal control
v, t e Ay,

u(t) = (3.45)
U(t), t e [O,T] ’ Ag,

where 7 € [0,T), v € U, and Ay = [1,7+6) so that § > 0 and 7+60 < T. Denote by x4, (-)
the characteristic function of the set Ag. Then we have v(-) = u(-) —u(-) = (v — @(-)) x4,-

The following theorem constitutes the main contribution of the result

Theorem 3.3.1
Let (A1)-(A2) hold. Ifu(-) is a singular optimal control in the classical sense for the

stochastic control (3.2)-(3.3), then for any v € U, it holds that
E (H(7)bu(r) (v = (7))?) + 0F (H(7)(v = 0(r))%0u(7)) <0 a.e. 7 €[0,T], (3.46)
where
0 (H(r)(v —(r))?0u(7)) (3.47)
=2 gim s B [ [ 16,0508 (1) ¥ (5)auls) (0 — )] st
du(+, 1) is determined by (3.43), ® (-) is given by the following process
D (6) = B(0) + [ b()2(s)ds + [ ou(s)® () AW (s)
and U (+) is determined by

w(r) = v(0) + [ o2 ()W (s) — ba(5)0(s)] ds

- [ oo us) ).

Proof: From (3.42), we have v(-) = u(-) —4(-) = (v —@(-))xa,(-) and the corresponding
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solution y(-) to (3.5) is given by
B0) [ 06) (uls) — ouo)on(s) (0 - Tas()ds (349
/0 U (s) ou(s)(v —a(s))xa,(s)dW (s).

Substituting v(-) = (v —u(-))x4,(-) and (3.48) into (3.34), we have

02@ / t) (v —a(t))] dt
92 /T+0 [ / T (s —0z(8)ou(s)) (v —1u(s))ds (v —u(t))] dt
+ ﬁE /TT+9 P (t) /T VU (s5) ou(s)(v —1(s))dW(s) (v —u(t))} dt

=JV+ J5. (3.49)

From [[58, Lemma 4.1], we obtain

T+6 t
elgtgh Jo = Glggh eiE j ' H (t) @ (¢) /T U () (bu(s) — ox(8)ou(s)) (v —1u(s))ds (v — u(t))} dt
— iJE (H () (bu(7) = 0u(r)au(r)) (v~ 1(r))?) . (3.50)

On the other hand, by (3.35), it follows that
A= [elawe [ oe-me)ane) o -aw)
_ 912/7”9]@ []HI ) (7 / U (5) o (s) (v — (s))dW (s) (U—u(t))} dt
1 fT+0
tm ) E
/
r+

(
" [H 5)dW (s)

H(t) [ ba(s)® (s)ds

T

¥ (s)o <><v—u< DA (s) (v~ (1)) (3.51)

/ws (v =TIV (5) (0 (t) | e
« /  (5) ou(s) (v — () AW (5) (v—u(t))}dt.

0 0 0 0
=Jo1 +Joa+ o3+ Joy.
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By Lemma 3.3.2 | we get

i 2

eggwp;/””Eﬂﬂ ,/W )ouls) (v~ ()W (s) (0 — (0|
= lim sup o, L / E / B (1) U () 0u(s) (v — T(s))dW (s)E [H (¢) (v—u(t))ﬂ dt
+ lim, sup1 g /@ §) ou(s) (v — (s))dIW (s /gbvstdW( )}dt
=$gsm%;/T0 E {0 (r) W () 0(s)(v —(s)) (5, )} dsdt (352

- ia: (B () (v - a(T))%u(T)) ., Vrelo,T).

It is crucial that, by the Martingale Representation Theorem in Lemma 3.3.2 | we only
know that ¢,(-,t) € LZ([0,¢];R) for any v € U, and hence, for each 7 € [0,7], the

function
i (8) =E[® (1) ¥ (s)ou(s)(v—1u(s))pu(s,t)], se€l0,t], te]0,T],
is in L' ([0,#] ;R). See [58] for more details for the superior limit

740
g [ [ et

By simple computations, the last term in (3.51) is in fact a process with zero expectation.

Now, by using similar method in [58], we get

) 1 T+60 t
Jim gy = lim / ]E{H(t) / ba(s)® (s) ds (3.53)

lim 8, = Tim 9% / g {]HI ) / ()P (5) AW (5) (3.54)
x / W (5) 0u(s) (v — a(s))dW (s) (v — u(t))} dt
= JE (H() (0(r)ou(r) (v - 7(r))*)
and Finally, substituting (3.49), (3.51), (3.52), (3.53), (3.54) in (3.48), we obtain
E (H(r)bu(r)(v = u(7))?) + 0 (H(r)(v - u(7))?0u(r)) <0, ae. 7€[0,T].

This completes the proof of Theorem 3.3.1
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CHAPTER 4

Pointwise second order necessary
conditions for stochastic optimal

control with jump diffusions

4.1 Preliminaries and assumptions

Let (Q,F,F,P) be a complete probability space with filtration, we assume that F =
{Fi}o<t<r is the natural filtration generated by one-dimensional standard Brownian mo-
tion W (+) and an independent Poisson random measure N on R, x Z, where Z is a fixed
nonempty subset of R with its Borel o-field B (Z) such that pu(Z) < oco. We denote by
{FYoci<r (resp. {FN}o<i<r) the P-augmentation of the natural filtration of W (resp.
N), then we have

Eza{W(s);sgt}\/a{//(o ]XAN(dz,dr);sSt,AEB(Z)}VN,

where N denotes the totality of P-null sets, and oy V 0y denotes the o-filed generated
by o1 U gy. We assume that the compensator of N has the form p (dt,dz) = p (dz)dt for
some positive and o-finite Lévy measure p on Z. We suppose that /Z 1A |2]? e (dz2) < o0
and write N = N — pdt for the compensated jump martingale random measure of V.

For a fuction ¢ : [0, T] xR x U xQ — R, we denote by ¢, (¢, z,u) (resp. ¢, (t,z,u)) the
first order derivatives of ¢ with respect to x and u at (t,z,u,w), and by ¢, )2 (¢, z,u) the
second order derivatives of ¢ with respect to (z,u) at (¢, z, u,w) and by ¢y, (¢, z,u) , ¢p (t,2,u) ,
and @y, (t,,u) the second order derivatives of ¢ at (¢, x,u,w), we denote by U,q the set
of all admissible controls. Note that, we take out the w (€ ) argument in the defined

functions, when the conditions is clear as habitual.

We introduce some spaces of random variable and stochastic processes, for any ¢t €
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[0,T7], we let
« L% (Q;R) the space of R-valued, Fi-measurable random variables ¢ such that

E|¢] < oo.

o L2([0,T];R) the space of R-valued, B([0,T]) ® F-measurable, F-adapted processes
1 such that

T 2
HwH]L%([O,T];R) = []E (/0 ¥ (t)|2 dt)

o L£%([0,T];R) the space of R-valued, B([0,T] x Q) ® B(Z) measurable processes 9
such that

< 00.

2
< 0.

T
e = E | [ 1000 ()

We should note that in stochastic control problems, there is an other type of singularity,
where the control variable has two components (u(-),£(+)), the first being absolutely
continuous and the second is of bounded variation, non-decreasing left-continuous with
right limits and £(0_) = 0. This singularity come since d¢(t) may be singular with respect
to Lebesgue measure dt. An extensive list of references on the stochastic singular control

problem can be found in Haussmann and Suo [24], and Cadenillas and Haussmann [9)].

In this chapter, we study pointwise optimal stochastic control problem for systems
governed by nonlinear controlled stochastic differential equations (SDEs) with jumps of

the form: t € [0, T
dr (t) =b(t,z (t),u(t))dt+o(t,x (t),u(t))dW (t) + /Zn (t,x(t_),z) N (dz,dt)

z(0) = o,
(4.1)

where the coefficients of the state are given by the functions
b:[0,T] x Rx U — R,

o:[0,T| xRxU—R,

n:[0,T] xR xZ —R.
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The cost functional to be minimized has the form:

Sl =8| [Tt @@ i) 0 et 62)
where f:[0,7] x Rx U — R and h : R — R are given functions.

The stochastic optimization problem which we interest is to find a control @ () € U,y
such that

J@(-)= inf J(u(:)). (4.3)

Any admissible control @ (-) € U,q that achieves the minimum is called an optimal control.

Throughout this paper, we also assume that

Assumptions (B1) 1. The maps b and o are B([0, T])®F -measurable and F-adapted.
2. The functions b and ¢ are continuously differentiable up to the second order with
respect to (z,u).
3. The function 7 is continuously differentiable up to the second order with respect to x.
4. All the first order derivatives are continuous in (z,u) and uniformly bounded.
5. There exists a constant K; > 0 such that for almost all (¢,w) € [0,7] x 2 and for any

z,T € R and u,u € U,

¢ (t,z,u)| < Ky, for ¢ =b,0,

¢ (t,z,u) — ¢ (t,%,u)| < Ky |z — 7|, for ¢ =b,o0,

By (1) = By (6,5, 0)| < Ky (|2 = F] + Ju— @),

(e (t-),2) =nt,z(t),2)] < Kife =z and n(t, (1), 2) < K,

[aa (1,2 (E-) , 2) = Mo (1,7 (L), 2)] < K | — 7]
Under assumptions (B1) and (A2), equation (4.1) has a unique strong solution x(t)
given by

—a:0+/ s, x( ds—l—/ (s,x(s),u(s)) dW(s)
+//n@x@%@NMA®%
0Jz
and by standard arguments it is easy to show that for any C} > 0, it holds that

E( sup |z(t)|") < C,,

te(0,7)
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where Cj, is a constant depending only on k. Moreover, the functional (4.2) is well defined

from U,y into R.

4.2 Second order necessary condition in integral form
with jump Diffusions

In this section, we prove an integral type second order necessary condition for stochastic
optimal control with jump diffusions. We consider a control region U is nonempty and
bounded. Moreover, a convex perturbation of the optimal control defined by u’ (t) =
u(t)+60u(t)—u(t), for u(-) € Uyg and 6 € (0,1). The convexity condition of the
control domain ensures that u’(-) € Uy

For convenience, we will use the following notations, we denote by z%(-), Z(-) the state
trajectory of the SDE (4.1) corresponding to u’(-) and @(-).

To simplify our notation, we write for ¢ = b, 0, f and for ¢ =7 :

56 (1) = 6 (1,a° (1) ,u* (1)) — o (1,7(2), (1))
60 (1) = 6o (LT, T(L) . 6 (1) = b, (L), (1)),
bua (1) = Gua (LT, T, b () = b (4,7 (1), T(E))
0o (t,2) = 0o (LT(),2) . G () = i (1, 7(0), (1))

Oz (t,2) = @up (L, T(L2), 2) .

We introduce the following variational equations

dyy (1) = {ba (1) y1 (8) + bu () v (8)} db + {0 () y1 () + 0u () v (1)} AW (1)

4 e (4.2 3 (1)} N (dz, ). (14)
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and
dys (t) = [be () Y2 () + baa (£) 1 (1) + 2bgy (£) y1 (£) v (1) + buu (£) v (£)°]dE
+ow (1) ya () + 02z (1) 11 (t)2 + 20, (t) 11 (B) v (t) + oy (t) v (t)2]dW (t)

e (62 0 () + i (6 2) (21N (dz, )

y2(0) = 0.

Remark 4.2.1

unique strong solutions y; (t) and ys (t) respectively.

(4.5)

Under assumptions (Bl), (A2) the variational equations (4.4) and (4.5) admits a

Next, we prove the proposition which plays a crucial role in obtaining a second order

necessary conditions.

We note that unless specified, for each £ € R, we will denote by C} > 0 a generic

positive constant depending only on £ and the constants appearing in Proposition 4.2.1 |

which may vary from line to line.

Proposition 4.2.1

following basic estimates

2%
E [ sup ‘[Ke (t) — T(t) < C(kyu(z))ek, (4.6)
te[0,7
E [ sup [y (t)|2k < Clru(2))s (4.7)
t€[0,T] |
E [ sup [yo (O**] < Clapz (4.8)
te[0,7) ]
2%
B | s [o? ) = 70) - 0 0" ] < Cont®™, (1.9
te[0,7
92 2k
E | sup |27 (t) — T (t) — Oy, (t) — PLL (t) < Ci (20" (4.10)
te[0,7

Proof: Let Z(-) and z%(-) be the trajectory of (3.2) corresponding to @(-) and u’(-) resp.
Let y1(-) and y2(-) be the solution of first and second order adjoint equations (4.4)-(4.5).

Assume that assumptions (Bl1), (A2) satisfied. Then, for any k > 1, we have the
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Noting that estimate (4.6) follows from standard arguments, using Burkholder-Davis-
Gundy inequality for the martingale part and Propositions A2 (see Appendiz). In what
follows we shall refer to equation (4.4) as the first-order variational equation, and the
process yi(-) is called the first order variational process. A very important step in Peng
[41], and Tang and Li [50] is in light of the Taylor expansion, to find a process y2(t) so
that 22(t) — Z(t) — Oy, (t) — 922y2 (t)=o0 (92), as @ — 0, and that the convergence is of an

appropriate order. The process ys(-) is called the second-order variational process. So

the estimates (4.7), (4.8) and (4.9) are obvious and standard, see also [50, Lemma 2.1].

Now, we start to prove the estimate (4.10). From (3.2), (4.4) and (4.5), we have

5 2k

2(1) ~F(0) ~ Oy (t) — an(t)

[185(5) = 0 s)n(s) + buls)us)

- 922 [B2(5)y2(5) + b (5)y(5)? + 2o ()31 (5)0(5) + bu()0(5)?] s
t Ot[&f () = 0 [0a(s)y1(s) + ou(s)v(s)]

- 92 [02(8)52(5) + 02a()31 ()7 + 200 () (s)0(5)

+ Tuu(s)o(s ﬂ]dW( )

+/ / ”")_’7(8@(5—)’2)—H[nx(s,z)yl (s_)]

2k

e (5.9 (o) + s <s,z>y1<s_>2}}ﬁ<dz,ds>

A straightforward calculation by applying the Cauchy-Schwarz inequality, we shows

that
02 2k
E [ sup |z?(t) — T(t) — Oyr(t) — 5y2<t) ] (4.11)
te(0,7)
< Il + I27
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where
L =E [2 sup / [55(5) — 0 Bal)y(5) + bu(s)0(s)]
t€[0,7] 140
2
- % [2(5)y2(5) + baa()y1()? + 2bau(s)y (s)v(s) + buu(s)v(s)zw ds (4.12)

[ 50 ()~ 0w (s) + oue)u(s)

= 5 [7e(9)2(s) + 0un()1(5) + 200 ()1 (s)u(s) + aw@v(s)ﬂ dw (s)

2k
)

Ib=FE |2 sup
t€[0,T]

/ / ,z)—n(s,f(s,),z)

62 _
= 0lne (5,2 y1 (5-)] = 5 [m (5:2) 2 (52) + 1o (5,2) 91 (57 } N (dz, ds)

2k]
(4.13)

Similar to Bonnans [7], Zhang and Zhang [58], by applying the Cauchy-Schwarz
inequality and the Burkholder-Davis—Gundy inequality, we have

I < Gy, (4.14)

Let us turn to estimate of I». By using Proposition 1.3.1, then for all £k > 1 there

exists a positive constant C(y (7)) such that

b < oyt || [ ]

5).2) =1 (5,7 (s),2)

2k

= Ol (5,2)m ()] = 5 [nz (5,2) y2 (8) + 1z (5, 2) yl(S)Q]}

p(dz) ds] .
Then we have

u(2) [ sup {n (5.4 6).2) ~ w5, 7(6),2)

bSQWm@[
FISVA

02
= 0 (5,2) 1 (5)] = 5 [ (5:2) 2 (5) + 1 (5, 2) 11 (7] }

2k
ds] .
Now, applying similar method developed in I for deterministic integral, we get

Iy < Cpo (290" (4.15)
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By combining (4.11), (4.14) and (4.15), the desired result (4.10) is fulfilled. Thus,

the proof of Proposition 4.2.1 is completed. |

Define the Hamiltonian function H : [0,7] x R x U x R x R x R by

H(t,x,u,p,q,7) :==b(t,z,u)p+ o (t,z,u)q— f(t,z,u) —i—/Zn(t,x,z)r(t,z),u(dz).
Now, we introduce the first adjoint equation
Aolt) = = {b: PO+ 02 00 () = £ (0 + [ na (62) 7 (8.2) u(d2) |

Fq (8)dW (t) + /Z r(t,2) N (dz, dt) (4.16)

and the second adjoint equation
dP (t) = — {2bx (t) P (t)+ 0, (1) P(t) + 20, (1) Q (t)
+ /Z (10 (8,22 P () + 10 (1, 2) R(t,2) + 20, (8,2) R (£, 2)| g (d2) + Ho (1)} dt

LQ () dW (1) + /Z R(t,2) N (dz, dt),

P(T) = ~he (T(T)),
(4.17)

where
Haa (0) = baa (D + 0z (04 = fou (1) + [ i (6,2)7(6,2) o (d2).

It is easy to prove that under assumptions (B1)-(A2), Eqs-(4.16) and (4.17) are clas-
sical linear backward stochastic differential equations (BSDEs in short) admit a unique

strong solution such that

(p(t),q(t),r(t,-)) € Lg ([0, T];R) x L ([0,T];R) x £2([0,T];R)
(P(t),Q(t),R(t,-)) € Lg ([0,T];R) x L& ([0,T];R) x £ ([0, T];R)

Also, we define the functional H: [0,7] x Rx U x Rx R xR xR xR x R by

H (t,z,u,p,q,r, P,Q, R) := Hy, (t,x,u,p,q,7) + by (t,z,u) P(t) (4.18)

+ o, (t,z,u) Q(t) + oy (t,z,u) P(t)o, (t, z,u)
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To simplify our notation, we set

Lemma 4.2.1
Let (p(t),q(t),r(t,-)) be the solution of the adjoint equation (4.16),(P(t), Q(t), R(t,"))

be the solution of adjoint equation (4.17), and y; (), y» (t) are the solution to the first
and second variational equations (4.4) and (4.5) respectively. Then the following
duality relations hold:

Elp@n @)= | [ 500,000+ 0 oo a| | [ Lm0,
] (4.19)

—E[p(T)y: (T)] = —E /0 r p(t) {bm () y1 ()% + 2bgw () 31 () v (1) + by (1) v <t>2} dt]
—E [/OTq(t) {ax (1) y1 (£)° + 20, (1) 11 (1) 0 () + 0w () v (1)} dt}

B[ 9 e n @) n@a] <& | [ Lono ],

(4.20)

and
B[P @ (] = =28 | [ P00 00,0 0(0) + P07, 00 00, ()0 ()
~2| [ Qe 6o @n ) ar| ~&| ["P0) (0, (0
+E [/OT H,, (1) g1 ()? dt] | (4.21)

Proof: The proof of this lemma follows directly from It&’s formula to p (t) y1 (¢) and taking
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expectation where y;1(0) = 0, we have

~Elp *E/ t)dy (t E/ ya (t)dp(t

—E/ £) {00 (£) y1 (t) + 00 (£) v (£)} dt
—E / L2 (s (2 0 0} (=) (4.22)
where
—IE/ £) dys (1 :—IE/ £) + b (1) v (1)) dt. (4.23)
Consequently,
T
_E/yl )dp (¢ (4.24)

=& [ [ OO +ou a0~ £ (1) + [ 0o (427 (42 (o)
substituting (4.23), (4.24), into (4.22), then the desired result (4.19) is fulfilled.

Now, applying It6’s formula to p (t) y2 () and taking expectation where y2(0) = 0,

we have

“E[p =—E/ ) dys (t E/ ya (8) dp (¢

-E| /0 0 (0) {ow (1) 1 (1) + 0 (6) 1 (1)?
2000 () y1 ()0 (1) + 0w (8) v (8)° } dt]

~E / [ o) [ (t.2) >+nm<t,z>y1<t>2]u(dz)dt], (425)

where

—E/ £) dys (t :—E/ (t) + baw () y1 (1)
2 (£) 91 ()0 (£) + bua (£) v (1)} i, (4.26)

and
& [ O (4.27)

_g /OT 2 (t) [bx Op(©)+ s Oa(t) = () + [ ne (027 (t2) (dz)] .
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substituting (4.26), (4.27), into (4.25), we obtain the desired result (4.20).

Next, applying It6’s formula to P (t) y; (t), where y;1(0) = 0, we have

T T
— / P (t)dy (t) + / y1 (t)dP (1)
0 0

T
+ /0 Q () {ou () y1 (1) + 0w () v (1)} dt
T
[ LR (e (12) 3 (0} N ()

:I1+12+13+I4, (428)

where

= [ P@an

= [ P@ 0w 0 + b v o)t
+/ P (t) {ow (1) y1 (1) + ou (1) v (£)} AW (1)
+//P ) {112 (t,2) y1 (1)} N (dz, db),

by simple computations , we can prove

L= /OTyl (t) dP (1)
= ["ww {2bx (1) P (1) + 0, (1 P(1) + 20, (1) Q 1)

+/ [0 (422 P (8) 4 i (8,2)2 R(1,2) + 200 (1,2) R (1.2)] o (d2) + Hyo (1)}

+/ 1 ( t) dW (t +/ /y1 N (dz,dt),
0

I = /0 (Q(t) 0w () yr () +Q () o () v (1)},

and

= ' [ R 2) o (0,2) s () N (e )
T -~
— [ [ R(t.2) (e (t.2) 31 (1)} N (dz.a)
0 7
T
+ /0 /Z R(t.2) {1 (t.2) y1 (£)} 1o (d2) .
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Then we can write (4.28) as follows

[PUNAGH=ATPGMﬂwMﬂﬁ+QGMMﬂMﬂ
— g () ba (8) P () — 1 () 00 ()2 P() — 0 (1) 00 (1) Q (8)
—[yuw%waﬂpm+Ruw»mw>

—Agﬂﬂ%@ﬂﬂﬂtduwd—yMﬂHm@)ﬁ
+/ﬂpw (D) (8) + P () 0w (v () + 11 (1) Q (1) dW (1)
+/L/ B (b, 2) g1 (t2) + vt (t2) R (t, 2)

+ R(t,2)ne (t,2) y1 (t-)] N (dz, dt) . (4.29)

Now, we applying 1t6’s formula to (P (T')y1 (7)) y1 (T') and taking expectation, we

obtain

—Mmﬂm@ﬂ

=—E/ P (#)n (£) dys (¢ E/ 0 ( (1))

-k [/0 {ou () y1 (t) +ou @) v ()} {P () 0w () y1 (1) + P (£) ou (t) v (E) + 11 (t)Q(t)}dt]

—E UT/ e (t,2)y1 OY{P () ne (t,2)y1 () +y1 (1) R(t,2) + R(t, 2) 0z (,2) y1 (1)} i (d2) dt]
0 Z

=J1+ Jo+ J3+ Jg, (4.30)

where

T T
Ji = —E/O P (t)ys (1) dyr (t) = —E/O P () y1 () {0z (8) y1 (£) + bu () v (1)} dt, (4.31)

—u Wb (O PO~ Mo’ PO - Mo Q) (432)
= [ ®n .2 PO+ R(t.2) n(d2)
— [ ©me (12) R (820 1 (d2) = (2) Hs (2)] (133
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and it is easy to show that
J3=—E VOT {ow () y1 (t) +ou @) v ()} {P () 00 (t) y1 (t) + P (t) ou (t) v () + 1 (£) Q (t) } dt

= —E [ /OT{Pu) (00 (£) 31 (1)) + 2P (£) 2 () g1 (1) 0 (1) 0 (1) + 00 (1) Q (1) w1 (1)
+ P(8) (0u (D) (1) +Q () ou ()1 (8) v () bdt] . (4.34)

Similarly, we have

Ji=E [ [ ] o e2m O P @ e 200 0
o (1) R(t,2) + R (6,2) 0 (1.2) 1 (6} o () ]
V JA@ O+ R 00629 0+ o (62 Rt 2 (07 (dz)dt]
(4.35)

Finally, substituting (4.31), (4.33), (4.34), (4.35), into (4.30), then (4.21) is fulfilled.

This completes the proof of Lemma 4.2.1. |

To prove the main theorem we need the following technical result.

Proposition 4.2.2
Let (B1)-(A2) hold. Then, for any u(-) € U,q we have

where

H,(t) = H, (¢, 7(t),a(t), p(t), a(t), (2, -))
H,(t) = Hy(t,7(), a(t), p(t), q(t), r(t, ).
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Proof: By applying Taylor’s formula, we get
J( () = J@())

—E[/()T{am}dt

+E [h(a? (T) - h(z (T)

Using Proposition 4.2.1 , we have
J (ue ()) —J(u())
T 62
—E V {sz ) y1 () + 5 fa (D) y2 (8) +0fu (8 v (1)
0
2
L (fm ) y1 (1) 4 2fwu (B (1) 0 () + fuu (t) 0 (t)2) } dt]

2 02

+E |0ho (T (T) 1 (T) + b (T (1)) 92 (T) + 5 haw (@ (T)) 31 (T)?

+0(92), (9—>0+).

2 2
(4.37)
Substituting (4.19), (4.20), and (4.21) into (4.37), we obtain
() = J(m
—E / 0lp (1) 4 (t) (0u ()0 (1) = fu () v (D) dt

~E [ |3 g )0 (02 + 0 () 0w (1) 0 (1) = fun(t)o ()% + P(2) (00 (1) v (1))?] dt]

~E [ /0 "o Dy ()0 (1) + 4 (8) 0au (O g1 (1) 0 (1) = Feu(Bn ()0 (1)
+ P&y () bu ()0 () + P (1) 0w (8) 1 () o ()0 (1) + Q (B) 0 (8) v (B) 3 (£)} ] + 0 (67).
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Finally, we get

Thus, the proof of Proposition 4.2.2 is completed. -

Now, by Proposition 4.2.2 , we can establish the following second order necessary

condition in integral form for stochastic optimal control with jump diffusions (3.2)-(3.3).

Theorem 4.2.1
Let (B1)-(A2) hold. Ifu(-) is a singular optimal control in the classical sense for the

control problem (3.2)-(3.3). Then we have
E /0 CH()y (0 (u () — 1 (8))dt < 0, (4.38)

for any u () € Uyq, where the Hamiltonian H is defined by (4.18) and y; (t) solution

of first order adjoint equation given by

v (1) = /t [0z (8) 51 (8) + bu (s) v (5)] ds + [0 (8) y1 (s) + 0u (s) v (s)] dW ()

[ 20 (5] N (e, ds).

Proof: The desired result (4.38) follows immediately from (3.1) and Proposition 4.2. 2.

This completes the proof of Theorem 4.2.1 |
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4.3 Pointwise second order maximum principle in terms
of the martingale with Jump Diffusions

In this section, by using the property of It6’s integrals and the martingale representation
theorem, we establish the second order necessary condition for singular optimal controls,
which is pointwise maximum principle in terms of the martingale with respect to the time

variable ¢. The following lemma play an important role to establish our result.

Lemma 4.3.1

The first variational equation (4.4) admits a unique strong solution vy (-), which is

represented by the following:

/ (5)0u(s)0(s)d (s)}, (4.39)

where ® (t) is a defined by the following linear stochastic differential equation:

d® (t) = b,(t)® (t)dt + o, (t)® (t) AW (t) + / Ne (t,2) @ (t) N (dz, dt)
Z (4.40)

and U (t) its inverse .

Proof: Equation (4.4) is linear with bounded coefficients, then it admits a unique strong
solution. Moreover, this solution is inversible and its inverse W(t) = ®~! (¢) given by the

following jump diffusion:
() = [a%:(t)w) O+ [ 02 WO (A=) dt (oW (O) dW ()

/ N (t, 2) N (dz, dt)

(4.41)
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Applying 1t6’s formula to ¥ (¢)y; (t) we have

d[¥(t)yr ()] = 1 (t) dW(t) + U (t)dyr (1)
— [o=(t) ¥ ()] [o2()y1(t) + ou(t)v(t)] dt

= [ e 2 ) o 8, 2) Bt (d2)

=1+ I+ I,

where

I =y () d¥(1)

= [y1 () o2 U(t) — 1 (1) bx(t)‘lf(t)+y1(t)/z77§ (t,2) U(t)p (dz)| dt

— 1 (t) o2 ()W ()dW()

— 1 ( /773; (t, z) N (dz,dt) .

By simple computations, we obtain
IQ = \I/(t)dy1 (t)
= [W(£)bz(t)y1(t) + W ()bu(t)v(t)] di
+ [W(t)ow (t)y1(t) + W (t)ou(t)o(t)] dW(2)

F0(0) [ {0 (620 (0} N (dz )

and

Iy = — [ (U] [0 (O (1) + ou(B)o ()] dt

~ [ e €. 2) 91 () e (8,2) (0 (d2)

Substituting (4.42), (4.43), and (4.44) into (4.42), we get
Y(t)y (t) = U(0)ys (0)
[/ U(s — ox(s)ou(s)|v(s)ds

—i—/\Ilsausvs W(s).
0

Since y1(0) = 0 and U~(t) =
This completes the proof of Lemma 4.3.1

To prove the main theorem we need the following technical Lemma.

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

® (t), then from (4.46) the desired result (4.40) is fulfilled.
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Lemma 4.3.2
Let (B1)-(A2) hold. Then we have

(1) H() € Lz ([0, 7];R)
(2) For any v € U, there exists ¢, (-,t) € L% ([0,T];R), and v, (-,t,2) € £L* ([0, T] ; R)
such that

H(t) (0 — (1)) = E () (0~ a(e)] + [ 00 (s,0)aW(s)+ [ [ 7 (s,8,2) N(dz,d)

(4.47)
a.e. t €0,T], P— a.s.
Proof: The proof follows immediately from Lemma 3.9 in [58].
(2) The proof of (4.47) follows from Tang and Li [50, Appendix]. |

Now, we return to integral type of second order necessary condition and substituting
the explicit representation (4.39) of y;(-) into (4.38), we see that there appears a "bad”

term in the form

E /0 ' [H (1) (1) /0 W(s)ou(s)u(s)dW ()| o(t)dt, (4.48)

For more details see [58, p.2278] for this type of integrals.
Now, in order to derive a pointwise second order necessary condition from the integral
form in (4.38), we need to choose the following needle variation for the optimal control
v, t e Ay,

u(t) = (4.49)
u(t), t€[0,T]| Ay,

where 7 € [0,T), v € U, and Ay = [1,7+6) so that § > 0 and 7+60 < T. Denote by x4, (-)
the characteristic function of the set Ag. Then we have v(-) = u(-) —u(-) = (v — @(")) x4,-
The following theorem constitutes the main contribution of this paper.

Theorem 4.3.1
Let (B1)-(A2) hold. Ifu(-) is a singular optimal control in the classical sense for the
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stochastic control (3.2)-(3.3), then for any v € U, it holds that
E (H(7)bu(7) (v = (7))*) + 0F (H(7)(v = 0(r))%0u(7)) <0 a.e. 7 €[0,T], (4.50)
where
0 (H(r)(v —(7))?0u(7)) (4.51)
=2 Jim sup 2B [ [ [6u(s, 0% (7) W (5) ()0 — (s))] dselr,

®u(+, 1) is determined by (4.47), ® (-) is given by the following jump process

/ t sds+ [ () (5) AW ()
—i—/ /nw S, %) N (dz,ds) .

and W (-) is determined by

:xpo)+/0t[2 - +/n§sz W(s)p (d2)| ds
—/Ot [0 (8)U( / /nx S, 2) N (dz,ds) .

Proof: From (4.49), we have v(-) = u(-) —4(-) = (v —(-))x4,(-) and the corresponding
solution y;(-) to (4.4) is given by

/ W (s — 02 (8)0u(s)) (v — T(s))xa, (5)ds (4.52)
/0 W (5) 0u(s) (v — a(s))xa, ()W (s).
Substituting v(-) = (v — (-))x4, (-) and (4.52) into (4.38), we have
921@/ (v — a(t))] dt
=2 [ [Ewe / 0 (5) ((5) = (61 () (0~ T(s))ds (0 — 0|
+ %E / e [H (1)@ (1) /T "0 (5) ou(s)(w — a(s)) AW (s) (v — u(t))} dt

=JV 4+ Ji. (4.53)

83



Pointwise second order necessary conditions for stochastic optimal control with jump
diffusions

From [58, Lemma 4.1], we obtain

T+6
lim 77 = 9138 ﬁE / ' / (s — a(s)ou(s)) (v — T(s))ds (v — u(t))} dt
= §E (H (1) (bu(T) — 0x(T)oy (1)) (v — U(T))Q) . (4.54)

On the other hand, by (4.40), it follows that

o = ?12 / " []HI ) (1) / "0 () o (5) (0 — ()W (5) (v — u(t))] dt

By
v [
x/:\Il
s [E[EO [(oe @i
< [ 0@ )~ () <><v—u<t>>}dt

)
T+9]E H (¢ //775,; s,z ( ® (s) N (dz,ds)

H (t) @ (7) Tt U (s)oyu(s)(v—1a(s))dW(s) (v — u(t))} dt

H (1) [ ba(s) ()

s)ou(s)(v —u(s))dW (s) (v — u(t))} dt (4.55)

=

/\I’(s (v —(s))d ()(v—u(t))}dt.

= J2,1 + J2,2 + J2,3 + J2,4-
By Lemma 4.3.2 , we get

lim sup J¢
et PJ21

H(t) / W (5) 0 (s) (0 — (s))dW (s) (v — (¢ >>] dt

0—0+ 92
= lim sup 912 / E / B (r (v — (s))dW (s)E [H (¢) (v—u(t))]] dt
T4+0
+91irg+sup612/T+ E /Tq)(T)‘I/(s)au(s)(v—u( D)W (s / bo (s, £)dW (s )}dt

1 7'-1—9
+ hm supm/ /@ VU (s)ou(s)(v—1u(s))dW (s // (s,z) N (dz ds}d

7460
= lim sup / ’ / E{®(r ) (0 — T(s))bu (s, 1)} dsdt (4.56)

9—>0+

— 5ot (m <><vfu<f>>%u<f>), vr e [0.7).

It is crucial that, by the Martingale Representation Theorem in Lemma 4.3.2 |, we only

know that ¢,(-,t) € L&([0,¢];R) for any v € U, and hence, for each 7 € [0, 7], the
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function

i (s) = E[® (1) W (s) ouls)(v —u(s))du(s,1)], s€[0,8], t €[0,T],

is in L' ([0,#];R). See [58] for more details for the superior limit

T+6
elif& 92/ / P () dsdt.

By simple computations, the last term in (4.56) is in fact a process with zero expectation.

Now, by using similar method in [58], we get

1 T+60 t
lim g, = Tim / ]E{H(t) / bo(s)® (s) ds (4.57)

X /T U (s)oy(s)(v—1a(s))dW(s) (v — u(t))} dt
=0

746 t
Jim 8 = i 9% /T g {]HI ) /T 00 (5)® () TV (5) (4.58)
X /T VU (s)oyu(s)(v—1u(s))dW(s) (v — u(t))} dt
= JE (H () (0(n)ou(n) (v - (7))

and

+60 t ~
Jim 8, = i %/ E {H(t)/T /an (s, (s_),2) B (s) N (dz,ds)  (4.59)
« / "0 () o (5) (0 — ()W (5) (v — u(t))} dt

Finally, substituting (4.54), (4.56), (4.57), (4.58), (4.59) in (4.53), we obtain

E (H(r)bu(r)(v — u(7))?) + 0 (H(r)(v - u(1))%0u(r)) <0, ae. 7€[0,T].

This completes the proof of Theorem 4.3.1
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Conclusion

n this thesis, a second order necessary conditions for stochastic optimal control of jump
diffusions have been proved. Pointwise second order maximum principle in terms of
the martingale with respect to the time variable has been established. The control variable
is allowed to enter both drift and diffusion terms. The control domain is assumed to be
convex. When the coefficient n = 0, our results coincides with pointwise second-order
maximum principle developed in Zhang and Zhang [58].
When the control enters into both diffusion and jump terms, and the system has the

form:
dx (t) =b(t,xz(t),u(t))dt +o(t,x(t),u(t))dW (t) + /Zn (t,z (t_),u(t),z) N (dz,dt),
z(0) = xo,

(4.60)
the pointwise necessary conditions for optimal stochastic control problem (4.60)-(3.3)
becomes very complicated. It leads to many problems that we cannot solve now. But we
can only establish a second-order maximum principle in integral form.

Following the ideas considered in [58, 59], and in order to establish the second-order
necessary conditions, one needs to assume that the first order condition degenerates in
some sense. So we define a new argument of singularity in the classical sense associated to

control problem (4.60)-(3.3). An admissible control u(-) is called singular in the classical
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sense if satisfies
H,(t,z(t),u(t),p(t),q(t),7(t,z)) =0 a.s. a.e tel0,T],

Hoo (8T (1), @ (1), 5 (), (8),7 (1, 2)) + P (1) (0 (1.7 (8) 0 (t)))*

+ /Z(P () (nu (t,Z (), T (1), 2))° + R(t, 2) (e (t,Z (), T (1), 2))u(dz) =0 a.e. a.s.,
(4.61)

where (5 (-),G(-),7(-)) and (P (-),Q (), R (-)) are the adjoint processes given respectively
by (4.16) and (4.17) associated to (Z (-),u (+)).

By using similar arguments developed above, and under the conditions (B1), (A2)
with some additional assumptions on the jump coefficient 7, we can establish second-
order necessary conditions in integral form:

Theorem 4.3.2

If w(-) is a singular optimal control in the classical sense defined in (4.61), then we

have

E /O CH(y (o (t)dt < 0, (4.62)
for any v (-) = u(-) —u(-) with u(-) € Uya, where H has the form
H (¢, z,u,p,q,7, P,Q, R) = Hyy, (t,2,u,p,q,7) + b, (t, 2,u) P(t) + o, (t,z,u) Q(¢)
+ 0y (t,x,u) P(t)o, (t,x,u) + /Z Ny (t,x,u,2) R(t,2) u(dz)
[ (b, 2) PO (42,0,2) e (d2)

+ / N (t,x,u, 2) R (6, 2) n, (8 x,u, 2) 1 (dz) . (4.63)
Z
and y,(t) is the solution of the first variational equation
dyy (t) = {ba () y1 () + bu () v ()} dt + {0, () y2 () + 0w () 0 ()} AW (2)

[ 0 (2 (02) 0 (2 v (O} N (dz, ), (164)

The main difficulties to prove pointwise second order necessary conditions of optimality
arise due to the appearance of many new "bad" terms. The presence of control variable

in jump coefficient creates some new superior limits, which are difficult to obtain.

Moreover, our classical assumptions are not sufficient to ensure the existence of these
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superior limits. We hope to solve it in the near future. Another challenging problem
left unsolved is to derive a pointwise second order necessary conditions for such control

problems in the case where the control domain is not assumed to be convex.
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